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Preface 


Macroeconomics has undergone radical changes over the past fifty years. 
It seems that every decade or so, just as it appears that some kind of 
consensus may be emerging, the paradigm changes. Prior to the mid- 
1960s, the IS-LM model was the standard workhorse of macroeconomics. 
But as economists became more adept at the methods of macrodynamics, 
the limitations of the static IS-LM framework became evident, and 
models stressing the dynamics associated with asset accumulation gained 
prominence. During this period macroeconomists also began to recog- 
nize the importance of expectations—particularly inflationary expecta- 
tions—which these asset accumulation models did not treat in an 
internally consistent way. Thus from the mid-1970s to the mid-1980s, 
macroeconomics was preoccupied with the intrinsic forward-looking na- 
ture of expectations, and the assumption that expectations are rational 
became the critical focus of these models. However, the rational expecta- 
tions models of the 1970s were linear and usually otherwise arbitrarily 
specified, and they in turn became the target of criticism. The need to 
provide macro models with firm microeconomic foundations (meaning 
models derived from some form of intertemporal optimization) has be- 
come the dominant focus during the last decade. Many variants of such 
models exist, and while they continue to dominate current research in 
macroeconomic theory, they too receive their share of criticism. The 
usefulness of the representative agent framework has certainly come into 
question. Thus, as this chronology suggests, we may expect to be in for 
another paradigm change, though the precise direction that it will take is 
open to conjecture. 

In 1977, I published a book with the Cambridge University Press enti- 
tled Macroeconomic Analysis and Stabilization Policy. The manuscript 
was completed just prior to the advent of the “rational expectations revo- 
lution” of the mid-1970s, but despite that it was remarkably successful, 
particularly in Europe, where the notion and methods of rational expec- 
tations were much slower to gain acceptance. The editors at CUP 
wanted me to revise the book by adding material on rational expecta- 
tions, but it was evident to me that the rational expectations methodol- 
ogy represented a fundamental change in the methods of macrodynamic 
analysis and that a satisfactory treatment could not be introduced simply 
by means of a superficial revision. It would involve an entirely new book. 

In the summer of 1986, I drafted several chapters discussing the meth- 
ods of rational expectations. This formed the basis for what is Part IT of 
this book, though the material was set aside for several years. This coin- 
cided with the development of the intertemporal optimizing representa- 
tive agent model, and I did not feel inclined to produce a book that 
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might quickly become outdated. Meanwhile, I continued with my own 
research on the representative agent model. 

Two events motivated me to put the material together and complete 
this book. The first was the visit of Terry Vaughn, the economics acquisi- 
tion editor of The MIT Press, to Seattie in the summer of 1992, when the 
University of Washington hosted the North American summer meetings 
of the Econometric Society. He showed great interest in the material I 
had previously prepared and encouraged me to pursue the project fur- 
ther, which I was initially reluctant to do. The other event was a chance 
meeting with a Japanese economist at a conference in Palm Cove, Aus- 
tralia, in August 1993; he recalled with obvious sincerity how he had 
pored over my 1977 Cambridge book, and how it had been the source of 
his background in macrodynamics. That brief remark convinced me that 
it was time to put this material together and finish the new book. 

Macroeconomics has never reached a consensus and probably never 
will. The subject is too diverse and the approaches too varied for that to 
become likely. My objective in this book is to emphasize the methods of 
analysis, in part from a historical perspective, but also in a way that will 
make them applicable and attractive to macroeconomists having a di- 
verse range of interests and points of view. As I have already indicated, 
much of the earlier material has been around for some time. Part I is 
what is left of my 1977 book, which was written while I was at the Aus- 
tralian National University. Part II evolved from the graduate course I 
gave at the University of Illinois in the mid-1980s. Part III has formed 
the basis for part of the course on macrodynamics I have given at the 
University of Washington for the past several years. 

As will be evident, much of the material is drawn from my own re- 
search efforts. It therefore represents a somewhat idiosyncratic approach 
to the subject, which may not be a bad thing. But in all cases, where the 
exposition has been based upon previous material, it has been revised, 
adapted, updated, sometimes generalized, and modified in order to pre- 
sent a coherent approach to the subject. Chapter 2 is about what remains 
of my earlier book. The example in Section 6.1 is based on “Dynamic 
Macroeconomic Stability with or without Equilibrium in Money and 
Labor Markets,” Economica 48 (1981), coauthored with E. Burmeister 
and R. Flood, and the Appendix to the chapter is a revised version of 
an unpublished appendix to that paper. The example in Section 6.2 is 
adapted from a portion of “The Effects of Government Policy on the 
Term Structure of Interest Rates,” Journal of Money, Credit, and Banking 
16 (1984), coauthored with M. H. Miller. The example in 6.3 is drawn 
from the first part of “The Stability of Exchange Rate Dynamics under 
Perfect Myopic Foresight,” International Economic Review 20 (1979), 
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coauthored with M. R. Gray. Chapter 7 uses material from “Nonunique- 
ness and Instability under Rational Expectations: The Case of a Bond- 
Financed Government Deficit,” in G. Gandolfo and F. Marzano (eds.), 
Essays in Memory of Vittorio Guiffre (Milano, 1987), coauthored with 
W. Scarth. The material on money-financed deficit was originally in- 
cluded in an expanded unpublished manuscript written with Scarth. 
Some of the material in Chapter 8 was adapted from “Optimal Monetary 
Policy and Wage Indexation under Alternative Disturbances and Infor- 
mation Structures,” Journal of Money, Credit, and Banking 19 (1987). 

Chapter 10 is drawn from “The Analysis of Macroeconomic Policies in 
Perfect Foresight Equilibrium,” International Economic Review 22 (1981), 
coauthored with W. A. Brock, and the first part of Chapter 11 uses mate- 
rial from “The Effects of Taxes and Dividend Policy on Capital Accumu- 
lation and Macroeconomic Behavior,” Journal of Economic Dynamics 
and Control 14 (1990). The basic model in Chapter 12 was first presented 
in “Fiscal Policy, Capital Accumulation, and Debt in an Open Econ- 
omy,” Oxford Economic Papers 43 (1991), coauthored with P. Sen. Fi- 
nally, the material in Part IV is in part adapted from work with E. 
Grinols. Specifically, Section 14.5 is a simplified version of material con- 
tained in an unpublished manuscript, while the open economy model of 
Chapter 15 is adapted from our paper “Exchange Rate Determination 
and Asset Prices in a Stochastic Small Open Economy,” Journal of Inter- 
national Economics 36 (1994). 

I wish to reiterate, however, that because it is free of the constraints 
imposed by the limitations of journal space, the exposition here tends to 
be more leisurely, with more attention paid to ensuring that sufficient 
details and intuition are included, to make the discussion as comprehen- 
sible as possible. Also, in many cases, the analysis has been modified in 
substantive ways. The mastery of the methods of macrodynamics requires 
practice. Accordingly, a workbook containing problem sets designed to 
accompany the material in each chapter has been prepared in collabora- 
tion with Michael Hendrickson and is being published by MIT Press. 

Much of my work has been conducted with colleagues and former stu- 
dents, and it is a pleasure to acknowledge their contribution, either as 
it appears directly in the joint work noted above, or indirectly, as it is 
discussed elsewhere in this volume. In this regard, I wish to express my 
gratitude to Arthur Benavie, Marcelo Bianconi, Philip Brock, William 
Brock, Edwin Burmeister, Walter Fisher, Robert Flood, Malcolm Gray, 
Earl Grinols, Richard Marston, Marcus Miller, Thomas Nguyen, William 
Scarth, Partha Sen, and Peter Stemp. Helpful comments were made by 
graduate students in macroeconomics at the University of Illinois and 
the University of Washington who were exposed to parts of the material 
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in draft form. Also, while in the process of revising the manuscript, I had 
the opportunity to present a series of lectures based on the latter part 
of the book to advanced students at the University of Paris I. This too 
provided helpful feedback. I would also like to thank Marian Bolan for 
her typing of Parts I and II of the manuscript, Michael Hendrickson 
and Tina Sun for proofreading, and Christian Murray for preparing the 
index. I am grateful to Terry Vaughn, Melissa Vaughn, and Ann Sochi of 
The MIT Press for their efficient handling of this project and to the five 
anonymous reviewers for their thoughtful advice. Finally, the work under- 
lying this book has occupied a large fraction of my working career, and I 
am grateful to my wife Michelle for her patience and support over a long 
period of time. 


Stephen J. Turnovsky 
Seattle, WA, May 1994 
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1.1 


Introduction and Overview 


The Evolution of Macrodynamics 


The methods employed by economists to analyze macroeconomic 
systems and to address issues in macroeconomic policy have changed 
dramatically over the last fifty years or so. The beginnings of modern 
macroeconomic dynamics can be conveniently dated to the famous models 
of business cycles introduced by Samuelson (1939) and Hicks (1950). This 
was followed by a period of intensive research on economic growth 
models during the 1950s and 1960s, which was comprehensively reviewed 
by Burmeister and Dobell (1970). 

The analysis of dynamic macroeconomic systems that evolved from 
this literature was all backward looking. That is, the dynamics were as- 
sumed to evolve from some given initial state. This was certainly true, for 
example, of my own book (Turnovsky 1977), which emphasized what I 
called the intrinsic dynamics of the macroeconomic system. This term was 
used to describe the dynamics inherent in the process by which some 
groups in the economy create securities to finance their activities, while 
other groups absorb these securities in the course of saving and accumu- 
lating assets. These relationships necessarily impose a dynamic structure 
on the macroeconomic system, even if all the underlying behavioral 
relationships are static, because the accumulation of wealth affects 
consumption and other aspects of aggregate demand. In terms of the 
simplest textbook model, the accumulation of wealth causes the IS and 
LM curves to shift over time. Expectations in this kind of analysis were 
also assumed to be generated by looking at the past, and hypotheses 
such as adaptive expectations were standard at the time. 

There are probably two main reasons for the backward-looking nature 
of the dynamics in this literature. First, the traditional theory of differen- 
tial equations (or difference equations) that was being applied was largely 
borrowed from the applied physical sciences, in which the objects being 
studied can be viewed most naturally as evolving gradually from some 
given starting point. Initial positions and initial speeds in mechanics are 
usually what determine the arbitrary constants of integration that arise 
in the process of solving the differential equation describing their motion. 
A rocket is fired from the ground with some initial acceleration, and that 
determines its trajectory through time. But in addition, it natural to 
think of certain economic variables—such as the capital stock that was 
in fact the primary focus of economic growth theory—as changing grad- 
ually over time. 

In the mid-1970s the methods of macroeconomic dynamics changed 
in a fundamental way with the impact of rational expectations theory, 
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which had lain dormant for over a decade since Muth (1961) first intro- 
duced the concept in a different context. The key methodological innova- 
tion here was the observation that although certain economic variables 
were backward looking, others embodied expectations about the future 
and were therefore forward looking. The capital stock is a natural exam- 
ple of the former, whereas financial variables such as interest rates and 
the exchange rate are examples of the latter. This view fundamentally 
changed the way macroeconomic dynamics was carried out. Instead of 
starting from some given initial state, macrodynamics came to be deter- 
mined by a combination of backward-looking dynamics and forward- 
looking dynamics, reflecting the fact that some economic variables are 
tied to the past, whereas others are looking to the future. This distinction 
was embodied into macrodynamics by the treatment of some variables as 
“jump variables” (meaning that they can respond instantaneously to new 
information), and other variables as “sluggish variables” (meaning that 
their evolution is constrained to continuous adjustments over time). 

The rational expectations methodology was initially applied to linear 
models and in this form dominated macroeconomic dynamics for the 
decade between 1975 and 1985. One criticism leveled at this approach, 
however was that whereas these models assumed rational behavior in 
the sense of expectations not being systematically wrong, the rest of the 
model in which the expectations were embedded was typically arbitrarily 
specified. Critics argued that a good macro model should be based on 
sound microeconomic foundations, and that involved deriving the be- 
havioral relationships of the macro model from the intertemporal opti- 
mization of micro agents. This has led to the so-called representative 
agent model, which in the past decade has become the dominant macro 
paradigm. It too has its critics, however, and some of the arguments will 
be noted below. 

Most of the literature employing the representative agent framework 
is deterministic. Stochastic intertemporal optimization is difficult and 
often very formal. One approach that many researchers have found to be 
fruitful is the method of continuous time stochastic calculus. This ap- 
proach has played a prominent role in the theory of finance but has been 
little used in macroeconomic dynamics. It suffers from the drawback that 
it is tractable only under restrictive conditions and for specific functional 
forms, but when it is tractable it offers tremendous insight and typically 
is much more transparent than the corresponding discrete time methods. 
Under the assumption that the underlying stochastic processes are 
Brownian motions, it naturally leads to an equilibrium in which the 
means and variances of the relevant variables are jointly determined. 
This has the advantage of being able to integrate issues in corporate fi- 
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nance, which are of relevance to macroeconomics, in a meaningful way. 
Issues such as the determinants of risk premia, the role of risk on key 
macroeconomic indicators of performance, such as growth and inflation, 
can now be addressed in a tractable and enlightening way. 


1.2 Scope of the Book 


The thrust of this book is to provide an overview of this evolution in the 
methods of macroeconomic dynamics as we have briefly outlined them. 
Setting out this kind of objective raises immediately the question of bal- 
ance. How much of the old approaches should one discuss, even though 
they may have been superseded? This is a question of judgment and, pre- 
sumably, taste. There are good reasons for including material based on 
what some would view as obsolete models. For one thing, economic the- 
ory is somewhat like the clothing industry in that it is subject to fads and 
fashions. It is commonplace for one particular topic to be an area of 
intense research activity for some period of time, then fall out of fashion 
for a period, only to engage the attention of researchers again at some 
future time. Growth theory is a good example: after being intensively 
studied during the period 1955-1970, it was essentially dropped from the 
research agenda during the next fifteen years while macroeconomists fo- 
cused on issues of inflation and unemployment. Since the publication of 
Romer’s (1986) paper, there has been a revival in the new growth theory, 
and economic growth now seems to be attracting the same kind of atten- 
tion that it did thirty years ago. 

A second important reason for not discarding old techniques and 
models entirely is that by keeping a historical perspective, one gains a 
better understanding of the current models and methods of analysis. Re- 
lated to this is the fact that some of the equilibrium properties of state-of- 
the-art models turn out to be very similar to superseded models. For 
example, there are cases where adaptive expectations and rational expec- 
tations coincide. Being familiar with the former enhances our under- 
standing of the latter. 

One further reason for a longer-term perspective is that each of the 
various approaches has introduced some methodological aspect that is of 
more lasting interest. Although the backward-looking dynamics of the 
traditional macro model may be deemed inappropriate in a context 
where agents are forward looking, the model may still be of relevance for 
other issues where expectations are not relevant. The insights of linear 
rational expectations models are important, even though the systems in 
which they are embedded may no longer be at the frontier. 
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By being oriented toward methods of analysis, the book attempts to 
illustrate their application in a variety of areas. In particular, the evolu- 
tion of macroeconomic models that we noted in Section 1.1 has pro- 
ceeded in parallel in both closed and open economies. Thus rather than 
develop the macroeconomic models for a closed economy and then add a 
chapter or two at the end to cover the extension to the open econ- 
omy—in the way that international aspects have traditionally been in- 
cluded in macroeconomics, at least until fairly recently—we attempt to 
incorporate international issues in a more integrated way as we proceed. 
Accordingly each of the three main parts includes some applications of 
the particular method to an international situation. 

The book is not intended to be comprehensive in its coverage of 
topics. For example, it does not deal with New Keynesian economics, 
mainly because most of this literature has been static and abstracts from 
dynamics. It does not discuss the overlapping generations model either, 
however, which is truly dynamic. Nor does it discuss in any depth real 
business cycle models or recent developments in nonlinear dynamics. 
This is not to suggest that these topics are unimportant. They are clearly 
extremely important and are likely to become more so. But it is neces- 
sary to limit the scope of an individual book, and the restrictions that 
have been chosen have been determined in part by the application of 
comparative advantage. In addition, excellent treatments of these topics 
are available elsewhere. Readers wishing to study some overlapping gen- 
erations models should consult the appropriate chapters of Blanchard 
and Fischer (1989) or Farmer (1993). If they want to pursue the subject 
further they might wish to study McCandless and Wallace (1993). An 
up-to-date collection of papers on nonlinear dynamics is provided by 
Benhabib (1992). Discrete-time dynamic programming methods are not 
discussed here, as they too are comprehensively treated elsewhere: see, 
for example, Sargent (1987). There are many aspects to macrodynamics, 
and many approaches to studying them; one book simply cannot cover 
them all. The treatment here is therefore somewhat idiosyncratic, and to 
some degree reflects the tastes of the author—but that may in fact be a 
good thing. 

By the same token, this should not be viewed as a book of “mathemat- 
ics for economists.” It is certainly not that. Little space is devoted to 
developing formal mathematical techniques, except in one or two places 
where appendices are provided. There are two points of focus. The first is 
a comprehensive treatment of the methods and their application. But a 
careful exposition and illustration of these analytical tools inevitably re- 
quires a certain amount of formal detail, even if at times it seems a little 
tedious. The other focal point is strictly economics and the economic 
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insights that emerge from the models that will be developed. In this 
respect an underlying theme of the book is the dynamics of economic 
policy-making and the impact of policy on the dynamic evolution of the 
economy. In short, the rigorous analysis of policy issues is the unifying 
thread running through the different models, with particular emphasis on 
the macroeconomic aspects of public finance. 

The book focuses on methods of analysis in the hope that the tools 
being applied here may be of use in other contexts, or be applied to 
models professing a particular point of view. For example, although we 
do not devote much attention to real business cycle models, nevertheless 
the intertemporal optimizing models developed in Part II and in partic- 
ular the stochastic versions in Part IV bear a strong resemblance to that 
approach. More structure is imposed, and the explicit analytical solu- 
tions obtained may help researchers in their study of real business cycles. 
In addition, these methods are entirely applicable to other models, such 
as the New Keynesian models or the overlapping generations model, 
which may reflect alternative views of the world. 

One important methodological issue which arises in the modeling of 
dynamic economic systems is the choice of discrete versus continuous 
time. The merits of each have been long debated and are discussed in 
Turnovsky (1977). The preference in this book is toward continuous time 
formulation, mainly because I find it to be more tractable and often more 
transparent. But to some degree the choice is a matter of taste. 


1.3 Outline of the Book 


Part I, which consists of Chapter 2, outlines a standard dynamic portfo- 
lio balance macro model of 1970s’ vintage, embeds this into a simple 
backward-looking dynamic model, and discusses stability issues in the 
traditional sense. The chapter is intended to provide background and 
historical context. The model also serves as a convenient vehicle for 
illustrating some of the points to be made at various stages in Part II. 
Rational expectations models are discussed in Part II, which consists 
of Chapters 3 through 8. Chapter 3 introduces the concept of rational 
expectations. It begins by describing rational expectations in formal 
terms and covers some issues on specifying expectations in continuous 
time models. This chapter considers the simple Cagan (1956) monetary 
model as a vehicle for introducing rational expectations (perfect foresight) 
and for illustrating the difference between a backward-looking solution 
and a forward-looking solution to a dynamic problem. Several types 
of monetary shocks are introduced in order to illustrate the distinction 
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between permanent and temporary shocks, on the one hand, and between 
unanticipated and anticipated shocks, on the other. Also, the solution is 
presented using both continuous time and discrete time, enabling us to 
lay out clearly the different solution procedures for solving linear ratio- 
nal expectations models. The next chapter embeds the assumption of ra- 
tional expectations into a small complete macro model and discusses two 
issues, the Lucas Critique and policy neutrality, both of which were cen- 
tral to the rational expectations debate. It considers at some length the 
robustness of the policy neutrality proposition, the role of information, 
and various modifications to this basic model. 

In general there are an infinite number of rational expectations equi- 
libria. In many cases, all but one can be ruled out on the grounds of 
stability. That is, there is only one solution that has the property that it 
implies bounded behavior. However, in other cases this does not occur, 
and there may be many equilibria consistent with stability. This issue of 
nonuniqueness of rational expectations equilibria is discussed in Chapter 
5. The fact that rational expectations models contained the potential for 
nonunique solutions was first noted by Black (1974) and Taylor (1977). 
Alternative procedures for dealing with this issue are discussed, and the 
nature of rational expectations solutions are characterized. We have al- 
ready introduced the distinction between variables that evolve graduaily 
over time—so-called sluggish variables—and variables that may respond 
instantaneously to new information as it becomes available— frequently 
referred to as jump variables. In general, a unique rational expectations 
equilibrium will obtain if the number of jump variables equals the num- 
ber of unstable roots in the dynamic system. The further distinction is 
made between nonuniqueness issues that arise in linear models because 
of the configuration of eigenvalues (“too many” stable solutions) and 
those that arise because of the nonlinearity of the underlying macro- 
economic models. These are distinct sources of muitiplicity of equilibria, 
and examples of the latter are also provided. 

Most rational expectations equilibria are characterized by what 1s 
known as saddlepoint behavior. This is characterized by a situation 
where the number of jump variables equals the number of unstable roots 
to the system. This topic is discussed in Chapter 6. The chapter begins by 
setting out the formal solution to a second-order differential equation 
system characterized by a saddlepoint. The next three sections then apply 
this procedure to three diverse examples. The first is the Cagan monetary 
model, modified to include sluggish wages. The second is a simple Blinder- 
Solow-type (1973) macro model incorporating a term structure of interest 
rates, which also can be shown in some cases to have the saddlepoint 
property. In the third example the procedure is applied to the famous 


Introduction and Overview 


Dornbusch (1976a} model of exchange rate determination with sticky 
prices, Other examples of saddlepoint behavior will be presented in Part 
HI. 

Chapter 7 introduces deficit financing into the rational expectations 
macro model. It derives the rational expectations equilibrium under (a} 
money financing and (b) bond financing of the government deficit. It 
shows how the former yields a unique stable solution whereas the latter 
does not. One of the points of Chapter 7 is to apply the rational expec- 
tations solution methods to a more complex, yet tractable, stochastic 
dynamic system. Alternative procedures for choosing among a number of 
unstable paths are discussed. The role of growth as a stabilizing influence 
is also discussed, relating this discussion to the debate over the feasibility 
of bond financing in a growing economy. In many respects, this chapter 
is a rational expectations analogue to the literature analyzing the role 
of the government budget constraint in the traditional macrodynamic 
models of the 1970s summarized in Chapter 2. 

Chapter 8 discusses macroeconomic stabilization policy under rational 
expectations. Two main issues are addressed, both of which have gener- 
ated substantial literature. These involve wage indexation, on the one 
hand, and the choice of monetary policy rule on the other. These two 
literatures parallel one another closely and are in fact quite interrelated. 
The two approaches to stabilization are parallel in the sense that both 
require monitoring contemporaneous pieces of information, such as 
prices and financial variables. Wage indexation involves intervention on 
the supply side; monetary policy operates on the demand side. They are 
interdependent in that the choice of one form of policy has an impact on 
the efficacy of the other. Much of our discussion proceeds in terms of 
deriving an optima] integrated policy in a small open economy. There 
are at least three good reasons for this. First, the policy of wage index- 
ation is typically prevalent among smaller economies. Second, the 
interdependence between wage indexation and monetary policy can be 
illustrated most simply in such economies. Third, this focus provides an 
opportunity to illustrate the rational expectations methods in the context 
of a stochastic small open economy, an area where they have been fruit- 
fully applied. The latter part of Chapter 8 briefly discusses the merits of 
discretionary policy versus rules in a rational expectations context, intro- 
ducing issues such as time consistency, which will be discussed again 
later in the context of the intertemporal optimizing model. 

Part ITI, consisting of Chapters 9 through 13, presents a progression 
of models based on intertemporal optimization. Chapter 9 sets out the 
representative agent model, which underlies this approach. It begins with 
the Ramsey (1928) model of a central planner making allocation decisions 
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based on the optimization of an intertemporal utility function, and then 
goes on to consider various extensions. The basic model is one in which 
population is stationary, labor is endogenously supplied, and capital 
accumulates gradually over time. Within this framework, a government 
issuing debt and financing its consumption expenditures using nondistor- 
tionary taxes is introduced. The role of terminal or transversality con- 
ditions and the implications for the intertemporal budget constraint of 
both the private sector and the government are discussed. The chapter 
briefly considers Ricardian equivalence and addresses the intertemporal 
aspects of consistent fiscal policy. 

In order to study the dynamic adjustments to the economy it is neces- 
sary to subject the system to some kind of disturbance. In the present 
chapter, this role is served by government consumption expenditure, and 
the effects of both permanent and temporary disturbances in government 
expenditure on the dynamics of the economy will be analyzed. Other 
shocks, such as changes in technology and tastes, can be analyzed using 
these types of methods. 

Traditionally, macroeconomics has focused on analyzing the effects of 
policy changes and other disturbances on various macroeconomic vari- 
ables judged to be of interest. These have included output, unemploy- 
ment, inflation, the capital stock, the balance of trade, among others. 
Most economic disturbances impact on the economy in a variety of con- 
flicting ways, some desirable, some less so. Positive demand shocks, for 
example, may raise output, which is good, raise employment and reduce 
leisure, which may be bad, and raise the inflation rate, which is also likely 
bad. What is ultimately of interest is the impact on economic welfare, 
measured in some comprehensive and appropriate way. One of the at- 
tractive features of the representative agent model is that being grounded 
in intertemporal optimization, the welfare (utility) of the representative 
agent provides a natural framework for evaluating the overall benefits of 
a particular policy. This issue is pursued with respect to the effects of 
government expenditure. Specifically, the time path of instantaneous wel- 
fare of the representative agent, as well as his accumulated welfare over 
time (as measured by the integral of his utility function evaluated along 
the optimal path) is analyzed. 

The latter part of this chapter introduces various modifications to this 
model. These include the introduction of government expenditure into 
the production function as a productive input, rather than as a consump- 
tion good as it has been traditionally treated. This alternative view is 
motivated by discussions on the importance of infrastructure. A second 
extension is the introduction of a term structure of interest rates to the 
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basic model. The remaining two modifications include the introduction 
of money and of a growing population. 

Chapter 10 develops a comprehensive decentralized macroeconomic 
equilibrium model, in which consumers hold private bonds and equities 
issued by firms to finance their investments together with government 
bonds and money issued by the government to finance its expenditures. 
The model includes various forms of personal and corporate distor- 
tionary taxes, as well as an endogenously determined inflation rate. It 
enables us to introduce notions from corporate finance into a macro- 
economic setting, albeit in a restrictive way. For example, Modigliani 
and Miller (1958} type results are obtained pertaining to the capital 
financing decisions of firms, in which the presence of distortionary taxes 
play a key role. It is also shown how the chosen mode of corporate 
financing, in the face of given monetary policy and tax rates, in turn 
affects the macroeconomic consequences of changes in these policies 
themselves. Thus the introduction of a more complete corporate sector 
that responds rationally to the macroeconomic environment it faces is 
important in understanding the effectiveness of macroeconomic policy. 
This initial framework, based on the model of Brock and Turnovsky 
(1981) leads to a corner solution—type equilibrium in which firms employ 
either all debt or all equity financing, depending upon tax rates. A subse- 
quent paper by Osterberg (1989) has extended this model by introducing 
increasing costs on issuing debt, leading to an interior solution. This 
model is discussed in the latter part of the chapter. 

Chapter 11 extends the previous chapter in various directions. The 
model developed in Chapter 10 is quite detailed, and most of the chapter 
is taken up with spelling it out and deriving the equilibrium itself. There 
is little space for a detailed analysis of the dynamics and for considering 
important variations in the specification. Chapter 11 uses the model to 
focus more on the macrodynamic aspects of tax policy, which this frame- 
work is particularly well suited to analyze (see Lucas 1990). In particular, 
the following aspects are introduced. First, the analysis of Chapter 10 
assumes that output can be transformed costlessly into investment goods. 
Chapter 11 assumes that investment is subject to convex costs of adjust- 
ment, as in Hayashi (1982), leading to the introduction of a Tobin-g into 
the system. Second, the chapter emphasizes the importance of alternative 
dividend policies in the presence of distortionary taxes and how they 
impact the cost of capital confronting the firm. Third, it spells out the 
dynamics of a three-dimensional system in (a) the shadow value of 
capital, (b) the stock of capital, and (c) the marginal utility of wealth, 
analyzing the dynamic adjustments in response to tax changes in some 
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detail. Finally, the chapter discusses optimal tax policy and issues asso- 
ciated with it. 

International macroeconomics has been a booming area of research 
since the 1970s. In particular, the representative agent model has become 
the standard approach, just as it has for the closed economy. Chapter 
12 reviews some of the applications of the intertemporal optimizing 
approach to international macroeconomics. Detailed expositions are pre- 
sented of a simple monetary model and of a basic one-sector real model 
incorporating the accumulation of real capital. The latter model, in par- 
ticular, has been widely applied to the analysis of various real distur- 
bances such as expenditure shocks, as well as changes in taxes, tariffs, 
and the terms of trade. Extensions to the model, which are the subject of 
current research activity, are also indicated. 

As we have already noted, there has been a recent resurgence of inter- 
est in economic growth theory, beginning with the work by Romer (1986) 
and the current research on endogenous growth models. An introduction 
to some of this literature is presented in Chapter 13. It begins by dis- 
cussing the Romer model, in which the endogenous growth arises through 
productive externalities generated by the aggregate capital stock. How- 
ever, most of the attention is devoted to ongoing growth in models 
having a linear technology, and the chapter focuses on the role of fiscal 
policy in influencing the long-run growth rate. The ability of fiscal policy 
to influence the growth rate is an important dimension that distin- 
guishes the current endogenous growth models from the more traditional 
neoclassical growth models, in which the long-run equilibrium growth 
is tied to population growth and productivity. This framework is very 
convenient for analyzing optimal tax and expenditure policies, and much 
of Chapter 13 is spent on these issues. We do not intend to provide a 
comprehensive treatment of the new growth theory; that is a huge subject 
in itself. Rather, by focusing on fiscal issues, the chapter serves as an 
extension of Chapter 11. At the same time, by dealing with a linear tech- 
nology, it provides a transition to the discussion in Part IV of stocha- 
stic models that are based primarily on stochastic linear technologies. 

The final part of the book, comprising Chapters t4 and 15, discusses 
intertemporal optimization using the continuous time stochastic calculus 
framework. These methods are generally less familiar to economists and 
are not usually included in basic graduate macroeconomic courses. But 
they are very attractive and, when tractable, provide much insight. Chap- 
ter 14 begins with a summary of the basic techniques associated with the 
use of continuous time stochastic calculus methods. These are then ap- 
plied to several examples. Most of the attention is devoted to a linear 
technology with multiplicative stochastic disturbances, so that the abso- 
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lute size of the shock is proportional to the size of the economy. This 
type of specification is a natural stochastic analogue to the linear 
endogenous growth models of Chapter 13. This model leads to a macro- 
economic equilibrium in which the means and variances are simul- 
taneously determined, and which can therefore be referred to as a 
mean-variance equilibrium. An important part of the model are the 
equilibrium relationships relating the tax-adjusted rates of return on the 
various assets. These can be written in terms of beta coefficients and 
expressed in terms of concepts familiar from finance. Thus, this approach 
enables us to integrate rudimentary corporate finance into a macroeco- 
nomic framework. Although Chapter 10 goes part of the way to doing 
this, it can only be undertaken satisfactorily in a stochastic framework. 
Once this macroeconomic equilibrium is derived, it is used to address 
issues pertaining to optimal fiscal policy, leading to results that are 
stochastic generalizations of those of previous chapters. While the focus 
of this chapter is somewhat different, it bears a close resemblance in some 
respects to the current real business cycle literature; that relationship is 
pursued to some extent. 

The final chapter applies these techniques to develop a mean-variance 
equilibrium model for a small open economy. The model is used to ex- 
amine the effects of means and variances of the policy shocks on the 
equilibrium and to analyze the determinants of the foreign exchange risk 
premium. Particular attention is devoted to analyzing the impact of risk 
on various aspects of the equilibrium growth rate. Much of the focus is 
on the structural effects of risk, but the chapter also discusses some of 
the implications for the correlations between contemporaneous shocks, a 
central aspect of the recent work on real business cycles. 
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A Dynamic Portfolio Balance Macroeconomic Model 





2.1 


Some Preliminary Concepts 


Macroeconomic theory is concerned with analyzing aggregate economic 
behavior. The key variables studied include: real variables such as the 
level of employment and measures of real income and its components, 
consumption and investment; financial variables such as the quantity of 
money, the rate of interest, and the rate of return on capital; nominal 
variables such as the level of prices and the rate of inflation; and, increas- 
ingly, international variables such as the balance of trade and the balance 
of payments. Invariably these aggregates are abstractions. There is no 
such thing as the rate of interest, or the level of prices, or the level of real 
output, etc. Rather, there are many rates of interest, and millions of differ- 
ent commodities, each with its own price. To formulate an economic 
model capable of studying each individual economic quantity is obvi- 
ously impossible. Consequently a fundamental premise of macroeco- 
nomics is that the analysis of these aggregates provides useful insights 
into the workings of the economic system. Thus it should be clearly un- 
derstood that macroeconomic analysis presupposes a considerable level 
of aggregation. The conventional intermediate textbook analysis of a 
closed economy typically aggregates the economy up to four markets, 
namely: 


(i) the output or product market, 
(ii) the money market, 

(iii) the bond market, 

(iv) the labor market. 


Because of Walras’s law, only three of these markets are independent. 
Hence one of them can be eliminated, since its equilibrium is assured by 
the equilibrium of the other three. Traditionally, it is the bond market 
that is eliminated, and the analysis focuses on the other three. But there 
is really no reason why this should be so, and a well-defined macro- 
economic theory could just as easily be developed in terms of, say, the 
money market, the bond market, and the labor market. 

This chapter summarizes the elements of a dynamic macroeconomic 
model based on the portfolio balance framework of the 1970s. There are 
many good reasons for starting with this model, even though this ap- 
proach to macroeconomic theory may already be largely superseded. 
First is the matter of historical context. In order to have a complete ap- 
preciation of current macroeconomic theory it is important to be aware 
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of how it has evolved over time. Moreover, even though this framework 
may seem dated, it still often underlies the analyses of macroeconomic 
policy makers, particularly those using larger-scale econometric models. 
Of more immediate relevance, it provides a common starting point for 
the development of the more contemporary macrodynamic models to be 
developed later in this book. In this respect, elements of the basic model 
often serve as useful vehicles for illustrating more sophisticated and tech- 
nical methods of macrodynamics. For example, many of the elements 
we are about to review play important roles in the rational expectations 
models to be discussed in Part II. 

Because detailed treatments of the underlying relationships can be 
found in numerous textbooks, our discussion will necessarily be brief, 
focusing on those issues most relevant to subsequent discussion. The 
model is constructed by first developing the demand side of the system, 
described by the output and money markets. Next, one must consider the 
determination of supply, and this involves analyzing the labor market. 
The dynamics generated by the accumulation of assets and savings 
behavior, as well as inflationary expectations formation, are discussed. 
Finally, the latter sections of the chapter combine these various com- 
ponents into a dynamic macroeconomic model under a variety of as- 
sumptions with respect to the specification of monetary policy. The key 
characteristic of this dynamic system is that it is entirely backward look- 
ing; that is, its evolution is tied to the past. 

The starting point for most macroeconomic models is the national 
income accounts. These can be looked at from different viewpoints, 
enabling one to break down gross domestic product (GDP) in several 
different ways. One basic way of considering GDP is from the point of 
view of expenditure on final output. In the case of the closed economy 
we shall be considering, this is described by the relationship 


GDP=C+4+I14+G (2.1) 
where 


C = consumption expenditure by the private sector, 

I = gross private domestic investment, 

G = total government purchases of goods and services. 

That is, output must either be consumed by the private sector, invested 
by the private sector, or purchased by the government. Throughout the 


book we shall assume that investment goods do not depreciate, so that 
there is no need to distinguish between gross and net investment. 
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In an open economy, the national income accounts must also take ac- 
count of transactions involving foreign residents, so that (2.1) must be 
modified to: 


GDP=C+/14+G+4+X-—-M (2.2) 
where 


X =exports, 


M = imports. 


Apart from the breakdown according to expenditure on final product, 
there are at least two other ways in which the flow of GDP can be di- 
vided. First, there is the relationship 


GDP =C+S84+T (2.3) 
where 


S = total savings, 


T = net tax payments. 


This breakdown of GDP describes how the income earned by the sale 
of production of goods is disposed of. According to (2.3), it can be spent 
on consumption goods, it can be saved, or it can be used to pay taxes. 

Second, income can be considered from the viewpoint of the type of 
income generated by the production process; that is, income may be 
earned in the form of wages and salaries, corporate profit, rental income, 
dividend income, interest income, etc. All of these ways of looking at 
income are important, and which form one chooses is dictated largely by 
the problem one is analyzing. In the main, the first two breakdowns are 
the most usual in conventional macro theory, although in analyzing dis- 
tributional questions the income-component breakdown becomes partic- 
ularly important. 

Before turning to the analysis of the model, we should review the no- 
tion of nominal as opposed to real GDP. Conventional national income 
accounts are measured in current dollars, that is, in nominal terms. Thus 
an increase in the nominal GDP between two time periods may be due 
either to an increase in prices or to an increase in real output, or both. 
To get a measure of real activity, which is surely one of the key economic 
variables with which we are concerned, it is necessary to deflate the nom- 
inal GDP by an index of the price level. In practice the question of the 
deflator often poses a nasty statistical problem. In our case, because we 
shall be aggregating up to a single output, the index number problem 
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implicit in the transition from nominal to real GDP largely disappears 
(or, more correctly, is avoided). 





2.2 The Output Market 


As just indicated, the basic assumption underlying our highly aggregated 
level of analysis is that the economy produces only one commodity. 
This can either be used for consumption or be invested. In this latter 
case it is accumulated as a capital good and combined with the other 
factor of production—labor—to produce more output. For a closed 
economy, equilibrium in the commodity market is described by the 
equation 


Y=C+I+G (2.4) 
where 


Y = real output, or national income, 
C = real private demand for consumption, 
I = real private demand for investment, 


G = real government expenditure. 


Equation (2.4) must not be confused with the national income identity 
(2.1). It is an equilibrium condition and need not be satisfied; the national 
income identity, on the other hand, holds definitionally. The distinction 
between identities and equilibrium relationships has played a prominent 
role in the history of macroeconomic theory and has not always been 
clearly understood. 

Equation (2.4) has been written in real terms. Given the assumption 
of a single output, it must apply whether written in real or in nominal 
terms. With more than one output, the conversion from nominal to real 
output would involve choosing a numeraire commodity in defining real 
income. The reason for focusing on real rather than nominal quantities, 
is the notion that individuals formulate their underlying demands in real 
terms. That is, they are concerned with real consumption or real invest- 
ment, rather than with the corresponding nominal quantities. To what 
extent this is true is an empirical question, and some evidence, at least 
for consumption, suggests that individuals may be subject to some degree 
of “money illusion.”! In any event, if people do formulate their plans in 
real terms, it is clearly more appropriate to postulate their behavior for 
C, I in real terms and hence to formulate our product market equilibrium 
in real terms as well. 
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It should be further noted that, as well as distinguishing between con- 
sumption and investment demand, we have also distinguished govern- 
ment expenditure from private expenditure. The reason for this is that 
government expenditure decisions are usually motivated by different con- 
siderations than are private expenditure plans. Consequently, different 
behavioral relationships are required to explain private and public de- 
mand for output. Nevertheless, it remains true that government expendi- 
ture must take the form of either consumption or investment. Some 
further discussion along these lines is presented in Chapter 9. 

If we knew what determined the three components C,/,G, we would 
have a theory for Y. Thus the first task is to develop behavioral relation- 
ships for these demand aggregates. The simplest theory, taught in ele- 
mentary books on the subject, postulates the consumption function? 


C=C(Y) O0<C<!1 (2.5) 


with I = I, G = G. That is, consumption depends upon income, whereas 
investment and government expenditure are both exogenously deter- 
mined. Substituting these relationships into (2.4) we obtain 


Y=C(Y)+71+G (2.6) 


so that Y can be solved uniquely in terms of the exogenous values of 
investment and government expenditure. We thus have a theory of in- 
come, but not a very interesting one. 

The next level of analysis involves postulating more reasonable and 
richer relationships for consumption and particularly for investment. As 
a first approximation, one might postulate consumption to be a function 
of real disposable income. That is, 


C= Cty 2) ea ee oa (2.7) 
where 

ye yar (2.8) 
and 


Y?” denotes real disposable income, 


T denotes real taxes. 


Taxes themselves are typically endogenous, varying with the level of in- 
come. For the present purposes, however, T can be assumed to be con- 
stant without causing any difficulty. 

Subsequently, more sophisticated studies of the consumption function 
have been based upon underlying utility maximization considerations. 
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This has a long history in macroeconomics, the rigor of which has in- 
creased over time as the methods of intertemporal optimization have 
evolved. The fundamental idea is that rather than being constrained by 
current income, as in (2.5) or (2.7), consumption is constrained by an 
intertemporal measure of income, reflecting the agent’s lifetime expected 
earnings. This idea can be formulated in a variety of ways. One ap- 
proach, originally due to Friedman (1957), is to convert the fluctuating 
lifetime income stream into a stable measure of “permanent income.” 
The other, associated more with the “life cycle theory” developed by 
Modigliani and his associates, leads to proxying the agent’s lifetime earn- 
ings by his current wealth as well as his current earnings, the latter also 
sometimes being interpreted as a proxy for expected future earnings. The 
upshot of these contributions is that consumption is typically hypothe- 
sized to depend upon wealth in some form, and possibly the interest rate, 
as well as disposable income.* Thus instead of (2.7), one would postulate 


CZCI rA “Ose Cea (2.9) 


where 


li 


r rate of interest, 


A 


real wealth of the private sector. 


We do not attempt to justify (2.9) on more rigorous grounds here. This 
has been done in numerous textbooks, as well as in the original articles 
themselves.* 

But without going through a formal derivation, several other matters 
are raised that require comment. First, there is the question of the appro- 
priate definition of real disposable income. This issue was discussed at 
length by Turnovsky (1977). There it was shown that if the consistency of 
the model is to be preserved in real terms, the appropriate definition of 
disposable income is 


rP,B 


Y= Y-T 
P 


EA (2.10) 


where 


B = nominal stock of government bonds, 

P, = price of government bonds, 

P = price level of output, 

X = rate of real capital gains (or losses) on wealth. 


The definition of disposable income is adjusted to include interest earned 
on government bonds together with the expected capital gains or losses 
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on real wealth. The precise specification of X depends upon the form in 
which assets are denominated (real or nominal) and upon how prices 
are expected to change; a specific example is given in Section 2.9. It 
was shown previously that defining Y” in this way ensures the quality 
of savings and wealth accumulation in real terms. We should note, 
however, that although this definition is appropriate theoretically, this 
does not mean that it is incorrect to postulate a consumption function 
in terms of (Y — T) alone. Rather, this specification would simply mean 
that the marginal propensity to consume out of interest income and capi- 
tal gains income is zero. Whether or not this ts true is an empirical ques- 
tion, just as is the validity of the specification (2.9) where the marginal 
propensities to consume out of all forms of income are assumed to be the 
same. 

A second question is the form of the interest rate in (2.9). Early work 
on the consumption function typically excluded the interest rate, mainly 
on the grounds of statistical insignificance. Work by Weber (1970) sug- 
gested that this may have been due to misspecification of the way the 
interest rate enters the consumption function. Most early analysis in- 
cluded it linearly, finding it to be insignificant. Weber, on the other hand, 
introduced it nonlinearly, consistent with the underlying utility-maximiz- 
ing theory and obtained significant results. In a follow-up study, Weber 
(1975) also tested for the effect of inflation, though he did not find it to be 
statistically significant. But despite these findings, intertemporal utility 
maximization of a consumption function, specified in terms of current 
and future real consumptions, indicates that the real interest rate, r — n, 
say, where z denotes the expected rate of inflation, is appropriate. 

Finally, there is the question of the appropriate definition of real 
private wealth. A reasonably comprehensive definition for a small macro- 
economic model is 


_M+P,B+P,K 


A (2.11) 


where 

M = nominal stock of outside money, assumed to be the liability of the 
central bank, 

K = real stock of physical capital, 

P, = price of capital goods. 

Two issues are raised here. First, there is the nature of the government 


bonds, in this respect the literature usually adopts one of two polar 
assumptions: 
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(i) Bare infinitesimally short bonds, with a fixed nominal price, so that, 
say, P, = I. 


(ii) B are perpetuities, paying a fixed coupon (unity, say) per unit of 
time, with the price being inversely related to the nominal interest 
rate, P, = lyr. 


Actually, the assumption of an efficient bond market, rational expecta- 
tions, and risk neutrality leads to the following relationship between the 
nominal interest rate and the price of a bond with a unit coupon and a 
par value equal to P,, and due to mature at time T: 
l P,(t) , ats 

r(t) = Pat) + P(t ad PAP) = Py: (2.12) 
Equation (2.12) asserts that, prior to the maturity date, risk-neutral 
arbitrage ensures that the short-term interest rate equals the rate of re- 
turn earned on the coupon, 1/P,, plus the rate of capital gain, P,/P,. At 
its maturity date, the bond is redeemed at its par, or face value, P,. This 
relationship has important implications for the “forward-looking” behav- 
ior of bond prices, which are analyzed in detail in Chapters 7 and 9, 
where a term structure of interest rates is introduced. 

The other issue pertaining to wealth concerns the extent to which gov- 
ernment bonds constitute real wealth. It has been argued that future tax 
liabilities on the interest earned on government bonds should be netted 
out. The present formulation treats government bonds fully as part of 
wealth, and makes no such adjustment at all. This relates to issues of 
Ricardian Equivalence, which are characteristic of the representative 
agent model to be discussed in Part III. 

We now turn to private investment. The simplest version of the invest- 
ment function postulates 


I=- n) <0. (2.13) 


This can be justified in terms of the discounted present value criterion. 
Briefly, a profit-maximizing firm should invest in those projects yielding 
positive discounted present values. As the interest rate rises, the number 
of projects having this property will decline, so that the amount of invest- 
ment undertaken by the firm will fall, implying the negative relationship 
(2.13). The opposite applies if the price level is expected to rise, making 
it clear that the relevant interest rate is the real rate, r — 7. 

While for many purposes (2.13) will suffice, more sophisticated versions 
of the investment function are frequently adopted. For example, many 
macro models postulate 
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f=I(r—7,Y,K) 1,<0,1,>0,1,<0 (2.14) 


where investment depends positively upon the level of income, and nega- 
tively upon the real interest rate and the level of existing capital stock. 

While (2.14) is still fairly crude, it is nevertheless a significant theoreti- 
cal improvement over (2.13). Under stringent conditions it can be justified 
within the framework of the “neoclassical” theory of investment as de- 
veloped by Jorgenson.” For example, suppose that the desired capital 
stock K*, is determined by 


K* = F(r—7,Y) F <0, F, >0 


and that the actual capital stock is adjusted toward K* at a rate propor- 
tional to the gap (K* — K) (the conventional stock-adjustment relation- 
ship), so that 

[= K =/(K* — K). 

One immediately derives an investment function having the properties of 
(2.14). 

The basic macro model assumes that output can be transformed into 
investment costlessly. More recent developments in investment theory 
have introduced the cost of adjustment into this process, thereby explain- 
ing investment in terms of the “Tobin g”.° This approach has not yet 
been incorporated into the intermediate model being reviewed here, and 
discussion of it will be postponed until Part IHI, where the more rigor- 
ously derived intertemporal macrodynamic model is developed. 

Substituting for the consumption function and the investment function 
into the product market equilibrium relationship (2.4) yields the familiar 
{S-curve 


M+B+P,K 


heaO.Y ai 
( Te p 


J+ tr—m +6 (2.15) 
In writing this equation, we have used the simplified measure of dispos- 
able income (2.8), and have set P, = 1. Given the price of output P, the 
price of capital goods P,, the expected rate of inflation z, and the stocks 
of assets M, B, and K, this curve gives the combinations of Y and r that 
will keep the product market in equilibrium. Differentiating both sides 
with respect to Y, we have 


Die wee. 
which, provided F + C, < 0, implies a downward-sloping curve as illus- 
trated in Figure 2.1. The reason is clear. As income rises, consumption 
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Figure 2.1 
IS curve 


rises, but by a lesser amount. The only way the excess output can be 
absorbed is by additional investment of consumption, and for this to be 
forthcoming, the interest rate must fall. 

It is also apparent that the position of the IS curve depends upon the 
position of the investment function, the consumption function, and gov- 
ernment expenditure. An increase in government expenditure, or equiva- 
lently an output shift in either the C or / functions, will push the /S curve 
outwards to I'S’ in Figure 2.1. Such shifts can be brought about by either 
(i) an increase in the expected rate of inflation a, (ii) a fall in the price of 
output, (iii) a rise in the stock of assets, (iv) an increase in the price of 
capital, or (v) a reduction in the level of taxes. 


The Financial Sector 


It is clear that equilibrium in the product market alone is insufficient to 
determine the equilibrium of the system. The JS curve determines only 
pairs of Y,r, that are consistent in the output market. Even if the price 
level is held constant, another market is required to determine the unique 
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(Yr) pair: this market is traditionally taken to be the money market. In 
extending the system in this direction, it is instructive to embed the mon- 
ey market within the more general monetary framework developed by 
Tobin (1969). ’ 

A fundamental proposition from portfolio theory is that in determining 
their allocation of investable wealth, individuals balance off risk and re- 
turn. The development of such a theory involves the derivation of asset 
demand functions, which include measures of risk—often measured by 
variances of returns— as well as the expected returns. A completely 
specified macroeconomic model requires these measures of risk to be 
endogenously determined, along with the other endogenous variables of 
the system. Such a task is a formidable one, and research in this direction 
is in its early stages. Part IV presents two relatively simple stochastic 
models that endogenize risk in this way. 

In his seminal paper, Tobin captured the essential features of the port- 
folio allocation problem within a deterministic framework. His approach 
has provided a cornerstone for the specification of the financial sector 
in much of the subsequent work in macroeconomic theory, and its main 
features are reviewed here. 

Suppose that the economy contains three outside assets: fiat money, 
government bonds, and physical capital. Tobin’s system can be specified 
as follows: 


M’ M+B+PK 
et ee 3 a 


P 
E E E S E he ee (2.16a) 
Bt M +B+PK 
SINY Snr EnF AL DS 
P P 
J 20, J, <0, J >0, J, <0,0<J; <l (2.16b) 
n M++B++PK 
E — Bee ee! 
P 
20,N,<0,N; <0,N,>0,0<N, <1 (2.16c) 
M’ + Be PKS M+B+P.K 
eae ee ee (2.16d) 
P P 
Y 
pr(ž) 
= eS (2.16e) 
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where 


the superscript “ denotes demand, 
r, denotes the real rate of return on capital, 


R denotes the marginal physical product of capital, 


and all other symbols have been defined above. The demand functions 
for the assets are specified by equations (2.16a)—(2.16c). These depend 
upon (i) real output; (ii) real rates of return on the three assets, money, 
bond, and equities: — z, r — z, and r,, respectively; and (iii) real wealth. 
Equation (2.16d) is the wealth constraint, which imposes a constraint on 
the underlying asset demand functions, only two of which are indepen- 
dent. A consequence of this is that if two of the asset markets are in 
equilibrium, then so, necessarily, must be the third. 

In general, the constraint on the asset demand functions is derived 
from the underlying budget constraint facing individuals, and its exact 
specification depends upon whether the model is formulated in continu- 
ous or discrete time. The specification as a stock constraint in the Tobin 
model presumes that the model is viewed as being in continuous time. In 
this case, at each point in time, individuals must be prepared to hold the 
existing stock of assets. In discrete time, however, this is not necessarily 
so. The difference between the existing stock of assets and agents’ desired 
holdings can be reconciled through savings over the period. The question 
of stock and flow constraints in discrete-time and continuous-time macro 
models is discussed at length in Turnovsky (1977, chapter 3) and is not 
pursued further here. 

The presence of the stock constraint (2.16d) imposes the following 
“adding up” restrictions on the partial derivatives of the asset demand 
functions: 


(i) L+J,+N,=0 Pleat 
L,+J,+N;=1 


These conditions assert that any increase in wealth must be allocated 
to some asset. On the other hand, any increase in the demand for a par- 
ticular asset in response to a change in income or some real rate of re- 
turn must be met by a compensating reduction in the demand for some 
other asset. 

In addition to (1), it is usually assumed that 


(ii) the demand for each asset varies positively with its own real rate of 
return and nonpositively with the rates on other assets, that is, all 
assets are gross substitutes; and 
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(iii) capital is not a transactions substitute for money, so that N, = 0, 
Li = =J. 


In other words, any increase in the demand for money generated by a 
higher level of income and required for transactions purposes is met by 
instantaneously reducing bond holdings, not by adjusting holdings of 
capital. 

Finally, it is often convenient to assume that 


(iv) The asset demand functions are homogeneous of degree one in in- 
come and wealth. 


Equation (2.16e) relates the real rate of return on a unit of capital 
r, and the underlying marginal physical product of capital R, generat- 
ing the income stream. Under static expectations the rate of return 
equals the constant physical return divided by the unit price of the 
claim. 

Eliminating the linearly dependent market, say, capital, and sub- 
stituting for A and P,, the financial sector can be reduced to the pair of 
equations: 





M M+B RK 
ue u| -arom pt (2.17a) 
B M+B RK 

Fem ne (2.17b) 
P P Fg 


Tobin treats Y, P, M, B, and K as given, in which case this pair of equa- 
tions determines the rates of return r,r, on the two assets. 

The pair of equations (2.17a) and (2.17b) summarize the financial sec- 
tor of the economy. Taken in conjunction with (2.15), these equations 
determine output in addition to the two rates of return r,r,. This system 
can therefore be thought of as being an augmented IS-LM model. Under 
two assumptions, (2.17a} and (2.17b) reduce to the usual specification of 
the LM curve. First, suppose that bonds and capital are perfect substi- 
tutes, in which case the real rates of return on the two assets are the 
same: 


tt Ma tae 


Independent asset demand functions J(-), N(-) cease to exist; rather, 
there is a composite demand function J(-) + N(-) for the single asset 
bonds-cum-capital. The stock constraint then implies the existence of 
only one independent asset market, which conventionally is taken to be 
the money market. Secondly, if asset demands depend upon differential 
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rates of return, then (r — x) — z =r and the independent money market 
equilibrium conditions reduces to 


= L(Y,r, A) (2.18) 


Various definitions of the nominal money supply exist, depending upon 
the liquidity of the assets included in the aggregate. But however M is 
defined, the conventional macroeconomic model usually considers it to 
be exogenous, determined directly by government control, so that the 
real money supply M/P varies inversely with the price level. 

As a first approximation this may be adequate, but in fact the total 
nominal money supply is at best only an indirect policy instrument. The 
more direct variables of monetary control include the monetary base, 
which is essentially the unborrowed reserves of the commercial banking 
system, the discount rate, and the reserve requirement ratio. The mone- 
tary base tends to be the monetary instrument for short-run stabilization 
purposes and is controlled through open market operations, whereby the 
central bank enters the market for government securities. The other two 
instruments tend to be longer-run instruments of monetary control and 
tend to be adjusted infrequently. 

The total money supply can be related to the money base by endogen- 
izing the profit-maximizing behavior of the commercial banking sector. 
The upshot of this analysis is that the money supply is in fact endogenous, 
bearing a positive relationship to the market rate of interest r, as com- 
mercial banks expand their loans to take advantage of the higher earn- 
ings to be obtained from higher interest rates. However, the positive 
interest sensitivity of the money supply makes little difference to the 
conclusions of the conventional model, so that in fact little is lost by 
abstracting from the commercial banking system. 

Thus treating M as exogenous, the money market equilibrium (2.18) 
defines the well-known LM curve. Given P, it determines the combina- 
tions of (Y,r) that will keep the money market in equilibrium. Differen- 
tiating (2.18) with respect to Y we obtain 


d L 
Zl, eSNG. 


implying an upward-sloping curve as indicated in Figure 2.2. The reason 
for this is that an increase in the interest rate leads to a fall in the de- 
mand for money as people switch to holding interest-bearing assets. With 
a fixed supply of money, equilibrium can be maintained only if people 
can be induced to hold more for transactions purposes, and this will be 
the case only if income is increased. 
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J = 
Mi 





Figure 2.2 
LM curve 


As well as having a positive slope, the LM curve traditionally has the 
convex shape indicated in Figure 2.2. This reflects the notion that at high 
rates of interest speculative balances have been reduced to a minimum. 
Hence at that point any increase in the level of income must be accom- 
panied by a relatively large increase in the rate of interest, in order to free 
the necessary money for the additional transactions needs. At the other 
extreme of a low interest rate, the LM curve is relatively flat. This is a 
consequence of the assumption that at low r, money and bonds become 
very close substitutes, making the demand for money much more interest 
elastic. 

Note that if one were to replace the assumption of an exogenous 
money supply with an endogenous money supply function having a posi- 
tive interest sensitivity, the LM curve would preserve its same upward- 
sloping shape. The only difference would be that the interest elasticity of 
the supply of money would give it a somewhat flatter slope. 

Finally, we should note that the position of the LM curve depends 
upon the supply of money M and the price level P. An increase in M or a 
decrease in P will cause it to shift to the right as indicated to L'M’'; a 
reduction in M or an increase in P will cause the reverse shift. 
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2.4 Equilibrium in Product and Money Markets 


For given levels of predetermined and exogenous variables, the equilib- 
rium level of income and interest rate is determined by combining the IS 
and LM curves. Considering the two equations 





M+B RO)K 
YS pe. + + I(r —2)+G, (2.19a) 
P r— 
M M+B ROK 
EE R (2.19b) 
P P = 


it is clear that given our assumptions they can be solved uniquely for Y,r 
in terms of P, G, M, B, T, K, x. This can be seen graphically in Figure 2.3, 
where the equilibrium is obtained as the intersection of IS and LM 
curves. 

In particular, the solution 


Y = Y(P:M,B, K,1,G,T), (2.20) 








Figure 2.3 
Determination of equilibrium 
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relating equilibrium income, as determined by demand, to price, can be 
viewed as an aggregate demand function. Differentiating the pair of 
equations (2.19) with respect to P, we obtain 


RK M+B 
kata GNC. ey: meee (eee 
Cee ny a ( P? ) 
RK dr) |M M+B 
(2.21) 
Under quite mild conditions, (2.21) can be shown to imply 
CY 
pee (2.20') 
oP 


so that the aggregate demand curve is indeed downward sloping. 

The pair of equilibrium equations can be used to analyze various 
policy changes such as increases in government expenditure, changes in 
taxes, and monetary policy. Such exercises for the IS-LM model are 
standard and are not pursued here. 


2.5 The Supply Function 


We have just seen how the output market and money market equilib- 
rium conditions can be combined to yield an aggregate demand func- 
tion for the economy. To determine the price level we must derive an 
aggregate supply curve. This is achieved by introducing the factors of 
production. 

Aggregate output is assumed to be related to the labor input N and to 
the level of capital stock K by the aggregate production function 


Y = F(N,K). 


The time horizon considered by the traditional macro model is suffi- 
ciently short so that the capital stock is fixed at K, say, leaving labor as 
the only variable factor of production. To highlight this we write nomi- 
nal profit H as 


O = Pf(N?)— WN 


where W denotes the money wage of labor and the demand for labor N? 
is determined by 


Pf'(N?) = W. (2.22) 
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This is the familiar first-order condition implying that the firm should 
employ labor up to the point where the value of its marginal product 
equals its wage rate. If the firm is a monopolist facing a downward- 
sloping demand curve for its product, it is easily shown that its demand 
for labor is determined by 
l 
P(1 + akon =W (2.22') 
e 
where e = price elasticity of demand. Assuming the aggregate economy 
to be some average of competitive and monopolistic elements, this argu- 
ment suggests an aggregate demand for labor depending on the real 
wage and of the form 
W 


5 d(N?). (2.23) 


Moreover, the assumption of diminishing marginal product implies 
g(N?) <0 


so that the demand for the labor curve is in fact downward sloping. 

The supply of labor is traditionally determined within the context of 
an individual’s work-leisure choice. Specifically, an individual is assumed 
to maximize a concave utility function that depends upon real income 
and leisure L subject to an income constraint.*® Formally, the problem is 


Max U(Y, L), (2.24a) 
subject to 
L=T~WN°* 

Ww (2.24b) 
= p N5 


where T = fixed number of hours available to work. N? thus measures 
the supply of labor in hours worked (man-hours when aggregated). Per- 
forming the maximization implies the optimality condition 


W 
-— U, =0, 


U 
p 


and this implies the labor supply function 


‘4 = y(N’). (2.25) 
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The assumption that individuals are interested in their real income re- 
sults in a classical labor supply function in which labor supply depends 
upon the real wage. The restrictions imposed on the utility function U 
are not sufficient to rule out the possibility of a backward-bending por- 
tion of the labor supply curve. We do not consider this portion, however, 
and simply assume an upward-sloping supply curve 


Ww >O 


in the relevant range. 
Equilibrium in the labor market is thus obtained where (2.22) and 
(2.25) hold, and in addition where 


NP = NS=N. (2.26) 


We can thus write our equilibrium condition in the form 
W 
pe AN): (2.27) 


Solving (2.27) with the production function, the labor market implies an 
aggregate supply function, which ts independent of P. Output remains 
fixed at its full-employment level. The properties of such a classical econ- 
omy are well known and are reviewed in Turnovsky (1977). 


2.6 The Phillips Curve 


The IS-LM and Classical models represent polar extremes. In the former, 
the price level is fixed and can be interpreted as representing an infinitely 
elastic supply function. All adjustments in the economy are therefore 
borne by output and none by the price level. In the Classical economy, 
on the other hand, output is fixed at its full-employment level, in which 
case all adjustments are reflected in the price level and none in output. 

The Phillips curve, which has played an important role in macro- 
economic theory since the early 1960s, can be viewed as an intermediate 
form of supply function, in which prices are partially, but not fully, flexi- 
ble so that both the level of output and the price level share in the adjust- 
ment to the various shocks impinging on the economy. In Turnovsky 
(1977, Chapter 5) we reviewed at some length the early theoretical and 
empirical work underlying the Phillips curve. Here we shall simply rec- 
ord the form in which it shall be employed in subsequent analysis, 
namely 


P=oaY—Y)4+nx (2.28) 
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where 


p= P/P = rate of inflation, 


Y = natural (full-employment) Jevel of output. 


In this equation, the rate of inflation depends of part upon the deviation 
of output from its full-employment level. It also adjusts fully for increases 
in the expected rate of inflation, reflecting the absence of money illusion 
in the adjustment of prices. 

Equation (2.28) represents a standard specification of the Phillips curve 
in the literature. Its derivation as a reduced form for the wage-price sec- 
tor and some of the policy implications are reviewed in our earlier work. 

Equations (2.15), (2.18), and (2.28) make up what is frequently called an 
1S-L.M-Phillips curve macroeconomic system, and jointly determine the 
short-run equilibrium value of output, the rate of interest, and the rate of 
inflation for given values of the price level, the expected rate of inflation, 
and stocks of financial assets. The effects of policy changes, as well as 
changes in inflationary expectations, are discussed at length in Turnovsky 
(1977, Chapter 6), and some of these are reviewed for the dynamic model 
developed in Section 2.9. 


2.7 Dynamics of Asset Accumulation 


The elements of the model so far discussed are essentially static. Yet 
any macroeconomic system is intrinsically dynamic. Some agents in the 
economy (firms and the government) create securities to finance their 
activities, while other groups (households) absorb these securities in the 
process of saving. These relationships necessarily impose a dynamic 
structure on the macroeconomic system. 

We begin with the government budget constraint. Assuming for sim- 
plicity P, = 1, this is expressed in nominal terms by 


M + B = P[G — T] + rB. (2.29) 


The right-hand side of this equation defines the government deficit in 
nominal terms. This equals the nominal value of government expendi- 
tures on goods and services, plus the nominal value of interest payments 
on outstanding government bonds, less revenue raised by taxes. This def- 
icit is financed either by issuing additional money, by selling more bonds, 
by some combination of the two. 

The choice of financial mix (bond versus money financing) is a policy 
decision that has an important bearing on the dynamic evolution of the 
economy. Starting with early work by Ott and Ott (1965) and by Christ 
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(1967, 1968), this has been analyzed by many authors, including Blinder 
and Solow (1973) and subsequent writers. While the initial work in effect 
appended the government budget constraint (2.29) to the IS-LM fixed- 
price model, subsequent analysis was considerably more sophisticated. 
Much of this literature is summarized in Turnovsky (1977, Chapters 4, 
7, 8). 

The model to be analyzed in the latter sections of this chapter is 
characterized by having a steady rate of inflation, rather than a constant 
price level. For such a system it is convenient to specify the government 
budget constraint in real terms. To do this, define the real stocks of 
money and bonds 


and substituting into (2.29), the government budget constraint may be 
rewritten as 


m+b=G—T+rb— pim+ b). (2.30) 


Writing it in this way, we see that — p(m + b) serves as a source of real 
revenue to the government. It is the inflation tax on the forms of govern- 
ment debt that are denominated in nominal terms. The right-hand side of 
(2.30) therefore measures the real government deficit, and the left-hand 
side specifies the changes in the real stocks of money and bonds neces- 
sary to finance it. 

The other key source of asset accumulation is investment. This is de- 
scribed by the relationship 


K =]. (2.31) 
However, most traditional short-run macro models do not incorporate 
the role of capital accumulation into their macrodynamic analysis, ar- 
guing that it involves a longer-run order of dynamics than does the 
financing of the deficit. They focus on the demand side of investment but 
do not take account of the effects of the investment on the stock of capi- 
tal in the economy and its productive capacity. This aspect has tradition- 
ally been left to the study of growth theory, although over time the 
growth of capital has become an integral part of macrodynamics as well. 
It will be a cornerstone of the dynamic models to be developed in Parts 
II and IV. 
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To this point our specification does not distinguish between physical 
capital and the underlying financial claims on it. For many purposes this 
is not a serious issue. However, the distinction becomes more important 
when one specifies the corporate sector in greater detail as is done is 
Chapters 10 and 11. 





2.8 Expectations 


The final component of the macroeconomic model concerns the for- 
mation of expectations, and in particular, inflationary expectations. 
Traditionally in both macroeconomics and other branches of theory, ex- 
pectations were typically hypothesized to be generated autoregressively; 
that is, they were postulated to depend upon past values of the variable 
being forecast. A variety of such schemes can be found in the literature, 
the most famous being the so-called adaptive expectations hypothesis; 
see Nerlove (1958). As applied to inflationary expectations, it can be 
specified using continuous time by 


t= y(p — n) y> 0. (2.32) 


That is, the rate at which the forecast is revised at any point in time 
is proportional to the forecast error currently being committed. If the 
agent’s current or most recent forecast of the inflation rate underpredicts 
the corresponding actual inflation rate, the forecast is revised upward 
and vice versa. Solving (2.32), the current forecast can be expressed as an 
exponentially declining weighted average of the past rates of inflation. 
The key feature of this and other autoregressive forecasting procedures is 
that they are entirely backward looking; they are formed by looking at 
the past evolution of the relevant variable. 

Since the mid-1970s, the rational expectations hypothesis (REH) has 
come to dominate macroeconomic theory. This theory, due originally to 
Muth (1961), is very simple and was developed at least in part in re- 
sponse to shortcomings that had been shown to be associated with auto- 
regressive hypotheses. Most notable among these was that they involve 
systematic errors in forecasting the future. By contrast, the REH assumes 
that individuals do not make systematic errors in forecasting the future. 
Or, expressed in another way, it asserts that, on average, forecasters are 
correct. This is not to say that forecasters are always correct, for obvi- 
ously they are not. Rather, the hypothesis means that the forecasting er- 
rors can be treated as purely random fluctuations, having no systematic 
component. As we will see, the implications of this seemingly innocuous 
assumption for macroeconomic theory and policy are of fundamental 
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importance. The rational expectations methodology has had a profound 
effect on the development of macroeconomic theory and the analysis of 
macroeconomic policy. 

There are many aspects to the rational expectations discussion, and 
these will be explored in Part Il. By hypothesizing that expectations are, 
on average, correct, the REH ensures that expectations are formed con- 
sistently with the economist’s modeling of the economy. As a conse- 
quence, they become simultaneously determined, along with the other 
endogenous variables, as part of the model, rather than being treated as 
a predetermined input, as in the traditional autoregressive approach. 

Formally, in a nonstochastic macroeconomic model such as that de- 
scribed here, the rational forecast of the rate of inflation is 


T= p: 


It is sometimes thought that rational expectations can be obtained by 
simply letting y > oc in (2.32). While in a purely formal sense this may 
be true, this view misses the most crucial aspect of rational expectations 
models. Setting z = p typically leads to dynamic models generating un- 
stable dynamic behavior in the usual sense of having eigenvalues with 
positive real parts. The derivation of bounded solutions in these circum- 
stances is achieved by solving such solutions forward, rather than back- 
ward as in traditional dynamic models, and allowing the price level to 
undergo an initial discrete jump. As a consequence, expectations become 
genuinely forward looking instead of being tied to the past as with adap- 
tive expectations. The anticipation or announcement that some change 
will occur at some point in the future gives rise to immediate effects on 
the economy, before the anticipated event actually takes place. These an- 
ticipation effects can never arise in adaptive expectations models, given 
their undying assumption that the evolution of expectations is deter- 
mined by the past. These issues will be explored in detail in subsequent 
chapters. 





2.9 A Complete Dynamic Macro Model 


We are now ready to combine the elements introduced in the previous 
sections to construct an initial dynamic macroeconomic model. The 
economy we shall consider is one in which the short-run equilibrium 
values of output, the interest rate, and the rate of inflation are deter- 
mined jointly by the /S-L.M-Phillips curve system. These solutions are 
obtained in terms of the expected rate of inflation and the stocks of 
financial assets, all of which evolve gradually over time. Inflationary 
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expectations are assumed to be formed adaptively, whereas the accu- 
mulation of financial assets occurs as a result of the financing of the 
government budget deficit. We shall also abstract from the accumulation 
of capital, so that the dynamics is decidedly short run. The long run is 
characterized by a steady rate of inflation, so that steady-state equilib- 
rium is one in which nominal quantities all grow at a constant (steady) 
rate, but real quantities are fixed. As a steady state, this is probably 
of greater practical relevance than the more familiar equilibrium where 
nominal as well as real quantities are assumed to be constant. This type 
of equilibrium was characteristic of much of the macrodynamic and 
monetary growth literature of the 1970s.? 
The formal model is described by the following set of equations: 


Y=D(Y..r—z,A4)+G O0<D,<1,D,<0,D,>0 (2.33a) 
Y°=Y—T+4+rb—2A (2.33b) 
A=m+b (2.33c) 
m=L(¥,r,A) L,>0,L,<0,0<L; <1 (2.33d) 
p=a(Y¥Y—Y)+n a> 0 (2.33e) 
t=y(p—n) y>O (2.34a) 
A=m+h=G—T+rb—p(m+bd) (2.34b) 


where all variables are as defined previously. (Note that r denotes the 
nominal rate of interest, and real taxes, T, are assumed to be exogenous.) 

Since the model does not incorporate the process of capital accumula- 
tion, we do not distinguish between private consumption and investment. 
Rather, these are aggregated together into real private expenditure, 
denoted by D. Equation (2.33a) is the product market equilibrium con- 
dition, (2.15), in which private demand increases with real private 
disposable income and real wealth, and decreases with the real rate of 
interest. Equation (2.33b), the analogue to (2.10), defines real private 
disposable income to be real factor income, plus interest income on 
government bonds, less expected capital losses on financial wealth (the 
expected inflation tax on wealth) and exogenous real taxes. Our treat- 
ment of taxes as exogenous is purely for convenience; nothing of sub- 
stance is added by allowing taxes to vary endogenously with income. 
This is in contrast to the basic Christ (1968) model where the endogenous 
adjustment of taxes is the crucial stabilizing element in the dynamic 
adjustment.'° As we shall see below, in the present model this role is 
taken over by the inflation tax on wealth. 
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From (2.33b) and the definition of D it is seen that an increase in r(z) 
will have both a positive (negative) income effect and a negative (positive) 
substitution effect. Assuming that the substitution effect dominates in 
each case, we impose the restrictions 


D, = D,b + D, <0, (2.35a) 
De= =D A—D; = 0: (2.35b) 


Likewise an increase in A will have an income effect and a wealth effect. 
The sign of the income effect will depend upon the form in which the 
additional wealth occurs. If it is in the form of real bonds (as in [2.36a]), 
and assuming that the real interest rate is positive’! the income effect 
will be (r — z)D, > 0, in which case the total effect of an increase in A is 
given by 


Di = D, +r- mD > 0. (2.35c) 


If it is in the form of real money (as in [2.36c]), the income effect will be 
—nD, < 0 and will be offsetting. Assuming in this case that the positive 
wealth effect dominates, we impose the restriction 


Financial wealth is defined by (2.33c) to consist of the stock of money 
plus government bonds outstanding and is the analogue to (2.16d). 
Because of the stock constraint, only one financial market need be 
considered, and as usual we focus our attention on the money market. 
Equilibrium in this market is described by (2.33d), where the demand for 
real money balances is as specified in (2.18). Equation (2.33e) is the 
expectations-augmented Phillips curve (2.28). 

These five equations make up an instantaneous set of relationships, in 
which the five variables, Y, Y?,r, p, and m or b (depending upon the gov- 
ernment financing policy), are determined instantaneously in terms of the 
predetermined values of n, A,b or m, and other exogenous factors. It is 
just the conventional IS-LM model, augmented by the inclusion of the 
Phillips curve. 

The dynamics of the system are described by equations (2.34). The first 
of these describes the evolution of inflationary expectations, which are 
assumed to follow a conventional adaptive process, precisely as in (2.32). 
The second is the government budget constraint (2.30), expressed in real 
terms with rb being the interest payments on the outstanding govern- 
ment debt and —p(m + b) describing the “inflation tax” on government 
debt. By virtue of (2.33c) this relationship also describes the rate of 
wealth accumulation by the private sector. 
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To close the model, government policy must be specified, and its bud- 
get constraint imposes a restriction on the policy choices open to the 
government. Of the four policy instruments—debt, money, taxes, and 
government expenditure—only three can be chosen independently. We 
have chosen to set the fiscal instruments G and T exogenously, so the 
remaining decision concerns the mix between bond and money financing 
of the deficit. 

In an inflationary environment such as that being considered in this 
model, it is necessary to choose an appropriate benchmark policy 
against which to measure some policy change. The traditional static 
macroeconomic model typically describes monetary policies in terms of 
the nominal money stock. A passive policy is defined (usually only im- 
plicitly) as one in which the nominal quantity remains fixed. An expan- 
sionary (contractionary) policy is then defined by an increase (decrease) 
in this nominal quantity. 

But what is a reasonable notion of a passive policy in an inflationary 
environment? With rising prices, a policy of pegging the nominal money 
stock means that the real stock is being contracted, and this does not 
seem an appropriate benchmark policy. In fact, in an inflationary con- 
text, two alternative definitions of a passive monetary policy suggest 
themselves: 


(i) holding the real stock of money constant; 


(ii) allowing the nominal stock of money to grow at a constant rate. 


The corresponding expansionary monetary policies are then identified as 
an increase in the real stock of money, and an increase in the rate of 
nominal monetary growth, respectively. 

Both of these definitions have been adopted throughout the literature. 
The first is perhaps the most direct inflationary analogue to the conven- 
tional definition and is used explicitly by Turnovsky (1977) as well as 
being implicit in some of Friedman’s (1968) arguments. Despite the fact 
that this policy is specified in real terms, this is not to deny that the 
policy instruments available to the monetary authorities are nominal 
magnitudes. Indeed, underlying it is the notion of an “accommodating” 
monetary policy, in which the authorities increase the nominal money 
supply so as to meet the nominal transactions needs, which at each level 
of real income will be growing at the rate of inflation.'? This policy is 
also adopted by Sargent and Wallace (1973a) and by Sargent (1977), who 
motivate it with the idea that in seeking to maintain its real expenditures, 
the government will respond to a decline in the real purchasing power of 
money by increasing the rate at which it is adding to the nominal stock. 


41 


A Dynamic Portfolio Balance Macroeconomic Model 


The second specification is the prevalent one in the monetary growth 
literature (see, e.g., Sidrauski 1967a, 1967b; Tobin 1968: Dornbusch and 
Frenkel 1973). This approach yields an equilibrium in which the rate of 
inflation is equal to (determined by) the exogenously chosen rate of mon- 
etary expansion.'* As we shall demonstrate in Sections 2.10 and 2.11, 
these two alternative specifications differ from one another both in terms 
of their dynamic properties and in terms of some of their implications for 
steady-state policy changes. 

An active monetary policy conducted via an open market operation 
involves an exchange of money for bonds (or vice versa) by the monetary 
authorities. Hence a natural alternative definition of a passive monetary 
policy in the traditional! fixed-price macroeconomic model is in terms of 
a constant nominal stock of government bonds. The analogous extension 
of this to an inflationary context is to define a passive monetary policy 
as one that holds the real stock of these bonds constant, and to specify 
an expansionary policy by a decrease in this real stock. This policy is 
also considered and shown to be generally more stable than either of the 
other two. 

These three forms of monetary policy may be formally expressed as 
follows: 


(i) maintaining the real stock of money constant 

m=m m constant; (2.36a) 
(ii) maintaining a constant rate of nominal monetary growth 

M = uM u constant, (2.36b) 

which in terms of the real stock of money m can be expressed as 

m = (u — p)m; (2.36b') 
(n) maintaining a fixed real stock of government bonds 

b=b b constant. (2.36c) 


Observe that policy (i) can also be expressed in terms of the nominal 
money supply M by 


M(t) = mP(t) (2.36a') 


so that the nominal money supply is proportional to the price level 
(which itself is endogenously determined by integrating the solution for 
p = P/P). Similarly, policy (iii) can be expressed in terms of the nominal 
stock of bonds B by 


B(t) = bP(.). (2.36c’) 
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Using the fact that for a given deficit, an increase in B must be accom- 
panied by a reduction in M, it follows that an increase in b must result at 
least instantaneously in a reduction in M. Thus it is clear that an in- 
crease in 7, p, and a reduction in b, all represent expansionary monetary 
policies in the sense of yielding a higher stock of nominal money bal- 
ances at least in the very short run, although the precise changes in M 
will differ in the three cases. !4 





2.10 Fixed Real Stock of Money Policy 


Consider the first form of passive monetary policy, specified by m = m. In 
this case, by substitution the system reduces to 


Y=D(Y-—T+r(A-m)—-nA,r—n,A)+G (2.37a) 
m = L(Y,r, A) (2.37b) 
p=a(Y—Y)}+n (2.370) 
ñ = yp — n) (2.38a) 
A=G—T+r(A—m)— pA (2.38b) 


with the endogenous adjustment of bonds being determined residually 
from (2.33c). Since in this policy the real stock of money is held constant 
and the accumulation of real wealth takes the form of real bonds, it is 
natural to refer to the government deficit as bond-financed. 

The three equations (2.37a), (2.37b}, and (2.37c) determine the instanta- 
neous equilibrium for Y,p, and r in terms of G, ñ, n, and A. The impact 
effects of changes in these exogenous or predetermined variables on the 
instantaneous (short-run) equilibrium are given in Table 2.1A. First, we 
see ihat a bond-financed increase in government expenditure will instan- 
taneously raise the level of income, the rate of inflation, and the nominal 
and real rates of interest. Second, an expansionary monetary policy will 
reduce the rate of interest (both nominal and real). As a consequence, its 
effect on the level of income and the rate of inflation becomes indetermi- 
nate. The conventional expansionary and inflationary impact is offset, at 
least in part, by a contractionary and deflationary effect arising from the 
reduction in interest payments stemming from the fall in r. Presumably, 
though, one would expect the conventional effects to dominate. Third, an 
instantaneous increase in the anticipated rate of inflation will also in- 
crease income, causing a more than proportionate increase in the actual 
rate of inflation. The nominal interest rate will rise, but less than propor- 
tionately, causing a fall in the real rate of interest. All of these effects 
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have been discussed at length elsewhere (see, e.g., Turnovsky 1977) and 
need not be dwelled upon further here. Finally, although an instanta- 
neous increase in wealth leads to an unambiguous increase in the interest 
rate, its effect on income and the rate of inflation is indeterminate. This is 
because the wealth effect in private expenditure is expansionary, whereas 
the wealth effect in the demand for money is contractionary. 

The linearized dynamics for this policy are described as follows: 


A y(ĉp/ðn—1) yop/oA Ve) 
A} \(A—ji)ér/On—A dp/dn (r—p)+(A—m)er/CA—A Oped] \A—A 
(2.39) 


where the partial derivatives appearing in (2.39) are obtained from the 
short-run effects summarized in Table 2.1A. The formal conditions for 
local stability are obtained by imposing the condition that the two eigen- 
values of the matrix appearing in (2.39) have negative real parts.'5 By 
examining the characteristic equation to this equation, this policy can be 
seen to be potentially highly unstable. Indeed, the existence of a positive 
wealth effect in private expenditure becomes necessary for stability, while 
the existence of a positive wealth effect in the demand for money pro- 
vides a destabilizing influence. 

Rather than dwell on formal stability conditions, which are not so 
illuminating, our discussion of stability will be carried out at a more in- 
tuitive level. To facilitate this, we assume that the system is initially in a 
steady-state equilibrium where 4 = ż = 0, which is disturbed by, say, an 
exogenous increase in government expenditure G. The immediate effect 
of this is to increase Y,r, and p and to create a budget deficit. The 
financing of this deficit leads to an increase in real private wealth A, 
while the instantaneous increase in the rate of inflation will cause infla- 
tionary expectations to be revised upward. These induced increases in A 
and z will have further effects on the system. Because of the fact that a 
given increase in z leads to a more than proportionate increase in p (see 
Table 2.1A), there will be a tendency for z to increase further, thereby 
introducing an immediate destabilizing element into the adjustment pro- 
cess. At the same time, the simultaneous increases in A and x will lead 
to further increases in r, thereby further increasing the interest payments 
on government debt and creating a larger deficit. Furthermore, if D, = 0, 
the effect of the increase in A is to reduce p, thereby reducing the infla- 
tion tax on wealth, which is the critical stabilizing influence. If this is so, 
the system is unambiguously unstable. On the other hand, if D, > 0, it 
is possible that ĉp/ðA > 0, in which case the inflation tax may be suffi- 
ciently strong to offset the other destabilizing influences in the system. 
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The potential instability of the present policy should not be surprising 
in the light of previous studies that have demontrated the likely instabil- 
ity of bond-financed government deficits; see, e.g., Blinder and Solow 
(1973), Scarth (1976), and Turnovsky (1977). As in these earlier works, 
one critical destabilizing element is the interest payments on government 
bonds, which continually must be financed. In addition, the present mod- 
el assumes an expectations coefficient of unity in the Phillips curve, and 
this provides a second important source of instability. But provided «, D, 
are sufficiently large, stability is certainly possible, and on the assump- 
tion that this is the case, we proceed to the steady state. 

From the stationary solutions to (2.38a) and (2.38b), steady-state 
equilibrium requires that 


p=, (2.40a) 
G—T+r(A —m)= pA. (2.40b) 


That is, inflationary expectations must be realized, and the inflation tax 
generated on financial wealth must be sufficient to finance the (exoge- 
nous) real current net expenditure G — T, plus the interest owing on the 
outstanding debt. Steady-state disposable income Y? becomes simply 
Y —G, that is, total output less government expenditure. Substituting 
these conditions into (2.37a), (2.37b), and (2.38b) yields the equilibrium 
set of relationships 


Y- D(Y —G,r— p,A)—G=0 (2.41 a) 
m — L(Y,r,A)=0 (2.41b) 
(G— T)+r(A—m) — pA = 9. (2.41c) 


It will be observed that by virtue of the expectations coefficient of unity 
in the Phillips curve, real output Y is fixed exogenously at its capacity 
level Y and is therefore independent of any government policy variables. 
And this is true for all forms of neutral monetary policy. These three 
equations thus determine the solutions for r,p, and A in terms of the 
exogenously given variables G and m. 

The comparative statics of these steady-state equilibrium relationships 
are summarized in Table 2.1B. There it is seen that these include some 
perverse and counterintuitive responses. In effect, these are imposed by 
the strong restrictions required for stability to prevail. 

In particular, an increase in G (bond-financed) will reduce the nominal 
rate of interest and the real level of private wealth. The economic reason- 
ing behind this latter result can be seen most simply by assuming L, = 0, 


when it follows directly from (2.41b) that ér/OG = 0. Taking the differen- 
tial of the product market equilibrium condition, 


(1 — D,)dG — D, dp + D,dA = 0 (2.42) 


it can be seen that an increase in G will result in an increase in total 
demand of (i — D,)dG. With steady-state output fixed at Y, product 
market equilibrium can be maintained only if private demand is corre- 
spondingly reduced. This requires either a reduction in the steady-state 
rate of inflation (thereby raising the real rate of interest), or a reduction 
in wealth, or perhaps both. Suppose, however, that wealth were actually 
to increase. In this case a correspondingly larger reduction in inflation 
would be required. At the same time, government budget balance re- 
quires that the additional inflation tax revenue generated must just 
match the additional government expenditure plus the extra induced in- 
terest payments. From the differential of (2.41c), we require 


dG + (r —p)dA — Adp = 0. (2.43) 


Thus, if in response to an increase in government expenditure wealth 
were to rise and inflation were to fall, we see from (2.43) that it would 
be impossible to generate sufficient additional tax revenues to restore 
budget balance. Hence real wealth must in fact fall. It then follows from 
the money market equilibrium condition that if L, > 0 (but is still 
sufficiently small for stability to obtain), then A and r must move in the 
same direction, implying a fall in r as well. Hence, while in the short run 
an increase in government expenditure will lead to a higher interest rate, 
this is only temporary; ultimately this movement must be reversed if 
long-run stability is to prevail. 

One consequence of the fall in equilibrium real wealth is that the effect 
of an increase in government expenditure on the real interest rate, r,, 
becomes ambiguous. The reason for this can be seen from (2.41a). On the 
one hand, an increase in government expenditure raises aggregate de- 
mand by (1 — D,) units. At the same time, by lowering private wealth, it 
reduces aggregate demand by an amount of D, ¢A/¢éG units. If the former 
effect dominates, overall aggregate demand is increased, in which case 
the real interest rate must rise in order for product market equilibrium to 
be maintained. But if the latter effect dominates, then the real interest 
rate must fall. The response of the equilibrium rate of inflation is simi- 
larly ambiguous, as can be seen from (2.41c). Although an increase in G 
obviously tends to raise the deficit, the resulting fall in r and A—the 
latter being equivalent, under bond financing, to a reduction in real 
bonds—reduces the interest payments component of the government 
deficit. The response of the inflation rate is then determined by which of 
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these two effects dominates and whether a rise or fall in the inflation 
tax is required to balance the government budget (in real terms). 

An expansionary monetary policy also leads to generally indetermi- 
nate effects. Provided the interest elasticity of the demand for money, 
e = L,r/m, is less than unity in magnitude, an increase in m will yield a 
reduction in both real wealth and the real rate of interest; in the less 
likely case where this elasticity exceeds unity, these variables will both 
increase. It is also seen that the Fisherian proposition—asserting the 
independence of the real rate of interest from the real money supply— 
holds if and only if either D, = 0, in which case the present policy be- 
comes unstable, or e = —1. Abstracting again from wealth effects in the 
demand for money, an increase in m is seen to reduce both the nominal 
rate of interest and the rate of inflation. Although this latter result may 
seem counterintuitive, the economic reasoning for it can be easily under- 
stood by setting L, = 0 and tracing through the incremental effects of a 
change in m as we did above for G. 

The immediate effect of the reduction in r following the expansion in 
the real money supply is to raise private expenditure demand. With out- 
put fixed, this necessitates either a reduction in p or a reduction in A in 
order for product market equilibrium to be maintained. If in fact p were 
to increase, a larger reduction in A would be required. In this case it can 
be shown from the government budget constraint that too much addi- 
tional inflation tax would be generated to restore budget balance. Hence 
the equilibrium rate of inflation must fall. 


ie en 


2.11 


Constant Rate of Nominal Monetary Growth Policy 


Consider now the second passive monetary policy, where the authority 
allows the nominal money supply to increase at a constant rate. The sys- 
tem is now described by 


¥ =D(Y ~T++r(A—m) —-rA,r— n, A)+G (2.44a) 
m = L(Y,r, A) (2.44b) 
p=a(Y—Y)+n (2.44c) 
t = (p — n). (2.45a) 
A=G-T+r(A—m)—pA (2.45b) 
m = (fe — p)m. (2.45c) 


As before, the instantaneous equilibrium for Y,p,r is determined for 
given values of G, z, A, and m. The time path of these variables, and hence 


48 


Chapter 2 


of the entire system, is then determined by the evolution of inflationary 
expectations, the accumulation of wealth, and the money supply rule. 

The instantaneous multipliers with respect to G,z, A, and m are pre- 
cisely the same as in Table 2.1A. It therefore follows that the instanta- 
neous impact effects of an increase in the rate of monetary growth u on 
the level of income, rate of inflation, and nominal rate of interest are all 
zero. Instead, an increase in u affects the rate of change of these variables. 
Writing 


Y = Y(n, A,m, G), 


it follows that for G fixed, 


oY. 2 ey ey. 
ee 
On CA ar 
so that 
AY êY 
=e vs m (2.46) 
cu om 


which is qualitatively of the same sign as the expressions in Table 2.1A. 
And the same argument applies with respect to p and fF. In essence, these 
results are reflecting the fact that it takes a finite time for a change in 
the growth rate of money to affect the level of money and hence these 
variables. 

The dynamics are now a third-order system. While it is straightfor- 
ward to write down the characteristic equation to this dynamic system 
and examine its eigenvalues for local stability, the resulting expressions 
are too complex to enable us to make simple intuitive statements about 
whether specific influences are stabilizing or not. Many of them have 
both stabilizing and destabilizing effects. However, overall, it would seem 
that this policy is likely to be at least as unstable as setting m = m. The 
reason is that with the money supply being generated by an exogenous 
rule, the deficit is essentially bond-financed, and the stability associated 
with that policy still remains. Likewise, the instability associated with the 
unit expectations coefficient in the Phillips curve, and noted in connec- 
tion with the previous policy, is also still present. In addition, to the 
extent that an increase in the real money stock may cause the current 
inflation rate to fall, a further destabilizing element is introduced. This 
is because the rate of real monetary growth (u — p) becomes an in- 
creasing function of the current real money stock. These conclusions are 
strongly supported by an exhaustive numerical simulation method in- 
vestigating the dynamics of these three policies, conducted by Nguyen 
and Turnovsky (1979). 
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When stability does prevail, the steady state is characterized by'® 
p=h=n (2.47) 


so that both the actual and anticipated rates of inflation are tied to the 
rate of nominal monetary growth. Equilibrium is thus described by 


Y —D(¥ —G,r—p,A)—G=0 (2.48a) 
m — L(Y,r, A) = 0 (2.48b) 
G—T+rA—m)— pA=0 (2.48c) 


determining the solutions for r, A, and m in terms of G and u. Note that 
in contrast to the short run, the rate of monetary growth will have an 
influence on the equilibrium level of the system. 

The equilibrium comparative statics are given in Table 2.2B. With p 
determined solely by u, an increase in government expenditure will have 
no effect on the equilibrium rate of inflation; it will have an indetermi- 
nate effect upon r and therefore upon the real interest rate. In contrast to 
the fixed 7 policy, it will lead to an unambiguous increase in real wealth. 
As we have seen, an increase in the rate of monetary growth will result in 
an equal increase in the rate of inflation. Its effects on r,r,, and A are all 
ambiguous, but are qualitatively identical to the corresponding effects of 
an increase in m. In the latter two cases, the critical element in deter- 
mining the response is whether or not the interest elasticity of the de- 
mand for money exceeds unity. 


Table 2.2 
Constant rate of nominal monetary growth policy 


SS esse ee M 


A. Impact effects of changes 


The impact effects of changes in G, z, A, on Y,p,r, and r, are as given in Table 2.1A. The 
instantaneous impacts of a change in the monetary growth rate u on Y,p,f, and F, are the 
same as those of mon Y, p,r,r, in Table 2.1A. 


B. Steady-state effects of changes 
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2.12 Fixed Real Stock of Government Bonds Policy 


We turn now to the third form of passive monetary policy, where b = b, 
which corresponds to the deficit being money-financed in real terms. The 
system now becomes 


Y=D(Y—T+rb—nA,r— nm, A)+G (2.49a) 
A — b = L(Y,r, A) (2.49b) 
p=a(Y—Y)4+a (2.49¢) 
t= 7(p — n). (2.50a) 
A=G—T+rb—pA (2.50b) 


The instantaneous variables Y, p, and r can now be solved at each point 
in time in terms of G,z,A, and b. The impact effects of these predeter- 
mined variables are given in Table 2.3A. The effects of an increase in 
G are identical to those given in Table 2.1A. Thus, instantaneously, the 
manner in which the budget is financed (all bonds or all money) is of no 
consequence, a point that has been made by Dornbusch (1976b). Like- 
wise the impact effects of an increase in b are identical in magnitude, but 
opposite in sign, to those of an increase in m. Thus, instantaneously at 
least, the effects of an expansionary monetary policy, as expressed as an 
increase in the real stock of money, are identical to those where the pol- 
icy takes the form of a reduction (of equal magnitude) in the real stock of 
bonds. The impact effects of an increase in wealth are somewhat different 
from what they are when m = m. An increase in A will raise Y and p but 
will have an ambiguous effect on the nominal rate of interest. The net 
wealth effect in the money market is now proportional to (1 — L,) and 
becomes inflationary rather than deflationary. The reason for this can be 
seen most clearly by considering the case D} = 0. In this case, an increase 
in A with b fixed at b will create an excess supply of money and will 
lower the nominal rate of interest. The only way equilibrium in the 
money market can be restored is if the transactions demand for money 
is forced up through an increase in income. This in turn means a higher 
rate of inflation. 

This policy is much more stable than either of the two policies we have 
previously discussed. A large wealth effect in private expenditure and a 
low wealth effect in the demand for money provide generally, but not 
unambiguously, stabilizing effects. In any event, no strong restrictions are 
imposed on the magnitudes of D, and L,, and stability is possible even 
in the absence of wealth effects. 
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In order to provide some intuition to these stability conditions, it is 
again convenient to consider an initial steady-state equilibrium that is 
disturbed by an increase in G. The immediate effects of this are to raise 
Y,r, and p, and to create a budget deficit. The financing of this deficit 
leads to an increase in wealth, while the instantaneous increase in the 
rate of inflation will cause inflationary expectations to be revised upward. 
Moreover, the induced increase in z will lead to a more than proportion- 
ate increase in p, again introducing a destabilizing element into the 
dynamics. All this remains unchanged from before. However, the differ- 
ence lies in the subsequent effects of the increased real wealth, which are 
now stabilizing. As is seen from Table 2.3A, the higher wealth will in- 
crease the rate of inflation, thereby increasing the inflation tax on wealth 
and providing the critical stabilizing force. Moreover, it is now quite pos- 
sible for the nominal interest rate to fall, reducing the interest income 
component of the budget deficit and yielding an additional stabilizing 
effect. But at the same time stability is still not assured, and the possibil- 
ity of instability cannot be dismissed. 

Steady-state equilibrium is described by 


Y — D(¥ —G,r— p,A)—G=0 (2.51a) 
A — b — L(Y,r,A)=0 (2.51b) 
G—T+rb—pA=0 (2.51c) 


with the corresponding multipliers given in Table 2.3B. An increase in 
government expenditure will have its conventional inflationary effect and 
will raise the nominal interest rate; it will reduce wealth and have an 
ambiguous effect on the real rate of interest. The steady-state effects of an 
expansionary monetary policy, specified by a reduction in b, are qualita- 
tively identical to (although possibly different in magnitude from) those 
obtained when the monetary expansion is described by an increase in 
m. The comments made previously thus apply here as well. 


en itii 


2.13 Conclusions: Some Methodological Remarks 


This chapter has developed a dynamic portfolio balance model and used 
it to analyze three forms of government deficit financing in an inflation- 
ary environment: one in which the real stock of money is held fixed 
(m = m); a second in which the rate of nominal monetary growth is held 
constant (M = uM); and a third in which the real stock of government 
bonds is held fixed (b = b). The corresponding expansionary policies 
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have been defined as increases in the fixed parameters, m and u, and a 
decrease in b, respectively. These policies are analyzed within the frame- 
work of a relatively simple macroeconomic model in which both the 
dynamics of wealth accumulation and the evolution of inflationary ex- 
pectations play central roles. 

For all policies, the issue of stability has been discussed, though some- 
what informally. At least within the context of this particular model, all 
three forms of passive monetary policy we consider are potentially unsta- 
ble. One source of instability is the specification of the Phillips curve. 
Following the “accelerationist” view, the expectations coefficient is as- 
sumed to be unity, and to the extent that an increase in inflationary ex- 
pectations leads to a short-run increase in output, a destabilizing element 
is immediately introduced into the system. Stability can prevail only if 
the other stabilizing influences in the model—particularly the inflation 
tax on financial wealth—are sufficiently strong to offset this unstable, 
component of the complete system. Of the policies considered, m = M is 
highly unstable, and indeed a necessary condition for stability is that the 
wealth effect in private expenditure demand be positive. The policy is 
therefore definitely unstable in the absence of such wealth effects. The 
constant rate of nominal monetary growth policy is also highly unstable, 
and a positive wealth effect in the demand for money becomes necessary 
for stability. The third policy, the fixed real stock of bonds policy, is 
the most stable and does not require any wealth effects for stability to 
prevail. This is because it tends to be the most inflationary policy, 
generating the greatest inflation tax revenues and thereby providing the 
strongest stabilizing influence. 

Some of the implications of expansionary monetary policies that corre- 
spond to the three forms of passive policies introduced can also be con- 
trasted. First, the effects of a monetary expansion specified by an increase 
in the real stock of money m are qualitatively identical, both instanta- 
neously and in the steady state, with those in which it is specified by a 
fall in the real stock of bonds b. In the short run, an increase in the rates 
of nominal monetary expansion affects only the rate of change of the 
system, and not its levels. But these effects on the rate of change are 
also qualitatively identical to those of an increase in m (or a fall in b) on 
the level. By contrast, the rate of monetary expansion does influence the 
steady-state level of the system. Indeed, an increase in u has identical 
effects to the other two policies as far as the steady-state nominal and 
real rates of interest, and real wealth are concerned. The effects on the 
steady-state rate of inflation, on the other hand, can be rather different. 
Whereas an increase in the rate of monetary growth will always lead to 
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an equal rise in the equilibrium rate of inflation, a monetary expansion 
taking the form of an increase in the real stock will almost certainly lead 
to a lower rate of inflation. 

Finally, we wish to conclude with some general remarks on the meth- 
odology employed in this chapter. We have adopted the usual strategy 
of macroeconomic dynamics of considering an instantaneous (short-run) 
equilibrium and a steady-state (long-run) equilibrium and used conven- 
tional comparative static techniques to analyze the short-run and long- 
run effects of various policy changes. Also, stability conditions have been 
analyzed to determine whether or not a system disturbed from an initial 
equilibrium will in fact converge to a new steady state. Although these 
procedures have been and in many respects continue to be the standard 
analytical methods of macroeconomic dynamics, they do have their limi- 
tations. First, even in models that are only modestly complex, compara- 
tive static effects are often ambiguous, so that the implications of these 
models may be inconclusive even at a qualitative level. Moreover, even 
where the responses can be established qualitatively, the formal expres- 
sions may give little idea of the magnitudes involved. Second, as we have 
noted, stability analysis is almost inevitably an intractable exercise. Even 
when one can write down formal stability conditions, it is often difficult 
to give them simple intuitive interpretations. Third, unless the model has 
a particularly simple dynamic structure, these traditional methods may 
tell relatively little about the time profile of adjustment paths. Indeed, 
one might argue that the two extreme equilibria usually analyzed are 
themselves of limited economic interest. The instantaneous equilibrium 
is too short in that it allows insufficient time for relevant feedbacks to 
occur; the steady state is too long, in that it takes an infinite time to 
be reached. Yet it is precisely the nature of the intermediate transition 
that many people would consider to be of prime interest, and the tradi- 
tional methods provide little insight into this aspect of the adjustment 
process. 

In view of these considerations, Nguyen and Turnovsky (1979) have 
studied essentially the model of this chapter, using numerical simulation 
methods. This involves working with specific functional forms and pa- 
rameters. By considering a range of values for each parameter, they gen- 
erate about 120,000 combinations of parameter values. They find that 
pegging the rate of monetary growth is the least stable policy, yielding 
stability in only 0.06 percent of the cases. Given the important role this 
policy has played in monetarist discussions, this numerical finding is of 
some interest. The policy of pegging the real money supply is also highly 
unstable. Indeed it is stable for only about 10 percent of the sample set 
and only when the wealth effect in the demand for money is zero or very 
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small. The policy of pegging the real stock of bonds is by far the most 
stable, being so for about 96 percent of the cases considered. These nu- 
merical results serve to reinforce the qualitative results discussed in this 
chapter. But at the same time further insight into the nature of the transi- 
tional path is provided. For example, their analysis illustrates how the 
policy of pegging the real money stock involves more oscillations and 
requires more time to achieve convergence than does the policy of peg- 
ging the real stock of bonds. Details such as this are very hard to obtain 
from a formal analysis of a model even as simple as this one. 

Some economists would argue that the entire analysis of stability 
represented by the approach we have been discussing is misleading. This 
is because we have considered linearized systems and the associated no- 
tion of stability, namely convergence to some steady-state equilibrium 
point, which is unrealistic. They would argue that, instead, we should 
consider nonlinear systems and amend the notion of stability to require 
that the system remain within some bounded region of an equilibrium 
point, rather than converging to the point itself. This view has been ex- 
pressed within respect to deterministic systems, such as that developed 
here, so the issue is not one of stochastic fluctuations. Results from chaos 
theory have suggested that it is possible to construct plausible determin- 
istic macroeconomic systems that, when linearized, are unstable, but 
which have higher-order terms that are stable and prevail when the sys- 
tem strays too far from its equilibrium. The behavior of such systems can 
be shown to include nonlinear stable cyclical motion about steady-state 
equilibria and to exhibit what Samuelson (1947) called “stability of the 
second kind.”’’ The formal analysis of nonlinear systems is difficult but 
will surely become more accessible in the future. 





Notes 


L See Branson and Klevorick (1969) for some early evidence. 


2. Throughout this book, where no ambiguity can arise we shall adopt the convention of 
letting primes denote total derivatives and denoting partial derivatives by appropriate sub- 
scripts. Time derivatives will be denoted by dots above the variable concerned. Thus we 
shall let 





df E e | ef ` _dx 
So 

The application of a bar to a letter is used to denote either a stationary equilibrium value 

to a dynamic system, or the fact that the variable to which it is applied is fixed exogenously. 

The intended meaning should be clear from the particular context. 

3. The seminal works include Duesenberry (1948), Friedman (1957), and Ando and Modi- 


gliani (1963). The formulation (2.9) is closest to the Ando-Modigliani version of the con- 
sumption function, although the three approaches have many common elements. 
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4. The consumer optimality conditions derived in the process of determining the macro- 
economic equilibrium in the intertemporal optimizing models in Part [II essentially define 
the agent’s consumption function. These conditions form the basis for the current empirical 
research on the consumption function; see, e.g., Hall (1978, 1979). 


5. See Jorgenson (1963, 1965). 


6. Early models introducing costs of adjustment into investment include Lucas (1967), 
Gould (1968). Hayashi (1982} related it to the Tobin q. 


7. This approach was pioneered by Patinkin (1965). 
8. Specifically, the utility function has the property 
Ui > 0, U, > 0, Us <0, ss < 0, U,, U3, =S UZ > 0. 


9. See, e.g., Sidrauski (1967a, 1967b), Foley and Sidrauski (1971), Tobin (1968), Dornbusch 
and Frenkel (1973), Turnovsky (1977). 


10. Closely related to this is the well-known Christ proposition, which asserts that, ab- 
stracting from interest payments, the steady-state government expenditure multiplier equals 
the inverse of the marginal tax rate. This stems from the fact that for the system to be in 
equilibrium, income must adjust so as to generate sufficient tax receipts to balance the 
budget. The endogeneity of income taxes is obviously a critical part of this process, and 
indeed with exogenous taxes no steady state would be possible in the Christ system. In the 
present model, it is inflation tax receipts that adjust endogenously to balance the budget. 


11. Throughout this analysis we assume that the rate of inflation and the real rate of inter- 
est remain positive. Where necessary, the argument can be easily adapted to accommodate 
negative values of these variables. 


12. See also Tobin (1970), who describes a similar kind of policy as responding to the 
“needs of trade.” It is also similar to the “real bills” regime discussed by Sargent (1977). 


13. The special case where this rate is chosen to be zero corresponds to the traditional 
static definition of a fixed nominal money stock. 


14. Foley and Sidrauski (1971) define a passive policy in terms of maintaining a constant 
ratio of money to total government debt. This policy will be considered in Chapter 15 as 
the policy specification in a stochastic growth model. 


15. We use the term (local) stability in its conventional sense. That is, the system is locally 
stable if, for sufficiently small displacements from equilibrium, the system will tend to re- 
turn to equilibrium. This requires that the real parts of all eigenvalues be negative. 


16. Note that the conventional specification of a passive monetary policy by a fixed nomi- 
nal stock of money and obtained by setting u = 0, implies a zero equilibrium rate of infla- 
tion; Le., a constant equilibrium price level. 

17. Samuelson (1947y characterized stability of the second kind to be like that of a pendu- 
lum, which swings indefinitely in a bounded arc about some stationary equilibrium point. 





II Rational Expectations 








3 Rational Expectations: Some Basic Issues 





This chapter introduces the rational expectations hypothesis and dis- 
cusses some basic issues with respect to both its formulation and the 
solution of macroeconomic models in which it is embodied. The basic 
hypothesis was originally formulated by Muth (1961) within the context 
of a discrete-time stochastic model of a commodities market.! However, 
since many dynamic macroeconomic models are formulated using con- 
tinuous time, the continuous-time analogue is also discussed. The basic 
solution procedures are illustrated using the familiar Cagan (1956) model 
of the monetary sector. The model has the advantage of simplicity and 
makes clear how the rational expectations solution is forward looking, in 
contrast with the adaptive hypothesis, upon which the original Cagan 
model was based. 





3.1 The Rational Expectations Hypothesis 


Formally, the rational expectations hypothesis may be stated as follows: 
Presa = El Pris) (3.1) 
where P is the variable being forecast (e.g., the price level), 


Př s «= the prediction of the price level for time t + s, formed at time t, 


E, = the statistical expectation conditional on information available at 
time t, when the forecast is made. 


The rational expectations hypothesis (REH) requires that the prediction 
made by the forecaster be consistent with the prediction generated by the 
model, conditional on information available at that time. Setting s = 1, 
equation (3.1) implies that 


Pai = Piia Feri (3.2) 


This equation asserts that the price fluctuates about its forecast level with 
a purely random error e,,, that has zero mean. This relationship between 
the price and its prediction is sometimes said to characterize an efficient 
market. It means that prices fully reflect available information, thus 
eliminating any systematic opportunities for making supernormal profits. 
As an empirical description, this assumption is an appealing one for asset 
and financial markets, in which information is generally readily available. 
But it is probably less appealing for forecasts of such quantities as the 
consumer price index, which are likely to be based on far inferior infor- 
mation. In the remainder of this section we consider some of the theoreti- 
cal arguments for and against the hypothesis. 
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One of the most compelling arguments in favor of the REH is the 
weakness of the alternatives. As already noted, traditional expectations 
schemes, such as the adaptive hypotheses, involve systematic forecasting 
errors. This is not particularly desirable, since one would expect indivi- 
duals to learn this eventually and to abandon such rules or to modify 
them in some way. By contrast, the REH generates expectations that are 
self-fulfilling to within a random error, which cannot be predicted on 
the basis of information available at the date when the expectations are 
formed. This surely is an appealing notion. But despite this appeal, the 
REH has been criticized by many authors over the years, although 
the criticism seems to have become more muted as the hypothesis has 
gained wider acceptance and understanding. The following objections are 
among those that have been raised from time to time and should be 
addressed. 

The rational expectations solution of even a relatively simple economic 
model is usually very complicated to obtain, involving the expectations 
of the economy over all (an infinite number of) future time periods. A 
common objection is that the computation of such expectations is simply 
not feasible for the typical individual, whose expectations the model is 
attempting to capture. One response to this charge is that it is not neces- 
sary for all individuals to perform these calculations. Forecast research 
institutions using sophisticated models and having the resources to com- 
pute these expectations do exist, and their forecasts are disseminated 
widely to other individuals who lack the necessary resources. Alterna- 
tively, the elaborate computations can be viewed as a formalization of 
forecasting procedures that forecasters approach in a more intuitive way. 

Another objection concerns the fact that the application of the REH 
requires the knowledge not only of the structure of the model but also of 
all relevant coefficients and parameters. Professional economists typically 
cannot agree on a model, but even if they do, they usually obtain varying 
estimates of relevant coefficients. How then can the public, which is pre- 
sumably less sophisticated in economic theory, but whose expectations 
we are trying to model, have such information? There is no doubt some 
merit to this informational argument. The REH must be viewed as a 
polar case, a situation in which all individuals in the economy agree on 
the structure and on the relevant parameters. The theory as applied 
does permit different agents to have different degrees of information. But 
where information is commonly shared, it is held unanimously. One of 
the areas of recent and current research is the combination of the REH 
with a theory of the accumulation of information, so that agents acquire 
their knowledge of the structure of the economy through some learning 
process over time. This idea will be discussed briefly in Section 3.7. 
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The prevailing treatment of rational expectations in the macro literature, 
however, generally assumes that in effect this knowledge is complete, 
except for purely random disturbances that can never be learned in 
advance.? 

A third limitation of the REH is that it requires all relationships to be 
linear because it makes extensive use of the application of expectations 
operators. In a sense this is a technical limitation, similar to the use of 
linear regression techniques in econometrie modeling. The computation 
of rational expectations equilibria in nonlinear models is extremely diffi- 
cult, if not impossible, although perhaps it will become more feasible as 
computing capabilities develop. 

In summary, the REH is a polar assumption but one that, by virtue 
of its simplicity, yields sharp predictions that provide important insights 
into macroeconomic theory and policy. 





3.2 Specification of Expectations in Continuous-Time Models 


The relative merits of continuous-time versus discrete-time modeling 
have been debated over the years. Both approaches are approximations, 
and as a pragmatic procedure one should use the method that serves 
one’s purpose most satisfactorily. In any event, many dynamic macro- 
economic models are formulated using continuous-time modeling, one of 
whose main advantages is its analytical tractability. In setting up models 
in this way, it is important to specify precisely the expectations they 
incorporate and exactly what information they embody. The consistent 
formulation of expectations in continuous-time systems raises certain 
technical tssues, which are important but nevertheless are of specialized 
interest. Readers not interested in these technical details can skip the pre- 
sent section without loss of continuity. 

A continuous-time model is obtained as the limit of an underlying 
discrete-time model, as the unit time interval shrinks to zero. In order 
to derive the continuous time limit of expectations, therefore, we first 
consider a forecast horizon is of arbitrary, but strictly positive, length— 
h, say ~and then let h > 0. Thus let 


P(t) be the actual value of some economic variable, say the price 
level at time f, 

P*(t + h,t) be the prediction of P(t + h) formed at time t. 

We assume initially that P(t) is continuously differentiable with respect 


to t, thereby ruling out discrete jumps in this variable. We also assume 
that forecasters have instantaneous access to information on P(t) so that 
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at each point of time they know P(t). Under this condition, any rational 
forecasting method must satisfy what Turnovsky and Burmeister (1977) 
called the weak consistency condition, that is, 


(W) P*(t,t) = P(t} (3.3) 


That is, with instantaneous information, the expectations formed at time 
t for the same instant ¢ must equal the actual value prevailing at that 
time. Without such information (W) need not hold. 

Turnovsky and Burmeister (1977) also introduced what they called the 
strong consistency axiom, namely?’ 


(S) lim a Š o] ae [t L E 





| = P(t). (3.4) 


hoor h>0* 


It should be noted that the limits appearing in (S) are right-hand or 
forward-looking limits, that is, they are the limits as A > 0 through posi- 
tive values. Letting h > 0 and using (W) yields 


P¥(t,t) = P(t) (3.5) 


where P(t, t) defines the expected rate of change of P at time t. Thus the 
strong consistency condition (S) asserts that the expected rate of change 
of P equals the actual rate of change of P. Turnovsky and Burmeister 
show how under their assumption (S) implies (W), but not the reverse. 

The relationship contained in (3.5) is often referred to as perfect myopic 
foresight, in that current changes are predicted precisely and without er- 
ror. It is distinct from the notion of perfect foresight, which is said to 
prevail when events occurring at finite times in the future are predicted 
without error. This latter concept is the deterministic analogue to ratio- 
nal expectations and may be formally described by 


PXt+ho=P(t+h)  forh>0 (3.2) 


Gray and Turnovsky (1979a) proceed by generalizing the notion of 
weak consistency to 


(GW) P*(t—ht)=P(t—h) forh>h>0. (3.6) 


This condition states that the economic agent’s memory extends at least 
h periods into the past. Asked to recall the current or some previous 
value of P lying within his memory span, he replies correctly with the 
actual value for the time in question. The period h may be infinite, in 
which case his memory is infinitely long. But for our purposes any finite 
h will suffice, because we shall be concerned with considering limits as 
h — 0. (GW) implies (W), but not vice versa. However, the only rational- 
ization for the acceptance of (W) but the rejection of (GW) would appear 
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to be that the agent, having accurately perceived the curren’ value of 
P(t), immediately forgets it. This seems a little far-fetched. 

Another way of expressing the difference between (W) and (GW) is to 
say that the former merely equips the agent with the knowledge of P(t) at 
some point t, whereas the latter tells him the shape of the function P(-) in 
some interval leading up to the point t. The importance of this is that for 
points lying within this interval, the agent can deduce the rate of change 
of P from the shape of the P(-) function. More formally, 


P*(t —h + 0,t) ~ P*(t — h, P| 
4 





Pře — ho = lim | 
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defines the rate of change of P remembered as ¢ as occurring at time 
t — h. Using (GW) we may write 


É AF D= PERO 





Pž(t — h,t) = lim 


f>0 


y 


| forh>h>0O 
5 


= Pth) forh>h>0. (3.7) 


Since P(t) is differentiable for all t, equation (3.7) immediately implies 
the existence of the partial derivative P* at the point (t — h,t) for h > 
h > 0. But notice that we cannot immediately assert that (3.7) is true at 
the most recent point of the time interval, that is, for h = 0. This is be- 
cause (GW) does not assert that P*(t + ¢,t} = P(t + €) for positive ¢, and 
this would be required in order to calculate the derivative at that point. 
However, adopting the usual definition of the left-hand or backward- 
looking derivative, that ts, 





Pre ho) = lim | 


g=0 


much ena Peek) 
z : 
(GW) does imply 
P* (t,t) = P_(t) 


with P_(t) being known as time t, from previously collected information. 
Moreover, since P(t) is differentiable, we have 


P_(t) = P,{t) = P(t) (3.8) 


where P, (t) is the right-hand derivative of P(t) and is defined by the limit 
in (3.4). 
Now P#,(¢, t) 1s given by 


E Gt PA J 





P*,(t,t) = lim 
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and is the agent’s prediction of P, (ù, the forward-looking rate of change 
at t. But the essence of the differentiability condition (3.8) is that this is 
known at time t (from P (ù), and assuming that available information is 
used efficiently for forecasting, we require that 


PEL = Py(t) = P(t) = POO, (3.9a) 
implying 
P* (t,t) = PE(t,0 = PRU, t). (3.9b) 


That is, the differentiability of P(t) implies the partial differentiability of 
P*(.,.) with respect to its first argument at the point (t, t); furthermore, 
this partial derivative is equal to the actual derivative of P at time f. 
Using the definition of P*, (t,t) we see that (3.9) contains (S), and hence 
we have shown that (GW) implies (S). In other words, the assumption of 
the differentiability of P(t) enables the forecaster to transform backward- 
looking information over an infinitesimally short period to forward-look- 
ing information over an infinitesimally short period. Moreover, using 
(3.9) now enables one to extend (3.7) to include the endpoint h = 0, 


Pe(t—h,t)=P(t—h)  forh>h>0. (3.10) 


If there are values of t for which P(t) is nondifferentiable, then at those 
points (GW) will not imply (S). For example, if we allow this function to 
be continuous with kinks, then at the points where such kinks occur, 
the left-hand derivative and the right-hand derivative will not be equal. 
The link between the past and future contained in differentiability and 
described by (3.9a) breaks down, and the distinction between (W) and 
(S) stressed by Turnovsky and Burmeister (1977) reemerges. However, 
if P(t) is the solution of an economic model formulated in terms of 
differential equations, we would expect P(t) to be differentiable almost 
everywhere; hence the relationship between (GW) and (S) will hold al- 
most everywhere.* 

The equivalence of (W) and (S) under (GW) has important implications 
for the specification of expectations hypotheses in continuous time. Spe- 
cifically, if one assumes as typically the case (if only implicitly) in spec- 
ifying continuous-time models that 


(i} forecasters have instantaneous access to relevant information and 
some ability to store that information; and 


(ii) the time path for the variable being forecast is differentiable; 
then expectations satisfy perfect myopic foresight 


PH(t,1) = P(d), 
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that is, the forecast formed over an infinitesimally short time horizon is 
always correct. Thus if, as is also typically the case in continuous-time 
macroeconomic models, the decision horizon is infinitesimally short and 
forecasts need be made for only the next instant of time; all forecasting 
errors are ruled out. This is true for both deterministic and stochastic 
systems. Moreover, all autoregressive forecasting procedures, such as the 
adaptive, are redundant; perfect forecasts for the next instant of time can 
be obtained simply by observing current behavior. 

This conclusion can be interpreted as an argument for adopting the 
continuous-time analogue of rational expectations, namely perfect myo- 
pic foresight, when formulating expectations in continuous-time models. 
For some purposes this is undoubtedly appropriate. But in other circum- 
stances there may be reasons for a different strategy in response to 
the issues raised. The evolution of expectations is a critical aspect in 
the modeling of disequilibrium dynamics, the distinguishing features of 
which are failure of plans to be realized, divergences of prices and other 
variables from their equilibrium values, and uncertainty about the future. 
In this situation, the prediction of the future becomes a hazardous exer- 
cise during which mistakes are bound to occur. Perfect myopic foresight 
is not a good characterization of decision makers’ behavior here, implying 
as it does that mistakes are never made. One can abandon continuous- 
time modeling of disequilibrium situations, but this would be to dispense 
with the many analytical and other advantages of the model. The prob- 
lem may be seen as follows. Simple autoregressive schemes may be seen 
as low-cost expectations formation schemes in situations where decision 
makers’ information is severely limited or unreliable, and their inclusion 
in disequilibrium models is thus desirable. However, the conventional 
implementation of such schemes in continuous-time models produces the 
extreme characteristics we have just described. In order to avoid these 
difficulties, one must abandon either of the assumptions (i) and (ii) or 
assume that the forecast horizon remains strictly finite. Some attempts 
along these lines have been undertaken in the literature and are noted here. 

One possibility is to drop the assumption of differentiability. Specifi- 
cally, one might assume that the relevant variables are generated by 
nondifferentiable stochastic processes, the best known of which is the 
Brownian motion or Wiener process. This approach is pursued in the 
stochastic models developed in Part IV. However, this particular process 
is characterized by independent increments, so that the best predictor 
of P(t + h) at time t is simply P(t} adjusted by a possible drift factor. In 
this case any autoregressive procedure, such as the adaptive hypothe- 
sis, would be inappropriate. But there may be other more general non- 
differentiable stochastic processes, such as the Ornstein-Uhlenbeck 
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process, for which hypotheses of continuous-time stochastic models in- 
volve highly specialized techniques with which many economists are fre- 
quently unfamiliar. This may impede lucid exposition and may render the 
intuitive interpretation of the model very difficult. Moreover, although 
the introduction of nondifferentiable stochastic processes offers a techni- 
cal solution to the problem, it may not always be easily motivated 
in terms of the underlying economic behavior. For example, although 
the Wiener process is typically justified as an approximation, it is not 
always clear what is being approximated and how the approximation has 
been derived. 

Other approaches involve either dropping the assumption of the in- 
stantaneous availability of information or retaining the assumption of a 
finite forecast horizon. The effect of either of these is to introduce a delay 
into the system. As Gray and Turnovsky (1979a) demonstrate, such a 
delay can arise very naturally in the course of aggregating over indivi- 
duals who are making decisions over nonsynchronized finite forecast ho- 
rizons; or it may arise from an information lag reflecting the time taken 
in collecting such basis statistics as the consumer price index. In either 
case, a finite lag leading to a mixed differential-difference equation system 
is generated, raising several important issues for the modeling of continu- 
ous-time systems. First, it implies that in many circumstances it will be- 
come necessary to model expectations of both the levels and the rate 
of change of a given variable, and this must be done consistently. Second, 
where the levels variable being replaced by a predetermined expectation 
is a price, which previously had performed an equilibrating function in 
the corresponding market, it may become necessary to abandon the 
assumption of continuous-time market equilibrium and to introduce 
instead some appropriate disequilibrium adjustment process. Third, the 
possibility of forecast error is reintroduced, allowing also for the possible 
role of arbitrary but simple forecasting procedures. 

These issues have been developed at some length by Gray and 
Turnovsky (1979a), using the Cagan (1956) model as an illustration. The 
solution methods for mixed differential-difference equations are not easy, 
and it would take us too far afield to discuss them in detail here. But that 
approach may see greater use in the future, particularly as computer 
capabilities increase. 





3.3 The Cagan Monetary Model 


As a starting point for our discussion of rational expectations, we con- 
sider the well-known Cagan model of hyperinflation. This is described by 
the pair of equations 
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m(t) — p(t) = —an(t) (3.11) 
tlt) = y(p — 7) (3.12) 
where? 


m = ln M, and M = nominal stock of money; 
p = ln P, and P = price level; 


m = expected rate of inflation. 


The model is a very simple one, in which output and the real interest 
rate are assumed to remain fixed and wealth effects are ignored. The de- 
mand for money is taken to be inversely related to the nominal interest 
rate, which with a fixed real rate is just the expected rate of inflation. 
Equation (3.11) describes continuous money market equilibrium, where 
the expected rate of inflation is specified by the usual form of the adap- 
tive hypothesis. 

The logarithmic specification of the model is characteristic of many of 
the formulations of rational expectations models. It means that changes 
of corresponding variables are percentage changes, so that p(t) in (3.12) 
represents the rate of inflation P(1)/P(t). Also, coefficients of logarithmic 
variables have simple interpretations as elasticities. Note, however, that 
since z is measured as a rate, the coefficient 
(dM/M) 


~ dr 
is a semi-elasticity of demand, that is, it measures the percentage change 
in the demand for money per percentage point change in the expected 
inflation rate. 

The pair of equations can be interpreted as a subsystem of the more 
general model specified in Chapter 2, which allows for changes in income 
as well as in financial wealth. The critical question concerns the stability 
of the system described by (3.11) and (3.12). 

Differentiating (3.11) with respect to t and assuming that, apart from 
a possible once-and-for-all increase, the nominal money stock remains 
constant, yields 


p(t) = añ(t). (3.13) 
Eliminating z,z between (3.11), (3.12) and (3.13), we obtain the following 


differential equation in the logarithm of the price level: 


p= 7——_[m — 9}. (3.14) 
pias xY 
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Suppose that there is now a once-and-for-all rise in the nominal quantity 
of money m. Ít is clear from (3.14) that the adjustment of prices will be 
stable if and only if 


ay <il. (3.15) 


This is the well-known Cagan stability condition. It emphasizes the 
trade-off between the semi-elasticity of the demand for money with re- 
spect to inflationary expectations on the one hand, and the rate of adap- 
tation of inflationary expectations on the other, which is consistent with 
stability. A highly sensitive demand for money function is compatible 
with stability only if inflationary expectations adapt sufficiently slowly to 
past inflation rates. 

Letting y > œ in (3.12) yields the continuous time limit of rational ex- 
pectations, 


n(t) = p(t), (3.16) 


where inflationary expectations satisfy perfect myopic foresight. Sub- 
stituting (3.16) into 3.11), the differential equation for the (logarithm of 
the) price level is now given by 


m— p= —ap. (3.17) 


It is clear that the Cagan stability condition (3.15) is violated. The eigen- 
value of (3.17) is 4 = 1/æ > 0, so that this equation is unstable in the 
conventional dynamic sense of following an unbounded path from some 
given initial point. 

The reason for this is easily seen if one follows the methods of tradi- 
tional dynamics and treats the price level as being predetermined, with 
(3.17) determining the rate of inflation p(t). Suppose that the economy is 
initially in steady state and that there is a once-and-for-all increase in the 
money supply. With the price level predetermined at po, say, the mone- 
tary expansion increases the real money stock m — pọ. In order for 
money market equilibrium to be restored, the demand for money must 
increase, and for this to occur the expected (equal to the current) inflation 
rate must fall. But as the inflation rate falls, the price level starts to fall, 
so that with the nominal money stock now fixed, following the initial 
expansion, the real money stock starts to increase further. Money market 
equilibrium therefore requires a further increase in the demand for mon- 
ey, which in turn is brought about by a further reduction in the inflation 
rate. This means that the price level continues to decline (at an increasing 
rate) generating further increases in the real stock of money m — p. This 
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process occurs continuously, and we find that the ever-increasing real 
stock of money is accompanied by an ever-declining price level. The up- 
shot is that an initial once-and-for-all expansion in the nominal stock of 
money has generated an infinite deflationary process. This rather bizarre 
behavior in the economy is simply a manifestation of the instability (in 
the traditional sense) of the economy as described by (3.17). 


3.4 Forward-Looking Solution to the Cagan Model 


The key assumption of the solution to the Cagan model outlined in Sec- 
tion 3.3 is that the price level at all points is a continuous function of 
time. In particular, its initial value is predetermined, being inherited from 
the past. This represents the traditional approach to solving differential 
equations, borrowing solution techniques from the physical and engi- 
neering sciences. The rationalization here is clear; physical bodies are 
typically constrained to move continuously from any predetermined state. 
Although in many cases it is also appropriate to view certain dynamic 
economic variables as evolving from the past, this is not always the case. 
Indeed, in Chapter 5, we shall draw the distinction between those vari- 
ables that are constrained to move continuously—so-called sluggish 
variables—and those that are free to move discontinuously at appropri- 
ate points—so-called jump variables. The classification of economic vari- 
ables in this way may be somewhat arbitrary and determined by the 
specific context and market structure. The idea that the price level need 
not be a sluggish variable was first introduced by Sargent and Wallace 
(1973b) in a short but powerful paper. They showed that by relaxing the 
requirement that P(t) be continuous everywhere, the anomalous behavior 
outlined in the previous section could be resolved. 


Outline of General Solution 


Consider equation (3.17), which we rewrite in the form 


1 l 
PUD) Se). (3.18) 


The general solution to this equation is 


t 


1 
p(t) = Ae" — al m(s)e"—* ds (3.19) 


0 


where A is an arbitrary constant. The critical aspect concerns the 
determination of A. The solution discussed in Section 3.3 assumes that 
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initially p(O) = po, say, so that setting t = 0 in (3.19) implies A = py. 
Assuming m to be constant, m = m, say, this solution is 


p(t) = m + (po — me". 


So long as po #m, the solution for p(t) given by this equation will 
diverge. 

Sargent and Wallace, on the other hand, proposed instead to allow 
p(O) to be endogenously determined. Rather than determining A by an 
initial condition, they determined it by a terminal condition. The ter- 
minal condition they imposed is that the price level remain bounded, as 
t > œ. There are at least two rationales that may be given for imposing 
this condition. First, at a somewhat pragmatic level, it seems reasonable 
to suppose that the kind of time paths for the money supply observed in 
practice are unlikely to lead to an exploding price level. At least, except 
in isolated episodes of hyperinflation, we do not observe wildly unstable 
behavior of prices. Even if we view the world as being characterized by 
secular inflation, inflation rates tend in the long run to be steady and 
moderate, not explosive as would be suggested by the solution outlined 
in Section 3.3. 

Second, more formally, the boundedness of the price level can be im- 
posed by appealing to the transversality conditions at infinity derived 
from optimizing models. Here the general argument runs as follows. 
Although the model specified in (3.18) is descriptive and is not derived 
from any underlying optimization, nevertheless we would like it to behave 
consistently with what would emerge from optimizing behavior. One im- 
portant element of the intertemporal optimization approach consists of 
the transversality conditions, which impose conditions on the valuation 
of assets at the end of the planning horizon, which in turn may be either 
finite or infinite. In the latter case, this requires the discounted present 
values of stocks, appropriately valued, to be zero. Under certain condi- 
tions, which are usually met, this leads to a bounded price level. 

Thus it is now standard procedure in solving rational expectations 
models such as this to impose boundedness on the solution. While this 
practice is typically justified in terms of appealing to the transversality 
conditions, we should also note that there are restrictions on the underly- 
ing utility functions, which are required in order to yield a bounded solu- 
tion. Moreover, it is not necessarily the case that the Cagan model, which 
is so widely used, is in fact consistent with the required restrictions; see 
Brock (1977), Kingston (1982). We will discuss the transversality condi- 
tions in great detail in Part II], when we develop the intertemporal 
optimizing model. Here we shall simply impose the condition that the 
solution for p(t) remains bounded. 
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Writing (3.19) as 


p(t) = e” [4 — i m(sje s| (3.20) 


0 


we see that in order for p(t) to remain bounded as t > œ, we require 


1 : ee ee 
A =- lim | m(sje ds = — | m(sje_*/* ds, 
q 


Htow Jo 0 


and substituting this value for A into (3.20) yields the solution 
] %0 
p(t) = el | m(s)e* ds forall t. (3.21) 


The crucial thing to observe is that this solution for the current price 
level is entirely forward looking. The price level at any time t depends 
upon the discounted future values of the money supply from that time 
on. Implicit in the solution (3.21) is the assumption that economic agents 
know the time path for the future money supply. The case where this is 
not necessarily so, but where they have only expectations of the future, 
will be dealt with in our discrete-time discussion in Section 3.5. However, 
it is clear by analogy, and in fact can be shown more formally, that in 
that case the solution would be of the form 


p(t) = | ga | m*(s, the’! ds (3.21') 
x 0 

where m*(s, t) is the expectation of the money supply for time s, held at 
time t. Actual future money supplies are simply replaced by their expec- 
tations held at time t. 

Returning to (3.21), in order for p(t) to remain bounded, we require 
lim m(s)e“~*"* = 0. (3.22) 
This imposes an upper bound upon the rate of monetary growth. The 
condition is obviously met if m is fixed at m = M, say. If m grows expo- 
nentially, so that m(s) = me", then the limit will be met provided u < 
1/x. Note that the constraint translates into a much faster growth rate in 
the levels of the money supply. But note also that (3.22) is only a neces- 
sary, but not a sufficient, condition for p(t) to remain bounded. An exam- 
ple where (3.22) is met but p(t) is ultimately unbounded is given below. 


Some Examples of Monetary Disturbances 


The solution (3.21) enables us to analyze the effects of a variety of mone- 
tary disturbances on the behavior of the price level. Four example wili 
be discussed. 
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Unanticipated Permanent Increase in the Money Supply 


Consider first the response of the price level following an initially un- 
announced once-and-for-all increase in the money supply at time 0. By 
choice of units the initial and final money stocks are 0 and M, say, respec- 
tively. 

Solving (3.21), we obtain 


1 W 
p(t) = -e'm \ e` ds = M, 
t 


R 


and recalling that m and p are measured in logarithms, we see that an 
initial once-and-for-all increase in the money supply leads to an immedi- 
ate proportionate increase in the price level. In other words, the price 
level jumps instantaneously to its new steady-state equilibrium level and 
there are no transitional dynamics. This is illustrated by a jump from the 
point O to P in Figure 3.1. This solution 1s far more appealing from an 
economic viewpoint than the one outlined in the previous section. If 
people have rational expectations and know that the initial monetary 
expansion will continue indefinitely, then it seems reasonable, in the 
absence of any impediments, for the price level to respond fully instanta- 
neously. The key feature of the solution for the price level given in (3.21) 
is that it is forward looking and therefore embodies knowledge (expecta- 
tions) of the future path of the money supply. 


dp(o) 








0 T t 


Figure 3.1 
Response of price level to alternative monetary expansions 
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Anticipated Future Permanent Monetary Expansion 


As a second example, suppose that at time 0 the monetary authorities 
announce that the once-and-for-all expansion in the money supply m is 
to take place at time T in the future, so that 


m(s) = 0 0<t<T 
(3.23) 
m(s) =m t>T. 


Note that because the money supply is assumed to remain unchanged 
until time T, m(s) is equal to its initial level of zero before then. 
Substituting (3.23) into (3.21) and evaluating the integral, we obtain 


p(t) = me" O<st<T 
(3.24) 
=m 2T 


The time path for price movements is also illustrated in Figure 3.1. The 
adjustment has two phases. First, the announcement of the future expan- 
sion in the money supply has an immediate effect on the current price 
level. At time 0 it increases by an amount me~ T”, which is a dampening 
down of the ultimate proportionate response by a factor proportional to 
the lead time T. The farther into the future is the announcement expan- 
sion, the smaller is the current response in the price level. This is repre- 
sented by an initial jump from O to A in Figure 3.1. With the nominal 
money supply remaining fixed at time 0, the initial increase in the price 
level represents an initial contraction in the real money supply. In order 
for money market equilibrium to be maintained, the real demand for 
money must be reduced, and for this to occur the rate of inflation 
must rise. This means that prices will continue to rise, thereby further 
contracting the real money supply. The economy moves along the locus 
AB until the point B is reached at time T. At that time, the announced 
monetary expansion eventually takes place, the real money supply is re- 
stored to its original level, and the price level ceases to rise. All price 
adjustment will have been completed by the time the anticipated expan- 
sion actually occurs. 


Unanticipated Temporary Monetary Expansion 


As a third example, suppose that at time 0 the money supply is unex- 
pectedly increased, but once this has occurred, it is known to be only 
temporary and will cease at time T > 0. The time profile for the money 
supply is now 


(3.25) 
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and the corresponding solution for the price level is 


p(t) = m[1 — eT] 0<1<T 
(3.26) 
pt = m ESN 


The time path of the price level again has two phases. First, the monetary 
expansion causes an initial jump in the price level. With the expansion 
being only temporary, the response in the price level is now less than 
proportionate, and is represented by a point such as R in Figure 3.1. The 
real money supply therefore rises initially, and in order for money mar- 
ket equilibrium to be maintained, real demand for money must rise; this 
is brought about by a deflation. Hence, after the initial rise, the price falls 
continuously, and the economy follows the path RS, reaching S at time 
T, when the initial equilibrium is restored. 


Increase in Monetary Growth Rate 


We have been assuming that the form of monetary expansion has been 
from one constant level to another. Suppose instead that, beginning at 
time 0, the nominal money supply is increased (from 0) at a positive 
steady growth rate, 4 > 0. With m being in logarithms and the initial 
level set for simplicity at zero, 


m(s) = us s=0. (3.27) 


Substituting the money supply process (3.27) into (3.21), p(t) is 


p(t) = P otia | se *!* ds, 
xX t 


and, integrating by parts, 


© © 
+a e7 ds 
t 


t 


xX 
| se ds = —gse 
t 





= a(a + the", 
implying that 
p(t) = ula + t), (3.28) 
that is, 
p(t) = u. 


In this case, the price level jumps instantaneously at time 0 by an amount 
ua, thereafter increasing steadily at the constant monetary growth rate pu. 
Even though (3.22) is met, the price level is unbounded; the rate of infla- 
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tion, however, is fixed. But with a steadily increasing nominal stock this 
is exactly what should obtain. 


Two Further Issues 


The Sargent and Wallace forward-looking solution is both stable and 
intuitively attractive. One of its key features is that the solution involves 
a jump in the price level. In commenting on the paper, Calvo (1977) 
pointed out the nonuniqueness of the Sargent and Wallace solution in 
that it does not specify when the jump takes place. Thus, following 
Calvo’s argument, one can show that whereas 


pt =m t>0 


is one perfect foresight solution for the price level, following an initially 
unanticipated monetary expansion, the path 


p(t) = m + (pọ — Me"* O<t<ty 


where po is the predetermined price level, is another. In the latter, the 
price level begins by following the continuous unstable path passing 
through the predetermined price level, until time tp, when it undergoes a 
discrete upward jump to the new equilibrium level m. Because the world 
is one of no stochastic shocks and because agents know the future, they 
foresee perfectly the upward jump in the price level at time t,. At that 
time, the rate of return on holding money instantaneously becomes 
infinitely negative. Agents, knowing this, generate an infinitely negative 
demand for money, which with a finite money supply is obviously in- 
compatible with money market equilibrium. 

The solution that resolves this difficulty is to allow the jumps to occur 
only at points where new information hits the economy. Jumps in the 
price level in response to such “news” are not foreseen, so that agents are 
unable to plan their portfolios in response to them. In the present exam- 
ples, the new information occurs at time 0, when either a previously 
unanticipated monetary expansion occurs or it is announced that one 
will take place at some time in the future. At the time when some previ- 
ously announced monetary expansion actually takes place, it is not new 
information, and any jump in the price level at that time would lead to 
the difficulties just noted. Thus the solution proposed by Sargent and 
Wallace of allowing the price level to jump at time zero, but requiring it 
to evolve continuously thereafter, is the natural one. 

One final point concerns the instability of the market (3.18) in the 
sense of its eigenvalue being positive. While rational expectations and 
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perfect-foresight models are typically associated with dynamic systems 
having unstable roots, this need not necessarily be so. Rather, it is the 
combination of rational expectations and continuous market clearance 
that gives rise to this phenomenon. It is possible to restore stability (in 
this traditional sense) by coupling the assumption of rational expecta- 
tions with sluggish adjustment in the money market. 

Specifically, let us replace (3.17) with 


mt) = p(t) — ap(t) (3.29a) 
p(t) = O[m— min] 0 > 0. (3.29b) 


That is, we postulate a money market equilibrium of the Cagan type, 
but instead of assuming a continuously clearing money market, we hy- 
pothesize gradual adjustment with prices adjusting in response to excess 
supply. Combining (3.29a) with (3.29b) yields 


0 
p(t) = -—__[m — pity], (3.29) 
1 — 0x 
and this is stable, in the sense of having a negative eigenvalue, if and 
only if 


Oa <1. (3.30) 


Thus we see that with gradual adjustment in the money market, a posi- 
tive eigenvalue is not inevitable. Rather, we get a kind of trade-off be- 
tween the semi-elasticity of the demand for money « and the rate of 
price adjustment 0, directly analogous to the Cagan condition (3.15). 
Finally, we observe that if (3.30) is met, so that the eigenvalue of (3.29’) is 
negative, the rationale for jumps in the price level—which otherwise 
are required to bring about stability but which nonetheless embody 
forward-looking behavior—lose some of their force. 


3.5 Discrete-Time Cagan Model 


We turn now to the discrete-time formulation of the Cagan model, 
specified by 


m — Py = AIP, — p) (3.31) 


where p*., , = E,(p,4,). In defining the expected rate of inflation over the 
period (t,t + 1} as in (3.31), we are assuming that the current price level, 
Pa 1s observed at time t. The discrete-time formulation is more conve- 
nient than the continuous-time model for incorporating stochastic shocks 
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and for distinguishing between expectations and actual outcomes on the 
one hand, and permanent and transitory disturbances on the other. The 
Cagan model, with its simple structure, serves as a useful starting point 
for illustrating the methods for solving stochastic rational expectations 
models. Two widely used methods of solution are described. These are 
referred to as (i) the method of iterated expectations, and (11) the method 
of undetermined coefficients. 


Method of Iterated Expectations 


The essence of the method of iterated expressions is first to solve for the 
expected price level, p#,, ,, and then to substitute this solution into (3.31) 
and solve for the actual price level p,. To determine př; ,, we begin by 
taking conditional expectations of (3.31) at time t, for time t + i, say. This 
yields the equation 

Mie — Pris = —UPM itt. Pi) ba 12 es (3.32) 


where mf, , is the expected supply of money for time t + i, formed at 
time t. In writing (3.32) we have used the following result on conditional 
expectations: 


ELE, s(Prtsti)] = El Pers+1} 


Equation (3.32) is a difference equation in price expectations p*,, ,. Writ- 
ing it in the form 


* * =, * 
XPi+i+1,: a (1 F Pii = — Mihin 


the general solution for pž,; , is 


l+a\ 1 g a V 
Preis = 4,( a ) a ` a ) (3.33) 


To l+o 





where A, is a constant that may depend upon the time when forecasts 
are made, t, but which is independent of the forecast horizon, i. Since 
(1 + a)/x > 1, the first term on the right-hand side of (3.33) will diverge 
unless A, = 0, in which case the solution for price expectations 1s 


a) J 
Phu ya Dy cee ‘| : (3.34) 
Equation (3.34) asserts that the expected price for time t + i, formed at 
time ¢t, equals the discounted sum of all expected future money stocks, 
starting at time t + i and extending for all periods beyond. This equation 
is the stochastic analogue to (3.21), given previously for the deterministic 
continuous-time version. From (3.34) we see that an expected unit increase 
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in the money supply starting at time t + i + n and lasting for k periods 
beyond will raise the expected price for time t + i by an amount 


h 


Two special cases are worth noting. 


(i) An expected transitory unit increase in the money supply for time 
t+i+n, say (k = 0), will raise the expected price for time t + i by 
an amount «"/(1 + a*t. 


(ii) An expected permanent unit increase in the money supply starting 
at time t + i + n, say (k > oo), will raise the expected price for time 
t+ iby an amount x"/(1 + a)”. If, further, the monetary expansion is 
expected to begin at time t + i (j = 0), then the expected price at 
that time is expected to rise proportionately. 


Other possible time profiles for expected monetary disturbances can be 
considered using (3.34), but are not pursued here. 

Setting i = 1 in (3.34), the solution for the expected price one period 
ahead is 


1 x x i 
Piia = ee & massa 5) f (3.35) 


and, substituting for p#,,, from (3.35) into (3.31), the solution for the 
current price level is 


aus ce (aoe lf 3.46 
P: 1 cam tS maa, D ( ) 


The current price is therefore a weighted average of the current money 
stock and all expected future money stocks. A number of observations 
can be made. 


(i) A transitory unit increase in the current money stock (which is not 
expected to continue) raises the current price level by 1/1 + œ). 


(ii) An expected unit increase in the money supply starting at time f + 
n and expected to last k periods raises the current price level by an 
amount 


(iii) A unit increase in the current money supply that is expected to be 
permanent raises the current price level proportionately. 
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Method of Undetermined Coefficients 


We now discuss an alternative, more direct procedure for solving (3.31). 
This involves postulating a form of solution and then determining coeffi- 
cients to ensure that the hypothesized solution satisfies the equation. 
This procedure is a standard one in solving differential equations. How- 
ever, in applying it, care must be taken to ensure that the correct form of 
solution is proposed. If not, the wrong solution will be obtained! In some 
cases, the correct form of solution is not always obvious. It is safe prac- 
tice, when in doubt about the solution, to hypothesize as a general form 
that one feels is feasibly relevant. Any extraneous elements will drop out 
of the solution. 

To illustrate, suppose that one does not have the benefit of the solu- 
tion (3.36) and postulates 


p= 2 fiM + $, Amie (3.37) 
i= j=l 


That is, the current price is assumed to be a linear function of all past 
money stocks and all expected future money stocks. Writing (3.37) at 
time t + 1, 


oO oG 
== i * 
Pii = y Hiisi- t 5 AM tL +j t+ 
i=0 j=l 


and taking conditional expectations of this expression at time f, 
yields 


Die = MoM. + F LiM; + 2 Am Aatje (3.38) 
i=1 j= 


In forming the conditional expectation in (3.38) we are assuming that the 
current money stock m, is observed instantaneously at time t, and all past 
money stocks are known (or recalled) at time t, so that m*, = m,, mf, = 
m,_;. This is just the assumption of a memory, discussed earlier. Writing 
(3.31) as 


Opirr, —( + xp, +m, = 0 (3.31') 


and substituting for (3.37), (3.38) we obtain 


= 6) be. @) 
* * 
AHoMi1, HX 2 Himi TA X AME tja 
i=l j=l 


lg 


(1+2) ¥ umi (+a) ¥ Ama; tm = 0. 
iA 


l 


0 
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In order for (3.37) to be a solution, this must be an identity in m,,m,_;, 
m*,;, and the corresponding coefficients must be zero. Setting the coeffi- 
cient of m, to zero yields 





an, —(l+a)uo+1=0, (3.39a) 
and setting coefficients of lagged money stocks m,_; to zero yields the set 
of relationships 
l i-1 
n= ( = E e (3.39b) 
x 


Likewise setting the coefficients mž,; , to zero, we obtain 


alo — (1 + x4, =0, (3.40a) 


ey ge ; 
Ap = (, re .) Ay ie ees Ree (3.40b) 


Thus from (3.39) and (3.40), the solution for p, may be written as 


20 1 +g ea | 20 x j—1 
= Hom, + M, i +4 me eee 
Pi = Ho t Hi 2 t ( 7 ) 1 2 o a .) 


where Ho, 1,4, Satisfy (3.39a), (3.40a). Since (1 + a)/a > 1, p, is a geomet- 
rically increasing function of past money stocks m,_;. This implies that 
unless 4, = 0, the current price level is ultimately unbounded. Thus 
imposing boundedness and setting u, = 0, we find further from (3.39a), 








(3.40a) that 

l ae & 
AS E ream? 
so that 


1 oo x J 
TEEN ko 3 , 3.36 
p eÈ a o) | (3.36) 


Thus the previous solution for p,, given by (3.36), is again obtained. The 
two solution procedures are therefore completely consistent. 


3.6 Bubbles 


The stochastic difference equation (3.31) describing the discrete-time 
Cagan model is of the generic form 
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oe aE (Y1) F bx, = Ay it ar bx, (3.41) 


with a =a/(1 + 4), b= 1⁄1 + a). This type of equation arises in other 
contexts as well, such as in asset pricing. This section briefly discusses 
this equation further. A more comprehensive treatment of this and of the 
topic of bubbles in general is provided by Blanchard and Fischer (1989, 
chapter 5). Suppose initially |a| < 1 as in the Cagan model. Solving this 
equation recursively up until time T leads to the solution 


T 
eo i -k T+1.,* 
y, = 6 > a Xita YViT+ e 
i=0 


Provided lim a’ *! y#, r41., = 0, then the solution to (3.41) is 


tom 
Vee Ma ee: (3.42) 
i=0 


Setting a = &/(1 + a), b = 1/(1 + «), and assuming that x#, = x, (the weak 
consistency axiom), this is indeed identical to the solution (3.36) for the 
Cagan model. Being based on the underlying economic factor x, it 1s 
referred to as the “fundamental” solution and will be stable as long as x* 
does not grow too fast; compare to (3.22). 

Now consider the expression y, + z,. With y, satisfying (3.42), this will 
be a solution to (3.41) for any z, that satisfies the relationship 


Zz, = aE (2,44) = aZ (3.43) 


The Cagan example corresponds to assuming z, = A,, where A,,, = 
AJ(1 + a)/a). This relationship therefore satisfies (3.43) so that adding 
A, = Ao((1 + yx) to (3.36) is still a solution to the Cagan model. With 
a < l, the solution to (3.43) explodes, as it does in the Cagan example, 
and for this reason this component is referred to as the “bubble” solu- 
tion. In fact this bubble solution can be generalized by modifying z, to 
z = A, + e, where e, is a stochastic term having the property E,(e,.,) = 
0. 

As long as |a| < 1, as in the Cagan model, the bubble solution can be 
ruled out by appealing to stability, and that, in fact, was the procedure 
we followed by setting A, = 0. That leaves the fundamental solution 
as the unique stable solution. Many, but not all, rational expectations 
models share this characteristic. But it is possible for |a| > 1, in which 
case the fundamental solution may not converge and there will be an 
infinite number of stable bubble solutions. Examples where this occurs, 
and procedures to resolve these difficulties, will be discussed in Chap- 
ter 6. 
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3.7 Learning 


Thus far we have been assuming that the agent has complete knowledge 
of the entire system except for the purely stochastic disturbances. The 
stringency of this assumption is self-evident and is one of the bases on 
which the rational expectations hypothesis has been criticized. Over the 
past several years, a number of economists have introduced processes 
describing how the agents learn the underlying economic structure over 
time. The interaction of the dynamics of this learning process with that 
of the system itself is important, and not all learning processes need be 
stable. 

One tractable approach, due to Evans (1985, 1986) and Evans and 
Honkapohja (1992), is the method of expectational stability, which can 
be illustrated by the following scalar example. Suppose 


yp = at byf- + cx, (3.44a) 
X, = PX, +, (3.44b) 


where v, is an independently distributed random variable, having mean 
zero and finite variance. This pair of equations asserts that the variable y, 
depends upon its own expectations plus a stochastic term generated by a 
first-order autoregressive process. It does not correspond to the Cagan 
formulation. Rather, we can interpret it as describing an expectations- 
augmented Phillips curve where the inflation rate (denoted by y,) depends 
upon the previous prediction and employment, say, denoted by x,, which 
evolves gradually over time. Using either of the procedures discussed in 
Section 3.5, the rational expectations solution to this system is 
a cp 


rae: + {pe + et. (3.45) 





Suppose that the agent knows that y, is driven by a linear function of 
X,-, and v. He also knows the autoregressive parameter p, though not 
the primary structural parameters, a,b,c, and instead perceives output as 
being generated by 


Yı = Xn A PaXı-1 + Ynte (3.46) 


The subscript n here indexes the period over which expectations are re- 
vised. Believing this to be the structure, the agent forms his expectations 
at time t — | from 


* = 
Vern ae Xn T Boxia 
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But the way expectations are formed will influence the actual evolution 
of y,, and substituting this expression, together with (3.44b), into (3.44a), 
y, will be generated by 


y, = (a + bap) + (OB, + cp)Xy44 + cv, (3.47) 


After another time unit of observing the system he eventually learns 
(3.47), and at time n + 1 revises his perception of the economy to 


Vi = tai + Bazi Xena + Png Or (3.48) 
Relating the coefficients in (3.47) and (3.48) implies 
A+, =a F ba,; Para = cp F bhy Ynt FE (3.49) 


These three equations yield processes whereby estimates of the structural 
parameters are updated and the system is learned. The combination of 
the system and learning dynamics is described by (3.48) and (3.49). 

As long as |b| <1, the learning processes for «,,8, will eventually 
converge to the true parameter values a/(1 — b), cp/(1 — b), respectively, 
while from the third relationship the agent learns c in just one learning 
period. In this case, the agent will ultimately learn the true economic 
structure. However, if |b| > 1, the first two learning processes will diverge, 
and this will cause the dynamics of the overall system to diverge. 

Frequently, the learning process gives rise to nonlinear updating equa- 
tions. This would be the case in the above example if the agent also had 
to learn the true value of the autoregressive parameter p. A simple exam- 
ple illustrating this, originally due to Evans (1985) and discussed by 
Blanchard and Fischer (1989, chapter 5), is the following. Suppose (3.44a) 
is modified to 


yi5 a+ bh t v (3.50) 


where, as before v, is white noise. We also assume |b| < 1. Suppose the 
agent knows the true model and has rational expectations. Suppose also 
that at time t, when expectations are formed, the agent knows past values 
of Y,-i V,- but not the present values. Within the class of such solutions, 
using the method of undetermined coefficients, one can show that the 
solution is of the form 


Vi = bo + iYi- F Vi + Pota (3.51) 
where the coefficients ¢, satisfy either 
do =afl—b); $9, =, =9, (3.52a) 


or 
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o = —a/b; o, = 1/b; $, undertermined. (3.52b} 


The solution presented in (3.52a) is the fundamental solution, whereas 
(3.52b) includes a bubble. 

Suppose now that the agent does not know the model. But, analogous 
to (3.46), he believes that it is described by a linear equation of the form 
(3.51), namely: 


ie Xa 25 Bes T Yas + ÖpVr -1 (3.53) 


where n denotes the learning period. Assuming that the agent believes 
(3.53), the rational forecast of y,,,, formed on the basis of information 
available at time t, is 


Vicia = at,(1 t Pa) ak: Bayes te B,OnPy—1- (3.54) 


Substituting this expression for expectations into (3.51), it follows that y, 
is generated by 


y, = [a + ba,(1 + BD] + OBZ Y1 + v, + 6B,6,0,-1. (3.55) 


After the completion of a learning period, the agent revises his view of 
the economy to 


Ve = One + Baar Vi-r + Png + Ono Uii: (3.56) 
Thus, relating the coefficients in (3.55) and (3.56) implies the relationships 


Apel = a+ ba,(1 + Pn); Bota = bp: Mer = 1 On+1 = 5B,,6,. 


The important feature of these recursive relationships is that they are 
now nonlinear. The equation Pp, = bf? has two stationary solutions: 
B, =0, which is stable, and f, = 1/b, which is unstable. If f, starts 
out sufficiently small so that f, +0 (the stable solution), then provided 
|b < 1|, a, > a/(1 — b), while ô — 0. Note that y,,, = 1 within one learn- 
ing period. Thus in this case, the economy converges to the fundamental 
solution (3.52a). Blanchard and Fischer (1989, chapter 5) also discuss the 
case where |b| > ft. 

These two examples are simple but illuminating and capture the es- 
sence of the updating of information associated with learning. The impo- 
sition of expectational consistency, in these examples the requirement 
that |b| < 1, is often of assistance in resolving nonuniqueness problems. 
An example of this will be presented in Chapter 6. 

Two other approaches have been used and should be noted. The first 
is a Bayesian updating procedure used by Bray and Savin (1986). The 
second is more formal least-squares learning, whereby the parameters 
appearing in (3.46) are estimated each period using least squares; see, for 
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example, Marcet and Sargent (1989a, 1989b). Under certain conditions 
both of these procedures can reduce to adaptive expectations, which in 
some circumstances can be viewed as a learning process that converges 
to rational expectations.’ 

Notes 


1. We should note that at about the same time as Muth introduced the concept of rational 
expectations, Mills (1962) introduced the term implicit expectations. This procedure involves 
proxying an expectation of some unknown variable by its observation and is clearly closely 
related to Muth’s definition. Unfortunately, Mills’s contribution is unrecognized by most 
economists. 


2. There is a limited macroeconomic literature that considers differential information; see, 
eg, Canzoneri, Henderson, and Rogoff (1983). Several of the authors in Frydman and 
Phelps (1983) also discuss the consequences of differential information. 
3. lim means that h > 0 through positive values and is standard; likewise for lim . 

hog! kh>07 
4. By “almost everywhere” we mean at all but possibly a finite number of points. It would 
be possible to generate P(t) having an infinite number of nondifferentiabilities by specifying 
a sufficiently exotic forcing function. But providing an economic rationale would be more 
difficult. 


5. In this chapter lowercase letters denote logarithms rather than real quantities as in 
Chapter 2. 


6. Turnovsky (1969) showed in another context how under certain conditions a Bayesian 
learning process may lead to adaptive expectations. Friedman (1979) demonstrated the 
same type of result for a least-squares learning process. 





4 Rational Expectations and Policy Neutrality 


The Cagan model is a pure monetary model; output is assumed to 
remain fixed at the full-employment level. Yet much of the controversy 
generated by the rational expectations hypothesis has concerned its im- 
plications for the ability (or lack of ability) of macroeconomic policy to 
influence the real performance of the economy. To address this issue, we 
therefore need to extend the Cagan model to allow for the endogenous 
determination of real output. A critical component in the debate sur- 
rounding the policy implications of the rational expectations hypothesis 
concerns the form of the aggregate supply function. This is developed 
in detail in Section 4.1. A complete macroeconomic model embodying 
rational expectations and the Lucas supply function is then outlined in 
Section 4.2. 

Before considering the issue of policy neutrality, Section 4.3 begins by 
discussing the “Lucas Critique.” This proposition is the observation that 
the economic structure is not invariant with respect to the policy regime. 
A change in the regime will typically change the parameters of the re- 
duced form of the model, and this has important implications for both 
policy analysis and the empirical estimation of reduced-form relation- 
ships. 

As will become evident below, the policy neutrality proposition is a 
very strong one, and its robustness 1s examined in some detail in Sections 
4.4-4.6. Section 4.4 introduces alternative assumptions regarding the in- 
formation set of policymakers, the numbers of commodities, stickiness of 
prices, and so on. Section 4.5 considers an alternative benchmark level of 
output and shows how in some cases policy neutrality, which previously 
could break down, is in fact restored if this alternative—and possibly 
more appropriate—-benchmark equilibrium level of output is used. Sec- 
tion 4.6 introduces an alternative information set and shows how neu- 
trality ceases to hold under this alternative but perfectly reasonable 
assumption. Finally, Section 4.7 discusses the question of “persistence” 
of output movements in response to shocks and briefly discusses some 
recent work on stochastic business cycles. 


4.1 The Lucas Supply Function 


A standard specification of the aggregate supply function in descriptive 
rational expectations macroeconomic models ts some version of what is 
known as the “Lucas supply function.” In simple form, this can be 
specified by the equation 


y= yt VP, = Pri) +U, (4.1) 
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the model replicates the covariance patterns characterizing aggregate 
U.S. data more satisfactorily than does the closely related cost of adjust- 
ment model, which we shall introduce in Part III. Other authors show 
how the gradual diffusion of information brings about gradual adjust- 
ments in output (see, e.g., Lucas 1975). Finally, long-term nominal stag- 
gered wage contracts provide yet another way for introducing lagged 
adjustment of output (see Taylor 1980). 





4.8 Conclusions 


The rational expectations hypothesis is often identified with policy neu- 
trality. That is, it has often been said that under rational expectations, 
anticipated policies are ineffective; only unanticipated policy changes can 
have real effects. It should be clear from this chapter that this is not nec- 
essarily the case. It is possible for anticipated policies to have real effects 
on output under rational expectations, and much of our concern has 
been with determining the circumstances under which policy neutrality 
may or may not hold. 

One of the key points emphasized in Section 4.6 concerns the dating of 
information. In fact, for the information set considered in that section, we 
have shown that a policy feedback rule based on past information will 
not only influence current output but, if chosen optimally, may actually 
reduce its variance to zero, thereby stabilizing it perfectly about some 
chosen target value. This is surely as strong an antineutrality proposition 
as one could possibly wish for. 

The fact that the effectiveness or ineffectiveness of policy depends so 
critically on the dating of information is important. No macro model can 
be so precise with respect to such details. Furthermore, one of the most 
important and active areas of research employing the rational expecta- 
tions hypothesis is its application to foreign exchange markets, where 
rational expectations are formed on exchange rates. Information on ex- 
change rates is available virtually instantaneously, so that it makes sense 
to assume that exchange rate expectations for the future are conditioned 
on the observation of the current rate—or, in other words, to adopt the 
information structure of Section 4.6. Consequently, in this entire litera- 
ture, policy neutrality breaks down for precisely the reasons discussed in 
that section. 
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where 


Yi denotes the level of output, measured in logarithms, 

y denotes the natural level of output, measured in logarithms, 
P: denotes the price level at time t, measured in logarithms, 
p*,, denotes the prediction of p for time t, formed at time t — Í, 


v, is a random supply disturbance, assumed to have zero mean and 
to be independently distributed over time. 


Equation (4.1) asserts that the deviation in output for time £ from its 
natural rate level (say, the full employment level) depends upon (i) the 
error in predicting the current price level, and (ii) the current supply 
shock. Several justifications for (4.1) can be given and shall be considered 
in turn. These reflect very different views concerning the structure of the 
economy. 


Lucas Supply Function as a Phillips Curve 


First, one can view (4.1) as an inverse form of the Phillips curve. To see 
this, consider the usual expectations-augmented Phillips curve as initially 
introduced in equation (2.28). In log-linear form this can be expressed as 


Pi — Pea = PCY — Y) + (Pira — Prt) tG: (4.2) 


where (p, — p,-;) is the actual rate of inflation over the period (t — 1,¢), 
(p*,_; — P,-1), is the anticipated rate of inflation over the period (t — 1,0), 
and ç, is a stochastic disturbance. (The model is expressed in logarithms 
so that p, — p,_; is an approximation to the rate of inflation.) Adding p,_, 
to both sides of (4.2) yields 


Pi — PP = POL Y) + Sp 


from which (4.1) is readily derived. 


Lucas Island Model 


The theoretical underpinnings of the Phillips curve have long been criti- 
cized. Lucas himself provided an entirely different rationale from the 
above for (4.1), in terms of what has become known as the Lucas island 
model; see Lucas (1972, 1973, 1975). The most convenient version for our 
purposes is Lucas (1973), which we shall follow closely in our exposition. 

The key feature of the model is that there are a large number of sup- 
pliers located in a large number of scattered competitive markets. Deci- 
sions depend upon relative prices. Demand for goods in each period is 
distributed unevenly over markets, leading to relative, as well as general, 
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price movements. However, because of imperfect information, agents are 
unable to distinguish these relative price movements from absolute price 
changes. Hence the situation as perceived by individual suppliers is quite 
different from the aggregate situation as it would be seen by some 
outside observer. 

We begin by considering first the situation faced by an individual 
producer. The quantity supplied in each market is assumed to be the 
product of a normal component, common to all markets, and a cyclical 
component that varies between markets. Expressed in logarithms, this 
relationship is described by 


y(n) = Y + y(n) (4.3) 
where 


n indexes the market, 


y is the normal component of output, 


c 


y; is the cyclical component of output. 


For simplicity, we take y to be constant, although Lucas allows it to 
follow a time trend. The cyclical component of output is hypothesized to 
vary with the perceived relative price 


y:(n) = yLpn) — E(p, ln) ]] (4.4) 

where 

p,(n) is the actual price in market n at time t, measured in loga- 
rithms, 


E[p,|1,(2)] is the perceived mean general price level, given the informa- 
tion available in market n at time t, namely J,(n). 


Lucas also allows for a lagged adjustment in yf, but for simplicity this 
too is omitted. 

The information available to suppliers in market n at time t comes 
from two sources. First, we assume that agents have a common prior 
distribution on the price level p,, acquired from past information. This is 
assumed to be a normal distribution with mean p, and a constant vari- 
ance a”. Second, the actual price in market n deviates from the mean 
general price level p, by an amount that is distributed independently of 
P,- This can be written as 


p(n) = p, +n (4.5) 


where n is normally distributed, independent of p,, with mean 0 and 
variance w*. The information set I, (n) relevant for estimating the general 
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price level p, consists of (i) the information contained in the prior distri- 
bution and (ii) the observed value p,(n). 

To determine the perceived mean general price level is a straightfor- 
ward problem in Bayesian statistics. From these two pieces of informa- 
tion and the assumption of normality, suppliers can update their prior 
estimates of the mean p,, as follows: 


1 1 
22 2 


EERU = ~—- —-P — p(n). (4.6) 





The quantities 1/o*, 1/w*, which are the inverses of the variances, are 
referred to as the “precisions” of the distributions and measure the 
confidence with which the forecasters view the respective pieces of infor- 
mation. Thus (4.6) says that the two pieces of information-—the prior 
mean and the observed price in market n—should be weighted by their 
respective precisions. Letting 


yields 
E(p,|L(n)) = Op, + (1 — ®)p,(n), (4.7) 


which makes it clear how the updated (posterior) distribution is a weighted 
average of the two pieces of information. Combining (4.3), (4.4), and (4.7) 
yields 


y,(n) Sa yO(p,(n) Br Pi) 
and averaging over the n markets gives the aggregate supply function 
y= yr yO(p, — P.) (4.8) 


The slope of the aggregate supply function depends upon 0, the fraction 
of total individual price variances, o* + w’, that is due to relative price 
variation. In cases where w* is relatively small, so that individual price 
changes almost certainly reflect general price changes, y, = y, in which 
case output is virtually fixed. On the other hand, the more variation is 
specific to a firm, the steeper is the supply curve, the slope in the limit 
being y. Apart from the additive shock v,, which we have not introduced, 
equation (4.8) is equivalent to (4.1). Finally, allowing for a linear trend in 
y and a lagged adjustment in yy, (4.8) is modified to 


Yi = Ji + YO(P, — B+ ALMA — Ye- 1- (4.8) 
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The modification of the supply function to include lagged adjustment is 
relevant for our discussion in Section 4.7 of persistence of shocks and 
stochastic business cycles. 


The Wage Contract Model 


A third rationale for the Lucas supply function is in terms of the one- 
period wage contract model of Gray (1976) and Fischer (1977a). In this 
framework, wages are set one period in advance, before the stochastic 
disturbances in that period are known. This contract wage is chosen 
so as to clear the market at the price expected on the basis of previous 
information. 

To obtain the form of supply function (4.1), we consider an economy 
consisting of K firms, each of which produces output by means of a 
Cobb-Douglas production function of the form 


Y$ = (LÌ es (io errs kK (4.9) 
where 


Yf denotes the level of output of firm i, in natural units, 


Li denotes the employment of labor by firm i, measured in natural 
units, 


& denotes the productivity shock of firm i, assumed to have zero mean 


and finite variance and to be independently distributed over time. 
Profit of the i" firm is therefore given by the expression 
TT, = PL) “et — WEL; (4.10) 
where 


P, denotes the price of output, measured in natural units, 


W: denotes the contract wage, measured in natural units. 


Expected profit of firm i, conditional on information at time t — 1, is 
therefore equal to 


E,-, [1] = (L)'-°E,_, [Pet] — WEL! (4.11) 


where E,_, denotes the conditional expectation. 
The ex ante demand for labor, based on the maximization of (4.11), is 
determined by the first-order condition 


(1 — (LI E,- [Pe] = We. (4.12) 


Taking logarithms of this equation and denoting logarithms by lower- 
case letters, the demand for labor by the i™ firm, (Ñ)? , is given by 
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= aint — 0) +InE,_,[Pe*] - wi] (4.13) 


Consider now the term E,_,(P,e%). Expanding P.e% in a second-order 
Taylor series about the point (P*,_,,0)} yields the approximation 


1 
PrE P= Prec 


Pet = P¥,_, +(P,— Pie) + Phe +5 


Next, take expected values of this at time t — 1 to obtain 


| Be | 


5 4.14 
5% Pe, (4.14) 





Papel ae 


where a? denotes the variance ¢; assumed to be common to all firms, and 
cov,_, denotes the conditional covariance. The logarithm of (4.14) is then 
given by 





(4.15) 


* 
t.t-1 


i l cov, [Pci 
In E,- [ Pe" ] = p*,-1 + nf + 5% + j al 3 a 


If we now write the term 


cov,- [P,e] 


P* — = PP e 7 PG, 
EES 


where pp,,, denotes the correlation coefficient between p and £;, and yp 1s 
the coefficient of variation of P,, and assume that these quantities are 
constant, we may write (4.15) in the form 


In E,_,(P,e") = p*,-. + x 


where y is a constant that is a function of the second moments of the 
distributions of prices and productivity disturbances. Hence the demand 
for labor by the representative firm 1s 


K 
cir Dna — 0) + 1+ py — wi] (4.16) 
The aggregate supply of labor, lf, is hypothesized to be an increasing 


function of the expected real wage, namely 


Ip = n(we — Piri) (4.17) 


where n > 0 denotes the elasticity of labor supply. The contract wage w, 
is then determined by equating the demand for labor from (4.16) with the 
supply of labor from (4.17), resulting in 
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A In(l—é@)+ zx 
UER a ae 


(4.18) 
The contract nominal wage therefore varies proportionately with 
the expected price level, so that the ex ante expected real wage is 
constant. 

Having determined the contract wage, the model assumes that actual 
employment is derived from the short-run marginal productivity condi- 
tion for firms, obtained after the stochastic variables p, and g, are known. 
For the representative firm this involves choosing employment to max- 
imize (4.10). The amount of labor actually employed by the representa- 
tive firm is given by 


eel 
If = jUin(! — 6) +p, we + ei], 
and summing over all firms, aggregate employment is 
1 
I = mu -+p w + &,] (4.19) 


where ¢, is the aggregate productivity disturbance. 
To derive the aggregate supply function, first substitute the contract 

wage (4.18) into (4.19) to yield 

_alnil—@— xz 1 E 


gee AE A S Ben un 
t 1+ né@ + (Pr Prt +s 


(4.20) 

Next take logarithms of the production function 

y= = Al +e, (4.21) 

so that combining (4.20) and (4.21) yields 

-Ahh (A 
1+ n8 0 


t 


Er 
Jo. cat Pred) + 0 (4.22) 


This is of the basic form of the Lucas supply function (4.1). 


4.2 A Complete Rational Expectations Macro Model 


As noted in Chapter 3, most rational expectations models are specified 
log linearly. In this section we outline a basic model that we take to 
consist of an IS curve, an LM curve, and a Lucas supply function. The 
specific model we consider is described by the following: 
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Yi = di yi — dalr, — (Pia — Phd + gi + tii 0<d <l, d >0 


(4.23a) 
M, — Pi = Qi Yi — Gol, + U; a, >0, a, >0 (4.23b) 
Viv pe Pry-1) +Y, y>0 (4.23c) 


where y,, ¥,,p,, and v, have all been defined previously, and in addition 

9: is a logarithmic measure of government expenditure, defined more 
explicitly below; 

p*.;, 1s the prediction of p for time t + i, formed at time t; 

F, is the nominal interest rate at time t; 


Uir is a stochastic disturbance in the demand for output, assumed to 
have zero mean, finite variance, and to be independently distrib- 
uted over time; 


U>, is a stochastic disturbance in the demand for money, assumed to 
have zero mean, finite variance, and to be independently distrib- 
uted over time. 


Equation (4.23a) is a logarithmic version of the product market equi- 
librium condition. Since aggregate demand is the sum of expenditures 
measured in natural units (not logarithms), the logarithmic specification 
(4.23a) requires further explanation. Specifically, let 


Z, = real private expenditures in natural units, 


G, = real government expenditures in natural units. 

Then, as usual, product market equilibrium is described by 

YSZ 4G. (4.24) 
Suppose real private expenditures are of the exponential form 


Z, = ydig dln (P*a. 1 PR) 


and we define the ratio of real government expenditure to real private 
expenditure by 


GEN: 


Then substituting for Z, and G, into the product market equilibrium rela- 
tionship (4.24), 


Y, = (1 + D a dale (PEP i) + ta, 


and taking logarithms yields 
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Vier diy, = d|”, s (Phiri T př] + Gt + Uir 
where 
g, = In(l + 4,). 


Thus in a logarithmic model, the government expenditure variable is es- 
sentially a relative measure of the ratio of government to private expen- 
ditures. 

With d, (which now measures an elasticity rather than a marginal pro- 
pensity to consume) being less than one, the logarithmic IS curve, con- 
sidered as a relationship between real expenditure and the real interest 
rate, is downward sloping. The expected rate of inflation incorporated in 
the real interest rate is taken to be over the period ż to t + 1 and, being 
measured by (p*., ,-; — p#*,-1}, is conditional on information available 
up until time t — 1. That is, the price level at time t is assumed to be 
unknown and must be predicted. As will become apparent in due course, 
this choice of definition of the expected inflation rate turns out to be 
very important for the solution and the policy implications that stem 
from it. 

Equation (4.23b) is a typical logarithmic version of an LM curve. It is 
an immediate consequence of postulating an exponential money demand 
function, with money market equilibrium 


M 


P 


2 y% or 22r tt 


Finally, (4.23c) is the Lucas supply function discussed at length in Section 
l. 


4.3 The Lucas Critique and Policy Neutrality 


The simple macro model outlined in equations (4.23a)—(4.23c), together 
with the hypothesis that expectations are rational, namely 


Pits. = Ed Pirs) (4.25) 


suffices to establish the policy neutrality proposition. We begin by taking 
conditional expectations of the supply function (4.23c) at time ft — 1. 
Using the rational expectations condition (4.25), this yields 


Virs- = Er-1 its) = Y. (4.26) 


That is, with rational expectations, output is always expected to equal its 
natural level y. In other words, on average, output will equal its natural 
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level and will be independent of government policy, except insofar as this 
may influence y. This can be viewed as a type of policy neutrality propo- 
sition, but one that is much weaker than the one to be developed below. 

Next, take conditional expectations of (4.23a), (4.23b) at time t — 1 to 
obtain 


Yere Qe bla = Chia Poa F Jrs (4.27a) 
Met — Pea—a = %1 Vi Ko (4.27b) 


Now subtracting (4.27a) and (4.27b) from (4.23a) and (4.23b) respectively 
and noting (4.26), we obtain the pair of equations 


(1 — diy, — Y) + dalr, — 1-1) = (ge — Iii) + tin (4.28a) 
(m, a m*,-1) E (p, ai Pri = aly, A y) ar X(T, Pe, eat) F Uzr- (4.28b) 


The quantities of the form (x, — x*,-,) measure the differences between 
the actual variable x, and the anticipated variable x*,_,; they are there- 
fore unanticipated movements in these variables. Combining these last 
two equations with the Lucas supply function (4.23c), we may solve for 
the deviation in output (y, — y) in the form 


yi = F = pL[rdalm, — me.) + yt2(Ge — G1) H V&U — Ydzuz + dz0,], 
(4.29) 

where 

D=y[(1 —d,)o, + dağı} +d, > 0. 


Equation (4.29) contains the essence of the results. It asserts that out- 
put deviates from its natural level y by an amount that depends upon the 
unanticipated components of the nominal money stock (m, — mž,-1) and 
real government expenditure (g, — g*,-,), together with the additive dis- 
turbances in demand (u,,,u2,) and supply (v,). 


Lucas Critique 


To demonstrate the Lucas Critique, it suffices to abstract from fiscal pol- 
icy by setting g, = g*,_, = 0 and to focus on monetary policy alone. Sup- 
pose that the monetary authorities adjust the nominal money supply in 
accordance with a rule of the form 


m, = Po AR iYi + PaM F Wnr- (4.30) 


This particular rule asserts that the money stock is adjusted on the basis 
of the previous period’s money stock, the previous period’s income, and a 
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random term Wp that represents the stochastic element in the monetary 
authority’s behavior. The coefficients ¢),¢,,¢, represent the policy pa- 
rameters and describe the systematic part of the money supply. Based 
(apart from the random component) on the past state of the economy, a 
policy of this form is referred to as a “feedback rule.” Assuming that 
y,;-; and m,_, are known at time t — 1, the conditional expectation of the 
current money supply formed at time t — 1, m#,_,, is 


mE 1 = Po + Piy- + PM. (4.31) 


Substituting (4.31) into (4.29) (with g, = g*,_, = 0), the solution for out- 
put is given by 








ye = Y + ðo + ym, + ôy,- + am, + ©, (4.32) 
where 

: ydr@ _ yd : yda@ 

jor > a EE a ô, = aa 

Son dihz, ae YO2Uiy, — ydyuz, + dat, 

3 D ’ t D d 


The important insight due to Lucas is the following observation. Sup- 
pose that the policymaker wishes to influence the time path of output by 
altering the policy parameters ¢9, ¢,,¢,. For the authority to do so, un- 
der the assumption that coefficients describing the evolution of output 
remain fixed and invariant with respect to its chosen policy, would be 
nonrational. Clearly, changes in parameters appearing in the policy rule 
(4.30) lead to changes in the parameters appearing in the reduced-form 
equation (4.32). In other words, the reduced-form dynamics are not in- 
variant with respect to changes in regime, as represented by changes in 
these policy parameters. 

This observation has important implications for much of the work 
on what is often called the theory of policy. Beginning with Tinbergen 
(1952), the focus of this literature has been on analyzing the effects of 
changes in policy variables such as m, as well as on the determination of 
optimal policy, based on the assumption that the structural parameters 
of the system, the ô’s, remain fixed. While the Lucas Critique casts seri- 
ous doubt on the adequacy of this procedure, it must also be conceded 
that this earlier literature generally does not adopt the assumption of 
rational expectations. Or, put another way, the Lucas Critique can be 
interpreted as pointing out how the introduction of rational expectations 
leads to serious modifications of the theory of policy. 
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Second, the Lucas Critique calls into question the practice of econo- 
metrically estimating the parameters of a reduced-form equation such as 
(4.32). This is because as m, varies, so do the structural parameters, and 
consequently the assumption that they remain fixed over the sample is 
not appropriate. 

Finally, we should emphasize that the Lucas Critique is not restricted 
to the class of linear rational expectations models being developed in this 
chapter. It also applies to the type of model we shall discuss in Part ITI 
in which representative agents optimize intertemporally and current and 
future behavior depends upon announced policy. Changes in these an- 
nouncements will change the environment of the private agent, thereby 
inducing changes in his behavior and that of the private sector in general. 
Examples of such changes in behavior in response to fiscal policy will be 
presented throughout Part II. 


Policy Neutrality 


To demonstrate the policy neutrality proposition, we simply subtract 
equation (4.31) from (4.30) to obtain 


m, — me. = Wmr (4.33) 


Likewise, if an analogous type of feedback rule were proposed for gov- 
ernment expenditure, g,, we would find 


Je — giri = Wy (4.34) 


where w, is the stochastic component of the rule. Substituting (4.33) and 
(4.34) into (4.29), the solution for output deviations is given by 


Se | 
DF eae a p Lida Wmi aa VEz Wot F Yui, — ydzuz, + dav]. (4.35) 


Equation (4.35) describes the policy neutrality proposition. After sub- 
stituting for the policy rule(s), the level of output is independent of all the 
monetary policy parameters ¢),¢,,¢), as well as the analogous policy 
parameters for the fiscal rule. Indeed, output deviations depend only up- 
on the exogenous additive disturbances u4,, Uz, Vr, Wm Wg AS Well as the 
coefficients of the underlying model, all of which are given to the stabili- 
zation authority and are beyond its control. Note, furthermore, that the 
random elements Ww Wy are induced by the policymakers and, in gen- 
eral, will add to the variability of output. This provides an argument 
against any form of policy intervention; not only is it ineffective, it is 
actually destabilizing. 
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We now give an intuitive explanation for the policy neutrality proposi- 
tion, focusing again on monetary policy. Consider an anticipated increase 
in the money supply resulting from an increase in the parameter ¢,. 
Since output is expected to remain fixed, the real interest rate is also 
expected to remain fixed. At the same time, the anticipated increase in 
the money supply leads to a proportional increase in the expected price 
level. This in turn raises the contract wage and lowers output. However, 
when the correctly anticipated monetary expansion takes place, demand 
is stimulated, thereby creating excess product demand. This will induce 
the actual price level to rise proportionately to the anticipated level 
(which in turn equals the anticipated monetary expansion), at which 
point output is restored to its initial natural rate level. There is therefore 
no effect on output. 

On the other hand, an unanticipated monetary expansion, represented 
by the stochastic term w,,, in equation (4.30), will have no effect on the 
expected price level. It will, however, raise the actual price level, thereby 
stimulating output in accordance with the supply function (4.23c). The 
same applies to fiscal policy. 

The policy neutrality proposition has fundamental implications for 
macroeconomic policy-making. Since only unanticipated policy changes 
have real effects, demand management policies are useless. The power of 
this proposition has generated an extensive debate among economists, 
directed at establishing its degree of robustness. 





4.4 Robustness of the Policy Neutrality Proposition 


The essential feature of the Lucas Critique, namely the sensitivity of the 
economic structure to changes in government policy parameters, is a 
general characteristic of rational expectations models and is now widely 
accepted by the economics profession. On the other hand, although the 
policy neutrality proposition is shown to hold under certain sets of as- 
sumptions, its validity turns out to be dependent upon the specification 
of the model. Consequently, the proposition has generated much contro- 
versy among economists. In this section we examine its robustness by 
considering variations to the basic model. 


Instantaneous Information 


The policy rule (4.30) is based solely on past information. Suppose in 
addition it includes some contemporaneous information such as, for ex- 
ample, the current interest rate. This is entirely plausible because data 
on financial variables typically are available virtually instantaneously. In 
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this case the policy rule is modified to 


Mm, = bo sh Pr Vit ae fam,- T Ps! (4.30') 
so that 
m, — me 4 = a(r, maa a) ae Wmr- (4.35) 


The unanticipated change in the money stock therefore responds to the 
unanticipated movement in the interest rate as well as to the additive 
shock ww. Solving (4.28a), (4.28b), and (4.23c) together with (4.35), and 
for simplicity setting g, — g*,-, = 0, we find 


— 74 2Wmy + P(A + O3)Mar — Pdotn + dav, 
yE — dy (a, + @3) + daxi] + dy 





y (4.36) 
In this case we find that the deviation in output does depend upon the 
policy coefficient ¢,. This raises the question of the optimal choice of ¢,, 
an issue to which we shall return in Chapter 8. 

In effect, the instantaneous observability of r, implies the observability 
of a linear combination of the underlying disturbances. To see this, elimi- 
nate y, and p, from the three basic equations of the model, (4.23a)—(4.23c). 
The result is the linear relationship 


Dr, re ial ya = d,)(m, = Uz) F (1 En aa P Edal Pii t- mir Pria) + g: + uir] 
— (1 — d iy apr ack Ul: 


The observability of r,,m,, and g, as well as the expectational variables 
Př.-1 Př- Means that, by observing the terms in this equation, the 
monetary authorities can in effect infer the composite disturbance 


(1 + ayun + y — dijuaz — (1 — d,)v,. 


Or in other words, the observability of r, provides some information on 
current disturbances, and this is what enables perfectly anticipated policy 
changes to influence the behavior of output. This possibility was recog- 
nized by Sargent and Wallace (1975) and characterized as a situation in 
which the stabilization authority has an informational advantage over 
the private sector; see also Woglom (1979). 

Another example, considered by McCallum and Whitaker (1979) is 
where taxes are adjusted to current income by a rule of the form 


T = to + ty. 


Such a rule assigns an automatic stabilizer role to taxes, and it is easy to 
show that the deviation in output (y, — ¥) depends upon the chosen mar- 
ginal tax rate t4. 
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Optimizing Behavior 


Fair (1978) criticized the rational expectations models on the following 
grounds. He argued that although such models posit rational behavior in 
the sense that agents know the model and use all available information 
in forming their forecasts, agents are at the same time irrational in the 
sense that their decisions are based largely on arbitrary behavior and are 
not derived from the assumption of optimization. His criticism focuses 
on the supply function, which is a key part of the model. He argues that 
if one derives this relationship from underlying optimization, it would 
include the interest rate as an additional variable because the output sup- 
ply function depends on labor supply, which in turn depends upon the 
interest rate through the intertemporal substitution effects in the work- 
ers’ utility-measuring decisions. The introduction of the interest rate in 
the supply function (4.23c) leads to an immediate breakdown of the pol- 
icy neutrality proposition. Modifying (4.23c) to 


y= yt VP, = Pret) + Yat, + 0, (4.37) 


makes it clear that any anticipated monetary (or fiscal) expansion that 
affects the interest rate r,, will thereby influence real output. The Fair 
criticism is an important one that underscores the need to derive macro- 
economic models from underlying optimization. This issue is pursued 
further in Parts II and IV. 


Existence of Multiple Commodities 


The typical aggregate macroeconomic model assumes the existence of a 
single composite community. In reality, of course, there are countless 
goods, and these influence the decisions of firms and workers asymmetri- 
cally. To illustrate the point, suppose that there are just two goods in the 
economy, one produced domestically, the other imported from abroad. 
In terms of the contract model developed in Section 4.1, firms, in making 
their production decisions, determine their demand for labor based on 
the real wage, defined in terms of the price of the commodity they pro- 
duce (the domestic good). Workers, on the other hand, in choosing their 
labor supply, base their decision on the real wage defined in terms of the 
domestic cost of living, which is some weighted average of domestic and 
foreign goods. 

Repeating the analysis of Section 4.1, we can show that aggregate la- 
bor demand is, as before, 

l 


lf =- [ln — 0) + x + př — wi, 


D| 
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while the labor supply 1s now 

li = n(we — chi) 

where the domestic cost of living, given by 
c, = op, + (I — 4)q,, 


is a fixed geometric weighted average of the price of the domestic good p, 
and the domestic price of the imported good q,. Thus the contract wage, 
wf, determined at a level that, given expectations, the market is expected 
to clear, ts 





e_m — 0) +x + pi-i + Once 1 


a as 4.38 
me 1+ ên oe) 


In particular, it will be observed that the contract wage is now a weighted 
average of the expected price of the domestic good and the expected cost 
of living. Substituting (4.38) into (4.22), the supply function is of the form 


2e 1 — @\| (p, — piri) + On(p, — Cri) 








which may also be written as 


Seles @n(1 — ô) 
y= y+ (30) [p Dp sje am = ate) +v, (4.39) 


In this two-commodity world, output now depends upon unanticipated 
movement in the price of domestic output and in the expected relative 
price. Anticipated domestic policy is able to influence the latter, and 
through it, the level of current real output. Policy neutrality therefore 
breaks down. 


Sticky Prices 


It has often been argued that the policy neutrality result depends upon 
complete price flexibility and that it will cease to hold if prices are sticky. 
The validity of this statement depends upon how the sticky prices are 
assumed to be set. For example, if we take the simple classical monetary 
equilibrium relationship 


m =y tP, 


and assume that the price level p, is fixed, then any change in m,, antici- 
pated or unanticipated, will necessarily have an effect on real output. 

On the other hand, McCallum (1980) considers the following form of 
pricing equation, which replaces the Lucas supply function: 
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Pi — Pat = 7-4 z Yi-1) F E, (P: Sj Pr-1) (4.40) 


where p denotes the price level that would equate aggregate demand to 
capacity output y. In this formulation, prices are temporarily sticky, in 
the sense that they are unaffected by current demand and supply condi- 
tions, yet they have been set through the expectational term to reflect 
previously formed expectations about monetary policy. McCallum shows 
how, despite the temporary rigidity of p,, the policy neutrality proposi- 
tion still applies. 

To see why this is so, suppose that output in period t — 1 is low so 
that y,- < y,-,. Then, assuming ¢, < 0 in the policy rule (4.30), m, is 
raised relative to what it would have been if y,_, = ),_,. But this is antic- 
ipated, and so it will increase m*,_, and therefore p,. The increase in p, 
will lead to a corresponding increase in the current price level p,, which 
in turn offsets the effect of expansion on aggregate demand. 


Multiperiod Wage Contracts 


The model summarized in equations (4.23a)-(4.23b) can be motivated in 
terms of a one-period wage contract that is negotiated every period. 
Fischer (1977a, 1977b) and Taylor (1979, 1980) formally developed the 
implications of overlapping wage contracts. Specifically, suppose that 
there are two groups of workers and firms, such that the first group 
negotiates nominal wage contracts each January and the second group 
does so cach July. A nominal contract for either group is in force for two 
periods, so that they overlap. The fact that part of the private sector is 
locked into its wage for a given period on the basis of a previously signed 
contract, whereas the government is able to determine its policy anew 
each period, gives the government an informational advantage over the 
private sector. Because of this, it is able to influence real output in a 
systematic way. 





4.5 Full Information Level of Output 


The criterion implicit in the discussion of policy neutrality thus far is the 
stabilization of output about the natural rate level, which is assumed to 
be fixed. This can be stated more formally in terms of the minimization 
of the quadratic loss function E(y — y). However, the welfare signifi- 
cance of the natural rate level, y, and therefore the loss (y — yy has never 
been made very clear, although loss functions of this type have a long 
tradition in linear-quadratic stabilization theory (see Turnovsky 1977). 
Barro (1976) was the first to argue that the appropriate benchmark 
level of output is not y but rather what he called the “full information” 
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level of output, y/, say, defined to be the level of output that would be 
forthcoming in the absence of forecasting errors. For the basic Lucas 
supply function (4.23c) this is defined by setting p*,_, = p,, in which case 


yf =V + 0, (4.41) 
Thus, the deviation in output about this full information level, 
¥,— yi = y(p, Peah (4.42) 


is proportional to the unanticipated change in the price level. Thus, mini- 
mizing a quadratic loss function E(y, — y/)* is equivalent to minimizing 
the effects of price surprises. The motivation given by Barro for this form 
of quadratic loss function is in terms of its being an approximation to the 
expected loss of consumer’s surplus, the welfare properties of which are 
well understood. 

For the basic Lucas supply function, (4.23a), the policy neutrality 
proposition holds for both deviations, y, — F and y, — y/. However, the 
nonneutralities obtained with respect to the modified forms of supply 
functions (4.37) or (4.39) do not hold, when the objective is to stabilize 
about the full information level of output. 

Specifically, for the supply function (4.37), the full information level of 
output is 


Ve =) Py +Y 
so that subtracting from (4.35) yields 


Ye yi = lp pira) 


Deviation in output about y/ depends only upon price surprises, which 
therefore implies that policy neutrality must prevail. 

Second, the full information level of output for the two-commodity 
economy is obtained by setting p*,_, = Pa g*,-1 = q, in (4.39), namely 


(1 — On(1 — ò) 


Ve = y F F E Ön as (p, = qe) + v,- 


In this case the deviation in output is 


= a nl — 65 
P 5) [o SD n T tp, Diy ge at 1 


1 — A\ [1 + 0nd 7 An(1 — ô) 7 
( 6 il 1 a On (p, Ta Dia) T aan T its) 
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which is a weighted average of domestic and foreign price surprises. But 
being a function of only unanticipated price movements, the deviation in 
output is again invariant with respect to anticipated policy changes. 

The benchmark of the full information level of output is similar, but not 
identical to, the notion of the frictionless level of output used as the bench- 
mark in the indexation literature. This will be discussed further in Chapter 8. 


ee E E 
4.6 Alternative Information Set 


The macroeconomic model analyzed thus far has assumed that the pre- 
diction of the rate of inflation over the period (t,t + 1) is formed using 
information up to and including time t — 1. This means that the price 
level at time ¢t is not observed, at least by those agents forming the pre- 
dictions of the real rate of interest that are necessary for real expenditure 
decisions. On the other hand, the current price level is known by those 
agents in determining their nominal demand for money in (4.23b). It 
therefore does not seem unreasonable to assume that the current price 
level p, is also observed by those individuals forming predictions of the 
inflation rate over the period (t,t + 1). In this case, the basic macro- 
economic model is modified to 


Yr diy, oa d,[r, = (Piast m P,)) + YG, + Uy, (4.23a') 
M, — Pi = X Yi — Xar, + Uo, (4.23b) 
Ve VPP Pay ep (4.23c) 


The only amendment to the model is that under this alternative informa- 
tional assumption the expected rate of inflation in the IS curve is defined 
by (Př: — p) As we will now demonstrate, this seemingly modest 
change in the dating of expectations has devastating effects on the policy 
neutrality proposition; see Turnovsky (1980) and Weiss (1980). Moreover, 
in contrast to the situation discussed at the beginning of Section 4.4, the 
breakdown of neutrality in this case is not the result of the stabilization 
authority having an informational advantage. On the contrary, both pri- 
vate agents and the stabilization authority have access to the same infor- 
mation set. 

Indeed, the choice of information set embodied in these two alternative 
definitions of the expected inflation rate is largely arbitrary and certainly 
either specification is logically consistent. As noted, both formulations 
can be found in the literature, and in fact, early work on the rational 
expectations hypothesis by Sargent (1973) adopted the definition based 
on current information. It is amusing to speculate that the debate about 
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policy neutrality might never have occurred if Sargent and Wallace 
(1976) had chosen this specification, rather than using the nominal 
interest rate alone, in the IS curve. 


Solution of Modified Model 


We shall solve the system using the recursive solution procedure intro- 
duced in Section 3.5. We begin by taking the conditional expectations 
j + 1 periods ahead of (4.23a’), (4.23b), and (4.23c) at time t — 1: 


2) Viaper— bine — Oya = Prvj2-1)) + Ija (4.43a) 
Lee = Pirj-1 = Ai Vieja a Xar j emt (4.43b) 
Vja = F- (4.430) 


Substituting for y#,,,-, and eliminating r*;:—1 leads to the following dif- 
ference equation in price expectations: 


Aada pjs — (1+ Odo DI ji- = — 0910-1 — da M*,j 1-1 
+ [a,(1 — d,) + xd ]Y. (4.44) 
For notation convenience let 


Xz 
=m, + 24, (4.45) 
2 
This represents a composite policy variable, reflecting the aggregate 
effects of monetary and fiscal policy. The conditional expectations of 
zž je are 


Xz 
Bees = Ue as ag q Iia (4.46) 
2 
so that (4.44) may be written as 


dz 





Aa PR pat =à 2 PA iat = ree +| |p (4.47) 


The stable solution to this equation is 


Pipi = E a A E o ) = pe alt i] y. (4.48) 
That is, price expectations are a discounted sum of all future expected 
values of the composite policy variable. 

The next step is to take the conditional expectations of (4.23a’), (4.23b), 
and (4.23c) at time t — 1 for time t and subtract from the original system. 
This yields the matrix equation 
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Lod; d d3 Y= Yy 
Xi — X 1 F= Eri 
l 0 T Pr — Při- 
dal Pri = Pin-1) + (9i — Goa) + Ui 
= (m, os mr 4) — Uy, 


UY, 


Solving for the deviation in output from its natural level y, we obtain 
Seat * * * 
y= J= [redo (Dian — Phara) + 7429 = gira) 


+ yda(m, — mž,—) + u? ] (4.49) 
where 
uU? = yeu, — Yda ua, + d(1 + %2)v,, 
J = y[æ (1 — di) + xida] + d,(1 + %2). 


Thus we see that the deviation in output about its mean depends upon (i) 
the unanticipated change in the current money supply m, — mž,-1; (1i) the 
unanticipated change in the current government expenditure g, — g*,-1; 
and (iii) the composite additive disturbance u}. These elements all appear 
in the initial solution (4.29). But in addition, and most importantly, the 
deviation in output also depends upon (p*,, , — p*.,.,-,), which measures 
the revisions to the forecasts of prices for time t + 1, updated between 
time t — 1 and time t, on the basis of new information forthcoming at 
that time. The expressions for the price expectations pf... — piti..-1 are 
obtained from (4.48). Substituting for these expressions yields 


oo o> i 
Oo ( Preis: a Pri = 2 (Zä ia = eee ) A 
2 


which, using the definition of z,, enables (4.49) to be rewritten as 


ay 


e 3] ason = m1) + xalg, — gri) 
oO 5 i 
+ oe {da (Mfu: E MA i1—1) + (9461 — JË) = 
T 1+ 4, 
u 
a ae 4.50 
J (4.50) 


It is clear that the deviations in current output depend upon the revisions 
of forecasts of all future money supplies and government expenditures 
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updated between t — 1 and t, since these are what drive the revisions to 
price expectations that occur at that time. 


Nonneutrality of Policy 


We shall now show how policy is nonneutral. We shall focus on mone- 
tary policy, abstracting from fiscal policy. But the same analysis applies 
to rules on government expenditure. 

Suppose that monetary policy is governed by a simple feedback policy 
rule of the form 


m, = pu}. (4.51) 


That is, the monetary authorities’ decision is determined by the move- 
ment in the target variable, output, during the previous period, which we 
assumed to be observed by time t. 

We assume further that all predictions made at time t — 1 are made 
after u;, is observed. Hence, since u? is independently and identically 
distributed over time, taking conditional expectations of (4.51) yields the 


following: 

me, = duj_, =m, (4.52a) 
Mi = 0 EEN (4.52b) 
mA, = du? (4.52c) 
Nay =O AE ee (4.52d) 


Now substituting (4.51), (4.52) into the solution (4.50), we find that cur- 
rent output is given by 


If d 
pape bes + 1 (4.53) 


The variance of output is minimized and indeed eliminated entirely by 
simply setting 





I flt+a, 
g= -0 te), . (4.54) 
ya, Xo 
that is, by following the money supply rule 
1 /l 
fe ( cos a D (4.55) 
yd, 25) 


Thus the optimal money supply rule is to contract the money supply 
in response to a positive disturbance in previous output and to expand it 
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if output was low. The critical parameters determining the optimal re- 
sponse are: (i) the semi-elasticity of the demand for money with respect to 
the nominal interest rate; (11) the semi-elasticity of the demand for output 
with respect to the real interest rate; and (ili) the price elasticity of output. 
To see how the money supply rule (4.51) is able to eliminate all the 
fluctuations in output, we embed the rule, together with its effects on 
expectations, into the complete system (4.23a’), (4.23b), (4.23c). First, sub- 
stitute (4.51), (4.52), and the optimal policy (4.55) into (4.48) to obtain 
u; 


m* m 
* = DS eee See Pl pee = 
Petit (aoe wy aa wy 





— — (4.56) 
Yazd 


where, for notational convenience, 


(1 —d,)a, + d3% 
d, i 





y= 


Thus the knowledge that the monetary authorities will contract the mon- 
ey supply in response to a positive disturbance in the previous period’s 
output causes domestic agents to expect that a positive disturbance in 
the previous period’s output will lead to a reduction in the price level. 
These expectational effects are less than proportional to the anticipated 
(and actual) change in the money supply. 

Next, eliminating r, from the JS and LM curves, the aggregate demand 
side can be written in the form 


d t+ d d 
W ge a, ‘Y pet Bm + dapa + uu — ss (4.57) 
Xa Xo Xz Xa 





Using (4.56) to eliminate m, and p#,, „ we obtain 


¥ 


d 3 l+% u d 
HPO, — + ddl = “Jon, Piri) = Set Uy — ~ Har (4.58) 
2 2 


Xz Yao 





Consider now the composite disturbance 


appearing in (4.58). In particular, observe that the effect of the expected 
price level on aggregate demand is given by the term —uwu?/ya, = 
—u,, + (d,/a,)u,, — da((1 + 42)/a2)(v,/y). Note that it incorporates the 
fluctuations in the demand for output u,, and in the demand for money 
u» and precisely neutralizes the independent additive effects these two 
variables have on aggregate demand. Netting these effects out, (4.58) can 
be written as 
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piy, S (= 2 f» Spui E 1 (4.59) 
X2 Xa 7 

and can be interpreted as an aggregate demand function (in deviation 
form) that incorporates the actual and anticipated effects of monetary 
policy. Combining this equation with the aggregate supply function 
(4.23c) makes it clear that these describe a pair of equations in output 
deviations (y, — y) and in unanticipated price change (p, — pž,-1) It is 
evident from considering these two equations that aggregate demand and 
aggregate supply will be in equilibrium if and only if 


y=, (4.60a) 


Di = Prin — E wy — s (4.60b) 
H Yæzdz y 

In short, current supply shocks are fully absorbed by the current price 

level, and the current demand shocks u,, and u,, are fully incorporated in 

the expected price level. These forms of adjustment permit the current 

output level to be stabilized perfectly each period at its natural rate level: 

see also Turnovsky (1980). 

We have demonstrated that the optimal money supply rule (4.55) 
is capable of eliminating all of the variance in y,, thereby stabilizing 
it perfectly. We now show that this rule is just one of an infinite num- 
ber of policies capable of achieving the same result. Any rule of the 
form 


m=dur, i=1,2,..., (4.61) 


so that the monetary authorities respond to disturbances in output i 
periods in the past, will do equally well. For this rule, the conditional 
expectations of (4.61) imply the following relationships: 


Mie 1 = Puen i ate gt =i (4.62a) 
Mea pO ea ee (4.62b) 
Mh = OM) es oe bee {4.63a) 
ng og Nhe an eee (4.63b) 


The solution for output ts therefore 


1 as \ 
E e E TE 4.64 
yea y ih o i + |x (4.64) 


and the variance of output is reduced to zero by setting 
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I 1+% V 
= e 


In other words, output can be stabilized fully if the monetary authorities 
follow a rule relating the money supply to disturbances in output per- 
taining to an arbitrary number of periods in the past, namely 


E C AA (4.66) 
yd, Zz 

All that is now required is that the response to a disturbance of a given 

magnitude must now be intensified by a factor ((1 + «5)/a,) for each 
period in the past. 

The explanation for this result is basically the same as for the one- 

period lag already discussed. To see this, we first substitute the expres- 

sions for the expectations of the future money supplies into (4.48) for 


j =1,and at time t: 


| l+a Laas E 
ET ee E 
yard, Xa Xa 


(4.67) 


It is seen that with the monetary rule based on shocks occurring with an 
i-period lag, the expectations of the price level one period ahead becomes 
a function of these shocks distributed over the previous i periods. Con- 
sidering (4.67) at the previous period ¢— 1 and noting (4.66), we can 
easily show that 


lta u; m wy 
Dean = ( :) Prosi = Rae J : peer (4.68) 
Xa 74242 Ay a 





Substituting (4.68) into the aggregate demand relationship (4.57) and 
recalling the definition of uë, this reduces to (4.59). Thus, as before, (4.59) 
and the supply function (4.23c) determine the solutions for output and 
prices, given by (4.60a) and (4.60b) respectively. The only difference is 
that the expectations for př,- are now functions of past disturbance uj- 
extending over i periods: 


ee al 2) 
p* a SS) ae eee ee ut A aS I 
ni-l vad, i X Pi- YY 


Two final points merit consideration. First, although we have shown 
that output can be stabilized perfectly about the natural rate level, y, the 
analysis applies with minor modification to stabilization about the full 
information level of output, yf. Rules of the type we have been considering 
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will provide perfect stability of output about this level, as well. The 
economy can therefore be stabilized perfectly against price surprises. On 
the other hand, these rules are unable to provide perfect stability of the 
absolute price level. It is clear that the longer the lag embodied in the 
policy rule, the more past disturbances get built into price expectations 
and the larger the variance of the price level. Thus, among those policies 
that treat the elimination of fluctuations in output as the primary objec- 
tive, the policy rule that uses information with only a one-period lag is 
optimal from the viewpoint of maximizing price stability. 





4.7 Persistence of Shocks and Business Cycles 


In the two formulations of the macroeconomic model presented in the 
foregoing sections, output at time t is a function of the new information 
forthcoming at that time. In the formulation considered in Sections 4.3— 
4.5 this is immediately apparent from the solution (4.29). In the modified 
model of Section 4.6, y, depends upon revisions to forecasts made at 
time t, and this too depends upon the new information acquired at that 
time. Thus in either case we can view output as being described by a 
stochastic process of the form 


WwaVts, (4.69) 


where ¢, is a composite function of the innovations to the random distur- 
bances impinging on the economy at time £ and is independently and 
identically distributed over time. 

This means that fluctuations in output are purely random events. This 
implication, however, contradicts the empirical fact that fluctuations in 
output tend to have systematic components. A positive shock to output 
in period ¢, say, is likely to increase output not only during that period 
but also in subsequent periods, giving rise to possible cyclical behavior. 

The theory of business cycles dominated the early work on macro- 
economic dynamics that was developed during the 1930s through the 
1950s (see, e.g., Samuelson 1939; Hicks 1950; Metzler 1941). The essential 
feature of this literature was to show how the interaction between the 
multiplier and the accelerator could generate a cyclical time path for out- 
put. However, for a variety of reasons, interest in business cycle theory 
seemed to wane in the 1960s. First, the multiplier-accelerator model is 
simplistic, abstracting from the financial sector of the economy. Second, 
the parameter values required to generate cycles were often implausible. 
Third, and most important, the models were linear and therefore could 
generate only linear cyclical behavior. That is, the cycles they yielded had 
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to either die down or explode. They were unable to regenerate them- 
selves. To achieve this, some form of nonlinearity was required. Hicks 
accomplished this by introducing a floor and a ceiling to the capacity of 
the economy. Other authors such as Goodwin (1951) and Kalecki (1935) 
achieved the necessary nonlinearity in other ways. Recent work such as 
that included in the recent edited volume by Benhabib (1992) on chaotic 
systems should prove to be important in studying business cycles. 

Attempts to model the phenomenon of persistence of shocks within a 
rational expectations framework has given rise to stochastic models of 
the business cycle and contributed to a revival of interest in business cy- 
cle theory. Several approaches can be found in the literature; they are 
briefly described here. 


Lagged Lucas Supply Function 


First, as noted in Section 4.1, the original Lucas supply function included 
a lag in output, postulating it to be of the form 


Y- l= ACD; = Pret) + AY i-1 a y) + Ve 


In this case, with unanticipated price movements p, — p#,., being white 
noise, output is generated by a first-order stochastic difference equation 
of the form 


V Aye VS (4.70) 


where ¢, is identically and independently distributed over time. A positive 
shock in ¢, leads to an increase in output in time t and in all subsequent 
periods, giving rise to a persistence effect, which eventually dampens 
down to zero. 


Capital in Supply Function 


A related approach is to introduce capital into the supply function. This 
was done in a paper by Fischer (1979a). Specifically, he considered a 
model of the form 


Yi = Qo tak O<a,<1 (4.71a) 
O,=% + Ina, — (1 —2,)k, (4.715) 
Kis = Bo + Bross + Palaa P) +y Br 29, p20 (4.71c) 
mM, — Pi = Yo — 101 — Ya Paa Pty = 1207220 (471d) 


where k, denotes the logarithm of the capital stock, w, denotes the 
logarithm of the return to capital, and all other variables are as defined 
previously. 
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In this model, employment is fixed, so that (4.71a) denotes the produc- 
tion function, expressed logarithmically. Equation (4.71b) denotes the 
relationship between the real return to capital and capital, obtained by 
optimizing the firm’s profit function. The final two equations denote the 
demand for capital and the demand for money, respectively. This repre- 
sents a Tobin-type specification of asset markets, in which Fischer shows 
that provided 8, 4 0, so that the demand for capital is responsive to the 
expected rate of inflation, the capital stock and output is generated by an 
equation of the form 


[1 + Bil — 0) TA. 4y = [eo + By + (a + ina )p] 
+ Pal P*a — Pr) + giki. (4.72) 


A monetary shock at time t, by altering the expected rate of inflation, will 
therefore generate real dynamic effects on capital and output. If 8, = 0, 
on the other hand, k, evolves along a path that is independent of the 
expected inflation rate and therefore of monetary policy. 

Thus with f, = 0, monetary policy is nonneutral in Fischer’s model. 
McCallum (1980) shows how policy neutrality is restored in this model if, 
instead of considering y, (or k,), one considers the path of output relative 
to capacity output, y,. In this case he shows how the deviation in output 
about its capacity level, y, — y,, follows a path of the form 


Yi — Yi = CP, — Při) + Yal Y- — F1) (4.73) 
which is independent of monetary policy. 
Inventories 


The role of inventories has tended to be neglected in macroeconomic 
theory. Blinder and Fischer (1981) have introduced inventories into a 
rational expectations framework, demonstrating how for their specifica- 
tion the aggregate supply function (with output measured in levels) is 
modified to 


Vea VE Pe Paes ANS = ND ty (4.74) 
where 

N, denotes the stock of inventories in levels, 

N* denotes the desired stock of inventories. 


Thus, in addition to responding to price surprises, output responds to the 
difference between the desired and actual inventory stock. In addition, 
Blinder and Fischer postulate desired stock of inventories to depend 
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upon the real interest rate, 

N* = N* — òo, (4.75) 
and a stock adjustment of inventories of the form 

Niat — N, = ONE — N) — Olp, — phi) + t (4.76) 


Combining these relationships with the demand side, the end product 
is a stochastic difference equation for output, in which output is a distrib- 
uted lag function of all past disturbances. Two principal conclusions are 
established in their analysis. First, an unanticipated change in the stock 
of money will generate a persistent change in output. Second, as long as 
desired inventories are sensitive to the real interest rate 6 4 0 in (4.75), 
then even a fully anticipated change in the stock of money will have real 
effects. Monetary policy is nonneutral. 


Long-Plosser Model 


A sectoral model of the stochastic business cycle has been developed by 
Long and Plosser (1983). The framework is an extension of the single- 
sector representative agent model we shall develop in Part III; it ts a 
framework in which consumers optimize the expected value of an inter- 
temporal utility function, specified in terms of a vector of consumptions 
of different goods and leisure. Each sector is subject to its own productiv- 
ity shock and uses labor and the outputs of other sectors as inputs. 
Assuming a logarithmic utility function and Cobb-Douglas production 
functions, the equilibrium of the economy is reduced to a stochastic dif- 
ference equation of the form 


‘i= y az Ay,~1 +H (4.77) 


where y, denotes a vector of outputs and y, is a vector of stochastic dis- 
turbances. This vector equation clearly can yield complex dynamic time 
paths for outputs, and forms thẹ basis for a detailed sectoral analysis. 
The Long-Plosser paper with its explicit optimization of stochastic sys- 
tems, and the calibration of their model to real-world data, form the 
foundation for much of the current work on real business cycles. Some of 
this literature will be briefly discussed in Chapter 14. 


Other Sources of Output Persistence 


Most of the above analyses emphasize the role of capital in some form as 
being a source of output persistence. Kydland and Prescott (1982) intro- 
duce the fact that capital takes time to build, deriving a model that can 
also give rise to persistence. Using calibration methods, they suggest that 
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the model replicates the covariance patterns characterizing aggregate 
U.S. data more satisfactorily than does the closely related cost of adjust- 
ment model, which we shail introduce in Part III. Other authors show 
how the gradual diffusion of information brings about gradual adjust- 
ments in output (see, e.g., Lucas 1975). Finally, long-term nominal stag- 
gered wage contracts provide yet another way for introducing lagged 
adjustment of output (see Taylor 1980). 





4.8 Conclusions 


The rational expectations hypothesis is often identified with policy neu- 
trality. That is, it has often been said that under rational expectations, 
anticipated policies are ineffective; only unanticipated policy changes can 
have real effects. It should be clear from this chapter that this is not nec- 
essarily the case. It is possible for anticipated policies to have real effects 
on output under rational expectations, and much of our concern has 
been with determining the circumstances under which policy neutrality 
may or may not hold. 

One of the key points emphasized in Section 4.6 concerns the dating of 
information. In fact, for the information set considered in that section, we 
have shown that a policy feedback rule based on past information will 
not only influence current output but, if chosen optimally, may actually 
reduce its variance to zero, thereby stabilizing it perfectly about some 
chosen target value. This is surely as strong an antineutrality proposition 
as one could possibly wish for. 

The fact that the effectiveness or ineffectiveness of policy depends so 
critically on the dating of information is important. No macro model can 
be so precise with respect to such details, Furthermore, one of the most 
important and active areas of research employing the rational expecta- 
tions hypothesis is its application to foreign exchange markets, where 
rational expectations are formed on exchange rates. Information on ex- 
change rates is available virtually instantaneously, so that it makes sense 
to assume that exchange rate expectations for the future are conditioned 
on the observation of the current rate—or, in other words, to adopt the 
information structure of Section 4.6. Consequently, in this entire litera- 
ture, policy neutrality breaks down for precisely the reasons discussed in 
that section. 





5 


Nonuniqueness Issues in Rational Expectations Models 


Chapters 3 and 4 have discussed the standard procedures for solving lin- 
ear rational expectations macroeconomic models. We have seen how the 
solution always involves an arbitrary constant (or constants). This has 
been determined so as to rule out explosive behavior in the economy. 
For many macroeconomic models, this imposition of stability suffices to 
determine unique values for the arbitrary constants, thereby determining 
the time path for the economy uniquely. But in other cases, stability 
alone may not suffice to determine a unique solution; an infinite number 
of rational expectations solutions, each consistent with a stable path, 
may exist. Such equilibria are based on extraneous sources of uncertainty 
and for this reason are traditionally referred to as “sunspot equilibria.” 
Among this set of solutions, stronger conditions must be imposed in 
order to determine a particular rational expectations equilibrium solution. 

In this chapter we will identify and discuss two distinct sources of non- 
uniqueness associated with rational expectations models. The first is of 
the sunspot variety where the essential issue concerns the determination 
of the arbitrary constants of integration. The first author to draw atten- 
tion to the problem of nonuniqueness (or multiplicity) of solutions in 
such linear rational expectations models was Black (1974). Three years 
later, Taylor (1977) presented a procedure for resolving the nonuniqueness 
issue. His model and solution method is discussed in Section 5.1. In the 
Taylor model, the nonuniqueness arises through the introduction of real 
money balances in the production function. By contrast, in the Black 
model it arises through the specification of government stabilization pol- 
icy; this issue ts discussed in Section 5.2 using the Cagan model as the 
vehicle. 

Although Taylor provides one way to resolve nonuniqueness, it is 
arbitrary and subject to certain criticisms, noted in Section 5.3. More 
recently, McCallum (1983) has proposed an alternative (also arbitrary) 
procedure for dealing with nonuniqueness; this is discussed in Sections 
5.4 and 5.5. A formal characterization of the conditions for existence and 
uniqueness of solutions to dynamic rational expectations models was de- 
veloped by Blanchard and Kahn (1980) and is considered in Section 5.6. 
For given coefficients, rational expectations models are invariably linear 
in the endogenous variables. And indeed, as we have seen, the solution 
methods rely heavily on the linearity of the system. 

The second type of nonuniqueness is associated with the nonlinearity 
of the macroeconomic model itself. Even a simple ad hoc macro model, 
such as that discussed and analyzed in Chapter 2, is intrinsically non- 
linear. Even if all underlying functions are linear, nonlinearities arise 
through terms such as rb, which represents the interest payments on 
government bonds, and pb, the inflation tax on government bonds. The 
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multiplicity of equilibria in such models, and their associated stability 
characteristics, are considered in Section 5.7. A second potential source 
of nonlinearity arises when one derives the rational expectations struc- 
tural models from underlying optimizing behavior. In the process, coeffi- 
cients that are taken as given in the linear model themselves become 
endogenously determined, thereby making the complete system inherently 
nonlinear. This important observation was first made by McCafferty and 
Driskill (1980). They showed how this process raises questions of both 
nonexistence and nonuniqueness of equilibrium. But the reasons are very 
different from those discussed by Taylor and Black, having to do with 
solutions to nonlinear systems rather than with the determination of ar- 
bitrary constants to linear systems. This issue will be discussed further in 
Section 5.8. 





5.1 The Taylor Model 


We begin our discussion of nonuniqueness of rational expectations 
models by considering the model due to Taylor (1977), which consists of 
the following four equations: 


yı = —y Lh — (PA — Prid + dtm, — Pi) + ti (5.1a} 

M, — Pi = Yı — Xir, + &2(m, — Pi) + Ua, (5.16) 

Y: = Yo + yı(M, — Pi) + Uz (5.1¢) 

m, =m (S.1d) 

where 

Vi; = real output, measured in logarithms, at time f, 

F, = nominal interest rate at time t, 

Pi = price of output, measured in logarithms, at time t, 

Pe i1-1 = prediction of p formed at time t — 1 for time t + i, 

m, = nominal stock of money balances, measured in logarithms, at 
time t, 

Ui =i = 1,2,3 are random disturbances, with zero means, finite 
variance-covariance matrix, and independently distributed over 
time. 


With the differences noted below, the model is generally similar in 
structure to that of Chapter 4. Equation (5.la) is the JS curve, with 
aggregate demand depending negatively upon the real interest rate and 
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positively upon real money balances. Observe that the expected rate of 
inflation is conditioned on information available at time t — 1. But this 
choice of timing is inessential to the present analysis. Equation (5.1b) is 
the LM curve, with the demand for money depending positively upon 
real income and real money balances but negatively upon the nominal 
interest rate. Again this is fairly standard. Aggregate supply is specified in 
(5.1c) to depend positively upon real money balances. This represents a 
significant departure from the Lucas-type supply functions we have uti- 
lized previously. The rationale for this specification was originally given 
by Levhari and Patinkin (1968) in terms of real money balances serving 
as an input in the production function. The rationale for this is that 
higher money balances mean a larger working capital, enabling the firm 
to purchase more inputs and thereby produce a greater output. Although 
the supporting evidence is inconclusive, this aspect of real money bal- 
ances is crucial for generating the nonuniqueness in the Taylor model. 
Finally, equation (5.1d} simply asserts that real money balances remain 
fixed. 

Eliminating r, and y, from equations (5.la) through (5.1c) and using 
(5.1d) leads to the following stochastic difference equation in prices: 


Pratt = Při- + ôP + bp + 4, (5.2) 
where 

ô = (1 — a,)/a, + dz/d, — y,(1/o, + 1/d,) 

do = Yo(l/a, + l/d) — ôm 

u, = —(l/d,)u,, + (1/2, ja, + i/o, + l/d; Juze 


Taylor solves this equation by using the method of undetermined coeffi- 
cients. Postulating a solution of the form 


Pp= pt X TU, is (5.3) 


we immediately obtain 


P1 = Ppt y Ty i (5.4a) 
i=1 
Piast =pt 2 Tj Uy 44 -i (5.4b) 


Substituting for (5.3) and (5.4) into (5.2) and equating coefficients yields 
the identities 
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E 
p= Oy 

l 

1 
ane a= 1a. (5.5) 


The solution for p, is therefore 


| oa 7 i 
p= Zo u, + T 2 (1 + ò Yui- (5.6) 
1 1 i= 


where x, remains undetermined. Squaring (5.6) and taking expected 
values, the unconditioned variance of p, is 


2 X 
var(p,) = IG yar ie DL (1 + 6,) | (5.7) 


where a, is the variance of the composite disturbance u,. 

If 6, > 0, the only value of z, that yields a finite variance for p, is 
nm, = 0. Hence, when 6, > 0, the finite variance criterion gives a unique 
solution for p,, namely 
te ae (5.8) 

1 
It is clear that one case in which 6, > O is if y, = 0, so that real balances 
do not affect aggregate supply. In this case, a unique stable (finite vari- 
ance) solution will obtain even if real balances appear in the aggregate 
demand or money demand functions. 

For any value of 6, lying in the range —2 < 6, < 0, we have |1 + ô| < 
l, so that var(p,) is finite for any arbitrary value of z,. In this case 
a multiplicity of stable rational expectations equilibria exist. It is clear 
from examining ô, that for y, sufficiently large it is possible to generate 
values of ô, lying in the range —2 < 6, < 0, thereby giving rise to multiple 
solutions. 

The solutions to (5.6) that correspond to arbitrary values of x, are 
examples of sunspot equilibria. That is, they are equilibria that depend 
upon extraneous shocks, simply because agents form their expectations 
using this information. The bubbles solutions discussed in Section 3.6 are 
also examples of sunspot equilibria, but in most cases they are associated 
with unstable solutions. Here the multiplicity of arbitrary solutions are 
all stable. 

This immediately raises the question of which solution to choose. 
Taylor resolves this matter by proposing to strengthen the criterion that 
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var(p,) be finite to, instead, that var(p,) be minimized. In the present 
example z, is determined to minimize (5.7). This implies 7, = 0, so that 
the solution for p, again reduces to (5.8). In other words, imposing the 
condition that var(p,) be minimized implies the unique solution for p, 
(5.8) for all values of ô. 





5.2 Nonuniqueness Due to Policy 


We return to the discrete-time Cagan monetary model of Chapter 3: 


m, — Py = ADF a p] F (5.9) 


where all symbols are as defined previously and, for convenience, are 
interpreted as being in deviation form about some fixed equilibrium. 
Suppose now that the monetary authorities engage in active stabilization 
in accordance with the rule 


m, = —Ap,. (5.10) 


That is, the money stock is adjusted in response to movements in the 
current price level, with 4 being a policy parameter describing the direc- 
tion and degree of intervention. In principle, 4 can be of either sign. A 
value of 4 < 0 means that the authorities are accommodating to current 
price movements, trying to maintain real money balances. A value of 4 > 
0 means that they seek to offset the higher inflationary pressures by en- 
gaging in monetary contraction. Which of these policies may be appro- 
priate depends upon the policymaker’s objective, and this question will 
be addressed to some extent in Chapter 8. 
Substituting (5.10) into (5.9) leads to the following equation in p,: 


4 ar eee +A + Ap, = u (5.11) 


Postulating a solution of the form 


Pi = 2 Riu; (5.12) 
and applying the method of undetermined coefficients leads to the 
identities 
es (5.13a) 
= r 13a 
BS een 


eee 
| ee cee (5.13b) 
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so that the solution for p, is 


n ee Ae z 5.14 
ae nena cae Big a ae Uy2 + (5.14) 


where z, is undetermined. 
In the absence of any active policy, 7 = 0, in which case the only solu- 
tion having a finite variance is z, = 0, implying 


ee eee (5.15) 


This of course is precisely the solution obtained in Chapter 3; that is, it is 
what the solution (3.36) obtained there would reduce to if the monetary 
disturbances were white noise, as they are assumed to be here. Likewise 
for any value of the policy parameter 4 for which 


lL+tata 
x 


>1, (5.16a) 








the same instability occurs, again necessitating the choice of n, = 0 fora 
finite variance. Notice that this includes all degrees of anti-inflationary 
monetary policies where 4 > 0. 

On the other hand, if —(1 + 2a) < 4 < —1, then 


i } 
S (5.16b) 


x 





in which case var(p,), given by the expression 


4 2 2 
Ee ea cee eee rare da. (5.17) 
P+ata Z= 
x 


is finite for all values of z,. The minimum variance criterion, proposed 
by Taylor, involves choosing z, to minimize (5.17). Performing the mini- 
mization yields 





x(x, — 1) Thy 


a ee 
(l+a+4 A) Go 


which yields the following solution for 7: 


7_(L+a+Ay 
ot ee T (5.18) 
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Thus for / satisfying (5.16b), the minimum variance criterion implies that 
p, is given by (5.14), where z, is given by (5.18). 





5.3 Critique of the Minimum Variance Criterion 


Although the minimum variance criterion may seem to be a very natural 
extension of the finite variance criterion, it is subject to several criticisms. 
First, it is by no means clear what mechanism is bringing about this min- 
imization. Who is performing the minimization? Taylor argues that the 
minimum variance criterion is no less arbitrary than the finite variance 
criterion, but this seems dubtous. The latter, which is equivalent to impos- 
ing stability, can often be justified in terms of transversality conditions, 
reflecting optimizing behavior; no analogous argument can be applied 
to justify a minimum variance. But there are other issues. For example, 
what variance is being minimized? 

In the example given in Section 5.2 we have assumed that z, is chosen 
to minimize the asymptotic (unconditioned) variance of p,. This implies 
the value of z, given in equation (5.18). But what if, instead, z, is chosen 
to minimize the one-period variance of p,, namely 


a; (1) ZE alpe ESI 


In this case, returning to (5.14), we see that 


7 an, — | 
Py — Per-1 = ipsa) uy 


so that the one-period variance 1s 


eel Ne 





To minimize this, set z, = 1/«, yielding the equilibrium solution for p, 


1 1+. A 
ee Ge + 2 > Je + -l (5.20) 


For this value of z,, p, is a function only of past disturbances, so that the 
minimized one-period variance is in fact zero. In any event, the stochastic 
process for p, described by (5.20) is very different from the solution for 
(5.14} and (5.18} given in the previous section, where the asymptotic vari- 
ance was being minimized. And nothing in any arbitrary macroeconomic 
model tells us which of these two variances—or, for that matter, of any 
other n-period variances—is the appropriate one to minimize. 
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A further problem with this procedure is that the solution as presented 
by Taylor, and followed in our exposition here, is in terms of solving a 
difference equation in the price level. This choice is frequently dictated by 
convenience. But we could equally well have chosen to eliminate output 
and the prices level and instead of (5.2) derived a difference equation ex- 
pressed in terms of the nominal interest rate and its expectations. The 
problem is that the stochastic process that minimizes the (unconditional) 
variance of the interest rate is not in general the same as that which will 
minimize the variance of the price level, so that a further degree of arbi- 
trariness exists. Are people seeking to minimize the variance of the price 
level, the interest rate, or some other variable? Again an arbitrary macro 
model such as this does not address this issue. 

Finally, and perhaps most importantly, the minimum variance crite- 
rion can give rise to a rather bizarre discontinuity in the solution as the 
policy parameter / varies. Specifically, if either A > — 1 or å < —(1 + 2a) 
we have seen that the finite variance criterion implies z, = 0, so that the 
equilibrium solution for p, is given by 


l 


TEE SE 5.21 
1 +a + ris Gn 


LeS 
The important point is that the current price level depends only upon 
the current disturbances, u,. This is true for, say, any å > — 1. Now as 2 
passes through the value — 1 and eventually becomes smaller, we move 
into the “stable” range where z, is arbitrary. The imposition of the mini- 
mum variance criterion leads to the solution for p, given by the infinite 
distributed lag (5.14), with z, being determined by (5.18). In other words, 
as the policy parameter 4 changes from, say, 4 = —.99 to à = — 1.01, the 
nature of the rational expectations equilibrium solution for p, changes 
dramatically, from an extremely simple stochastic process depending 
upon only current shocks, to a much more complicated one depending 
upon all past disturbances. This discontinuity in the nature of the pro- 
cess as the policy parameter crosses such boundary values seems, on re- 
flection, to be unsatisfactory and arbitrary. 


yp E aaa 


5.4 The Minimum State Representation Solution 


The reactions of authors to the multiplicity of solutions in linear rational 
expectations models have been varied. Some writers have suggested that 
this calls into question the usefulness of the rational expectations hypoth- 
esis. Others take the position that the problem of the choice among the 
equilibria will be resolved as our theoretical understanding of the rele- 
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vant markets progresses. In this respect, the minimum variance criterion 
must be viewed as being entirely arbitrary, since no compelling theoreti- 
cal principles have been invoked to justify the minimization of one vari- 
ance over another. 

While the multiplicity of solutions has often been identified with 
rational expectations equilibria, it is in fact a generic property of dy- 
namic models in general. The backward-looking adaptive expectations 
hypothesis also has an arbitrary constant. If expectations are generated 
according to 


Deen Dees = vine Pirae] 0<yz<l, 


the solution for the forecast formed at time t — 1 is 


Pe SAUL =I F7 L E EE (5.22) 
= 


where the constant A is arbitrary. There are therefore an infinite number 
of solutions, one for each chosen value of A. In fact, the multiplicity is 
likely to be much more serious than under rational expectations; the 
reason is that, because (1 — y) < 1, there is no compelling stability argu- 
ment to suggest setting A = 0, as is typically the case in rational expecta- 
tions models. Furthermore, the arbitrariness of the solution (5.22) will 
carry over to any larger dynamic macro model embodying the adaptive 
hypothesis. 

The upshot of the discussion to this point is that, in the absence of any 
“deep theorizing,” any rational expectations solution is to some degree 
arbitrary. The issue is to select those equilibria that are of economic in- 
terest. In this connection, McCallum (1983) suggests a criterion based on 
the minimal set of state variables being employed in forming forecasting 
rules. This criterion, although also arbitrary, has some intuitive appeal. It 
recognizes the fact that information is scarce and costly, so that agents, 
in forming their forecasts, may seek to economize on its use. 

We now apply this criterion to the examples from sections 5.1 and 5.2. 
In the case of the Taylor model, it will be recalled that the basic differ- 
ence equation determining the rational expectations equilibrium is given 
by 


Piai = Pia + Ôp, + Ôo + u. (5.2) 


Instead of postulating a solution as general as (5.3), McCallum proposes 
the simplest solution that can be consistent with (5.2). In this case, the 
minimal form of the solution is 


Pi = P + Toth, (5.3°) 
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in which the current price level depends upon the current disturbance u, 
rather than all past disturbances as in (5.3). Taking conditional expecta- 
tions of (5.3’) immediately yields 


Pei = Př = P (5.4) 
and substituting (5.3’) and (5.4’) into (5.2) we find 

ME 

P za Ô; 5 

To = <>: 3 


implying the solution for p, 


_ _[% + uJ 


(5.23) 





P: = 5, 

Under the McCallum procedure, (5.23) is the solution for all values of 
ô. We have seen that under the finite variance criterion, (5.23) is the 
solution as long as 6, > 0. For 6, < 0, we have also seen that invoking 
the minimum variance criterion implies z, = 0 in (5.6), in which case the 
solution also reduces to (5.23). Hence in this example the McCallum min- 
imal representation criterion and the Taylor minimum variance criterion 
yield identical equilibrium solutions. But this need not always be so. 

To see how the equilibria may diverge, consider the example of Section 
5.2. In this case, the minimal solution to (5.11) is of the form 


Di = Tot. (5.12) 
This again implies 

Porta = 0, 

and the method of undetermined coefficients yields the solution 


u, 
be a (5.24) 
Again, this holds for all values of the policy parameter A. 

We have seen that this same solution is obtained using the mini- 
mum variance criterion, as long as / lies in the range 2 > —1 or a< 
— (2% + 1). On the other hand, for å lying outside this range, we have 
also seen that the minimum variance criterion yields the solution (5.14), 
with n; given by (5.18), which no longer coincides with the McCallum 
solution. 
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In some applications of the McCallum procedure, the application of 
the method of undetermined coefficients involves the solution of a non- 
linear equation, thereby creating a further possible source of nonunique- 
ness. In the Cagan model, for example, this occurs when the money 
supply is assumed to be adjusted to the past rather than the current 
price level. Specifically, consider the model consisting of 


m, — Py = — (Pri — Pr) + wy (5.9) 
together with the policy rule 

mMm, = —Ap,-1. (5.10) 
Combining these two equations yields the difference equation 

př — (1 + ap, — ÅP = u (5.11%) 


Observe that it differs from (5.11) by the inclusion of a term in p,_,. Asa 
consequence, the minimal solution is of the form 


Pi = Mgt, + AiP (5.25) 
from which we calculate the conditional expectation 

Pii = Mp, = Mi ot + nipi]. (5.26) 
Substituting for (5.25) and (5.26) into (5.11°} yields 

an, [Tou, + %,P,-1] — (1 + æ) Erot, + 2, p,_,] — Pii = t, 


and, equating coefficients of u,p,-; in this equation, we obtain the 
identities 


1+ (1 + azo — anyon, = 0, (5.27a) 
ant —(1+a)n,-A4=0. (5.27b) 


The solution to the second of these equations is 





3 : 

Ppt tat J +a) + Aah (5.28) 
2a 

There are therefore two possible values for z,, each of which implies a 

corresponding value for ro. 

To choose between them, consider the special case 4 = 0. In this case 
P,-, would disappear from (5.11') and would therefore not appear in the 
minimal set of state variables. In this case the solution for x, would be 
zero; this will be obtained only if the negative root is taken in (5.28). 
Continuity then suggests that the negative root is appropriate for all 
values of the policy parameter 4. McCallum justifies this procedure by 
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arguing that the reduced-form coefficients must be continuous functions 
of the structural coefficients. By introducing this stipulation, the type of 
discontinuity noted in connection with the minimum variance criterion 
in Section 5.2 does not arise. 


5.5 Some Objections to the Minimum State Representation Solution 


Several objections have been raised in connection with the McCallum 
minimal state set criterion. First, Scarth (1985) notes that in applying 
McCallum’s procedure to identify roots of nonlinear equations, one must 
be careful to consider all relevant extreme parameter values. He argues 
that it may be hard to narrow down the taxonomy of solutions because 
adequate evidence may not exist to decide which range of parameter 
values is relevant. Scarth shows further how ruling out unappealing 
dynamic paths may also assist in narrowing the range of parameter 
possibilities, in much the same way as the correspondence principle has 
traditionally been used in macroeconomic dynamics. 

A second objection, noted by Evans (1986), is that in some cases the 
solution of the nonlinear equation analogous to (5.28) may yield only 
complex solutions even though real-valued solutions to the underlying 
model exist. In this case, the criterion will mislead one into believing that 
there is no economically feasible rational expectations solution, whereas 
in fact a perfectly well defined, but higher-order solution (i.e., one involv- 
ing a larger number of state variables) in fact exists. An example of this is 
given by Evans and Honkapohja (1986). 

Third, as pointed out by Evans (1986) and by Pesaran (1987), in some 
cases the criterion may lead to a solution that does not appear to be 
economically feasible. As an example of this, consider the following: 


V= aE, Y+ + W, (5.29a) 
W: = Po + PiWi- + 4, (5.29b) 


where y, is an endogenous variable, w, is generated by the first-order pro- 
cess (5.29b), and u, is white noise. The minimal state set solution is given 
by 


1 
E E ee (5.30) 


(1 —a)(1 — ap) (1 — xp) 
provided « # 1, p, # 1. Under the usual conditions |x| < 1, |p,| < 1, this 
provides a plausible solution. However, if a > 0, p, > 0, and ap, > 1, the 
solution appears to be less sensible, in that positive shocks in w, drive y, 


129 


Nonuniqueness [ssues in Rational Expectations Models 


below its mean. This observation was noted by McCallum, whose resolu- 
tion of the issue was simply to include the condition ap, < 1 as part of 
the model. 

By contrast, Evans (1985, 1986) resolves these difficulties by imposing 
what he calls the condition of expectational stability, initially introduced 
in Section 3.7. Specifically, a rational expectations solution is said to be 
stable if, when it is subjected to a small disequilibrium deviation, the sys- 
tem returns to that equilibrium under a natural revision rule. To illus- 
trate this, we consider the example described by equations (5.29a) and 
(5.29b), due to Evans (1986). 

Taking conditional expectations of the solution (5.30) to this system 
yields the following expectations function: 

Po Pı 


fj e 
DOES eaa TE 


Consider now a deviation of the coefficients of this function; that is, ex- 
pectations are generated by 











Pi = Cy + ayw, (5.31) 
where 
Po Py 
Cyn E — 3 Oy FE pee 
i (1 — ax) (1 — ap) ENE xpi 


With expectations described by (5.31), the solution for y, is 

y, = aye, tw 

that is, 

ye = xy + (1 + aay) w,. (5.32) 


But if y, is generated by (5.32), the unbiased forecast for y,,, using this 
information is given by acy + (1 + aay)E,w,,,. Taking account of (5.29b) 
suggests that the forecast (5.31) should be revised to 


Fr = ay + (1 + xay) (Po + piw). (5.33) 


Comparing (5.33) with (5.31) we obtain the following recursive relation- 
ships for updating the coefficients cy, and ay: 


Cy+1 = XCy + poll + xay), (5.34a) 
an1 = Pi (1 + aay). (5.34b) 


From these two equations it can be shown that the coefficients cy and ay 
converge to 
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= Po Ppi 
C = ES AEA d = -- aaa 
(1 — a(l — ap,) t — xp, 


if and only if 
jxo] <1 and la] < 1. (5.35) 


In other words, the solution is expectationally stable if and only if (5.35) 
holds. This condition imposes restrictions on the underlying parameters 
of the model, thereby helping to resolve the nonuniqueness issue. The 
requirement of expectational stability is, in effect, a supplement to the 
McCallum procedure. 


5.6 Characterization of Solutions of General Rational Expectations Systems 


In any general dynamic system it is important to draw the distinction 
between (i) variables whose evolution is tied to the past—so-called pre- 
determined or “sluggish variables; and (ii) variables which are not so 
constrained — “jump” variables. The relation numbers of these two sets 
of variables are extremely important in determining the uniqueness or 
nonuniqueness of rational expectations equilibria. 

In the examples considered thus far in our discussion of rational ex- 
pectations, the dynamic structure has been exceedingly simple. We have 
basically considered only one dynamic variable, the price level, which we 
have treated as a jump variable. The dynamic model of Chapter 3 con- 
tained just one unstable root. The arbitrary constant in the solution was 
uniquely determined so as to eliminate the effects of the unstable root 
from the system. In the Taylor model, there is no unstable root. All solu- 
tions are consistent with stability, and that is the cause of the multiplicity 
of solutions. 

The characterization of dynamic variables as sluggish or jump vari- 
ables is generally dictated by the economic structure. Variables such as 
the capital stock, which take time to accumulate, clearly belong in the 
former category. On the other hand, financial variables such as exchange 
rates and interest rates, which typically incorporate new information as 
it becomes avatlable, are most naturally viewed as jump variables. The 
treatment of the price of output is less clear-cut. In situations where the 
price is determined by contracts, it may be more appropriately treated as 
a sluggish variable, as in the Phillips curve, rather than as a jump vari- 
able, as we have been treating it here. 

Blanchard and Kahn (1980) have sought to characterize the unique- 
ness of solution issue for a relatively general dynamic discrete-time ratio- 
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nal expectations model. The structure they consider is described by the 
system 


Ort Vea Eo (5.36) 
Pris P, i l 


where 


X is a (n x 1) vector of variables predetermined at time t, 

P is a (m x 1) vector of variables, nonpredetermined at time t, 
Z is a (k x 1) vector of exogenous variables at time f, 

P*,, 1s the expectation of P,,, held at time t, 

A is an (n + m) x (n + m) matrix, 


B is an (n + m} x k matrix. 
Expectations are rational so that 
Při = E(P) 


where E,(-) is the statistical expectation, conditional on information 
available at time t. Finally, restrictions are imposed on the growth rate of 
the exogenous variables. These restrictions are analogous to those intro- 
duced in Chapter 3. 

Blanchard and Kahn show how the formulation (5.36) embodies a 
large variety of, but certainly not all, linear economic structures. Exam- 
ples are given that cannot be put in this form. As written, (5.36) is a 
dynamic system of order (n + m), of which m roots lie outside the unit 
circle, with the remainder lying on or within the unit circle. The key to 
the solution to (5.36) involves the relationship between the number of 
unstable roots, m, and the number of jump variables, m. Blanchard and 
Kahn establish the following propositions: 


Proposition 5.1 If the number of unstable roots m equals the number of 
jump variables, m, then there exists a unique stable (nonexplosive) solu- 
tion to (5.36). 


Proposition 5.2 If the number of unstable roots m is less than the num- 
ber of jump variables, m, there are an infinite number of stable solutions 
to (5.36). 


Proposition 5.3 If the number of unstable roots, m, exceeds the number 
of jump variables, m, there is no solution to (5.36) that is nonexplosive. 


The unique solutions obtained in Chapters 3 and 4 are in effect examples 
of Proposition 1, and the multiplicity of solutions obtained in Sections 
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5.1 and 5.2 of this chapter are examples of Proposition 2. In Chapter 7 
we will give an example of a dynamic system having “too many” unstable 
roots, so that no bounded solution exists, thereby illustrating Proposi- 
tion 3. An analogous characterization of solutions in a continuous-time 
rational expectations model is provided by Buiter (1984). 


5.7 A Nonlinear Macrodynamic Model 


Consider the following macrodynamic model, specified in continuous 
time and similar to that introduced in Chapter 2: 


Y =D(Y”,r—n,A)+G 0<D,<1,D,<0,D,>0 (5.37a) 
Y2=Y—T+4+rb—7A (5.37b) 
A=m+b (5.37c) 
m=L(¥r,A)  L,>0,L,<0,0<L,<! (5.37d) 
p=a(Y—Y)+x a«a>0 (5.37e) 
t=p (5.37f) 
m=O0(G—-T+rb)—pm 0<0<1 (5.37g) 
b = (1 — Ð (G — T + rb) — pb (5.37h) 


where all the symbols remain as defined in Chapter 2. The first five equa- 
tions are identical to (2.33a) through (2.33e), whereas (5.37f) describes the 
assumption of perfect myopic foresight. The new aspects are contained in 
equations (5.37g) and (5.37h), according to which a fraction @ of the real 
deficit G — T + rB/P is financed by money, and the remaining propor- 
tion is financed by issuing bonds. Combining (5.37e) and (5.37f), it is seen 


that output is pegged at its full employment level Y, and the model 
simplifies to 


Y=D(¥Y —T+(r — pb- pmasr— ppm + b)4+G (5.38a) 
m = L(Y,r,m + b) (5.38b) 
m= O(G — T + rb) — pm (5.38c) 
h=(1—@)(G— T + rb) — pb (5.38d) 


where r and p are determined by (5.38a) and (5.38b), and m and b evolve 
in accordance with (5.38c) and (5.38d). 

The steady-state equilibrium of this economy (denoted by tildes), ob- 
tained by setting r = b = 0, is described by the set of equations 
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Y = D(Y—G,F—pm+hb)+G (5.39a) 
m= L(Y, F, M + 5) (5.39b) 
OG — T + 7b) = pm (5.39c) 
(1 — 0G — T + Pb) = ph (5.39d) 


We shail treat G — T and @ as exogenous government policy variables, 
and for each choice there are two classes of steady state. This possibility 
arises because of the nonlinearities stemming from the inflation taxes on 
money and bonds (pm, pb) together with the interest payments on gov- 
ernment bonds (rb), One of the classes of steady state that may arise is 
described by equations (5.39a)—(5.39d), with 0 # 0, which in general is 
characterized by a nonzero steady-state rate of inflation (i.e., p # 0) and 
is dependent upon both government policy parameters, G — T and 0. We 
shall refer to this as the inflationary steady state. 

Alternatively, (5.39a)—(5.39d) will also be met if 


Y= D(Y —G,F —p,m+5)+G (5.39a) 
m = L(Y,?,m + È) (5.39b) 
G—T+rb=0 (5.39¢’) 
P20 (5.39d’) 


In this case the steady state involves government budget balance at zero 
inflation; it will be referred to as the stable-price steady state. Note that 
although it depends upon the fiscal policy parameter G — T, it is inde- 
pendent of the financial policy parameter 0. 

By examining the two classes of steady states, we can see that each 
is associated with the possibility of zero, one, or multiple steady-state 
equilibria. The possibility of zero equilibria arises because, due to the 
nonlinearity, there is no presumption that the solution to either the infla- 
tionary or the stable-price equilibrium will yield solutions that are eco- 
nomically feasible in the sense that certain variables satisfy nonnegativity 
conditions. For example, (5.39c’) will yield a solution in which both the 
nominal interest rate and the stock of outstanding government debt are 
nonnegative if and only if the government runs a current surplus (i.e., if 
G — T < 0). Otherwise, one of these two variables will be negative. The 
potential multiplicity of solutions is again apparent from (5.39c’), which 
defines a rectangular hyperbola in r and b space. Depending upon the 
relationship between r and b determined by the demand side, equations 
(5.39a) and (5.39b) may yield one or two (or more) equilibrium values for 
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these two variables. A similar range of possibilities applies in connection 
with the inflationary equilibrium. 

The dynamics of the model are also sensitive to the steady state about 
which it is being linearized. This aspect has been studied in some detail 
for this model by Stemp and Turnovsky (1984). In the case of the infla- 
tionary equilibrium, it is possible for the eigenvalues to the linearized 
sytem, 4,,4,, to have the following characteristics, depending upon the 
choice of the two policy parameters G — T and 0: 


i Ay <0, 4, < 0, in which case the dynamics is stable without any initial 
jump in the price level; 

i. A, <0, A, > 0, in which case the system exhibits saddlepoint dynamics 
(to be discussed in Chapter 6). In this case stable adjustment is brought 
about by an initial jump in the price level. 

iii. 4, > 0, 2, > 0, in which case the system is totally unstable. An initial 
jump in the price level is insufficient to ensure a stable adjustment. Some 
other discrete policy change is required as well. 


In the neighborhood of the stable-price equilibrium, only the latter two 
alternatives are possible. 


5.8 Endogeneity of Coefficients 


Most ad hoc macroeconomic models take the coefficients as given. But 
when one derives the behavioral relationships from underlying optimiza- 
tion, these coefficients become endogenous, thereby rendering the model 
intrinsically nonlinear. This observation was first made by McCafferty 
and Driskill (1980) in the context of a rational expectations model of 
speculation. The particular model they considered is the original Muth 
model of speculation in inventories. They showed that the demand for 
inventories, f,, 1s of the form 


1 
h = a lPa — P) = Pha — P) (aa) 
Tp 


where 


P, is the price of output, 


c, is the one-period variance of the price of output, 


R is the coefficient of risk aversion, assumed to be exogenously given. 


The demand for inventories is proportional to the expected change in the 
price of output. But the coefficient 4, which measures the sensitivity to 
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the expected price change, depends upon the one-period variance of the 
price level and is therefore endogenous. The determination of the ratio- 
nal expectations solutions involves determining P, simultaneously with 


y, and this relationship is obviously highly nonlinear. McCafferty and 
Driskill show that in this particular example three possibilities exist: 


i. there may be a unique rational expectations equilibrium; 
li. there may be no rational expectations equilibrium; 


iii. there may be multiple rational expectations equilibria. 


The fact that the coefficient 4 is endogenous also provides an extra chan- 
nel by which government policy can have an influence. Government in- 
tervention in the market will typically influence the variance of the price 
of output. This will influence private speculative behavior, which in turn 
will have further effects on the equilibrium of the system. 

The issue raised by McCafferty and Driskill is an extremely important 
one. Here, as in Section 5.7, the possibilities of nonuniqueness or non- 
existence of solutions are associated not with the presence of arbitrary 
constants in the solution but rather with solving nonlinear systems. They 
are thus very different from the sources of nonuniqueness discussed 
earlier in the present chapter in connection with the Taylor model. But 
unfortunately, to incorporate the endogeneity of structural parameters is 
very difficult analytically and has been carried out only to a very limited 
degree. In typical cases, we are unable to study the resulting equilibrium 
analytically, and instead must resort to numerical simulations. But Mc- 
Cafferty and Driskill’s contribution serves to highlight the importance of 
deriving rational expectations models from underlying optimizing behav- 
ior, a Subject that is taken up again in Parts IIT and IV. 

The examples we have been discussing in these last two sections obvi- 
ously just scratch the surface with respect to the issue of the multiplicity 
of equilibria in nonlinear models. This is an important issue, and it fre- 
quently arises in the context of overlapping generations models, which 
are not discussed in this book. Important contributions to the relevant 
literature include Azariadis (1981), Grandmont (1985), and Kehoe and 
Levine (1985). An excellent introduction to the issues is provided by 
Blanchard and Fischer (1989, chapter 5). More detailed expositions are 
available in Azariadis (1993) and Farmer (1993). 





6 Rational Expectations and Saddlepoint Behavior 


Traditionally, most rational expectations models have been associated 
with saddlepoint behavior. That is, the dynamic system in which they are 
embedded involves both unstable and stable roots. As discussed in Chap- 
ter 5, the solution in such circumstances depends upon the relationship 
between the number of jump variables and the number of unstable roots. 
In many applications, the dynamics are described by a second-order sys- 
tem. The typical system includes one stable and one unstable root, with a 
corresponding single jump variable. This is an example of a pure saddle- 
point. In the models we have been considering, it arises when the forward- 
looking dynamics associated with rational expectations is combined with 
backward-looking dynamics arising from some sluggish variable such 
as output, capital stock, or the accumulation of financial wealth. In the 
intertemporal optimization context to be discussed in Part IIT, saddlepoint 
dynamics are frequently associated with the sluggish dynamics of the 
capital stock and the forward-looking dynamics of its shadow value. 

This chapter presents a range of examples of second-order systems 
having the saddlepoint property. We consider a model specified in continu- 
ous time, so that it is described by a second-order differential equation. The 
formal review of the dynamics of such a system is presented in the Appendix 
to the chapter. The formal mathematical solutions to such systems are 
available in appropriate mathematical textbooks; our presentation is in 
a form more suitable to economic applications. Section 6.1 presents the 
solution for the special case of saddlepoint dynamics and shows how 
it can incorporate “announcement effects” in a convenient way. The next 
three sections discuss three diverse applications. The first is an adaptation 
of the Cagan monetary model, extended to incorporate sluggish adjustment 
of wages. The second is an extension of the familiar Blinder-Solow (1973) 
dynamic model to include both short-term and long-term government 
bonds. The third is the determination of exchange rate expectations in a 
world of sluggish prices. 


6.1 Saddlepoint Behavior 


Any second-order scalar differential equation can be represented by a pair 
of first-order differential equations, and vice versa. The Appendix provides 
a general treatment of the dynamics and solutions for such a pair of 
first-order linear differential equations. It represents the dynamic evolution 
of a pair of variables x(t) and y(t), which are driven by arbitrary forcing 
functions f, (t), f2(t). Given an arbitrary time profile for the forcing functions 
fid, f,(t), one can derive the corresponding solutions for x(t) and y(t). In 
general, the solutions may turn out to be quite cumbersome, depending 
upon the nature of the functions f;(¢). 
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In many economic applications, the forcing functions f(t) take the 
form of once-and-for-all shifts from one constant level to the other. This 
is the case, for example, with respect to the expansion in the money sup- 
ply, discussed in Chapter 3. These shifts may either occur at some initial 
time 0, in which case they are unannounced; or they may be announced 
(at time Ô, say) to take place at some time T in the future. The response 
of the system to such one-time shifts is relatively easy to establish, and 
we now demonstrate this in the case where the dynamics are described 
by a saddlepoint. 

Consider a linear system represented by the pair of dynamic equations 


X(t) = ay, xlt) + a, y(t) + fy, (6.1a) 
V(t) = azı X(t) + @22 V(t) + i (6.1b) 


where f,, J> represent constant values of some forcing function. The spe- 
cific economic context is irrelevant at this point. The corresponding ini- 
tial steady-state equilibrium solutions for x, y, denoted by X,,¥,, say, are 
obtained by solving the pair of equations 


41% +29, + fı = 9, (6.2a) 
1X; + 42271 + fo = 0. (6.2b) 


Subtracting (6.2) from (6.1), the dynamics can be written in the form 


Y Gy, 432 JL YV: 
Suppose that at time 0 it is announced that f,, f} are to increase, at 


time T > 0, to f, fy, respectively. The new steady states after the shifts 
have occurred are obtained from 


arı ¥2 + a122 + fi = 0, (6.4) 
d1 X2 + d32Y2 + fy se 0, (6.4b) 


and the dynamics after the shift are specified by 


Flee E z 
y G3, 422 JULY — ¥2 


Comparing (6.3) with (6.5), we see that the equilibrium of the system 
shifts at time T, when the shifts in the forcing functions f; occur. The 
solutions for x(t), y(t) are obtained by solving the differential equations 
(6.3) and (6.5) and linking them up appropriately at time T. The arbitrary 
constants in the solutions are determined by imposing a combination of 
(i) initial conditions, (ii) terminal conditions, and (ii) continuity at time T. 
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As long as the shifts are additive, so that the coefficients a; remain 
unchanged between the two regimes, the eigenvalues 44,43, say, of (6.3) 
and (6.5) are identical. For simplicity, and without loss of generality, we 
shall assume that they are real. The fact that the dynamics are described 
by a saddlepoint means that the product 


Aifa = däi1đ22 = 1243, < 0. 


We shall assume 4, < 0,2, > 0. In order to ensure stability, one of the 
variables, say y(t), must be a jump variable, while the other, x(t), is 
assumed to evolve continuously at all times. 

Over the period 0 < t < T, before the shifts in f, occur, the solutions 
for x(t), y(t) are of the form 


x=X, +A e^] + Aet”, (6.6a) 
A, = f A, —a 
yay (BS) Aer a (28) ayer (6.6b) 
a2 
Note that because 2; are eigenvalues, 


Ap yy Gat 


i= 1,2, 





di2 Ai — d2 


in which case (6.6b) can be rewritten equivalently as 


y= y, P (, a1 Jae F (, a21 ) Aneta (6.6b’) 


A, — Az2 2 — 422 





Likewise, for the period t > T, after the shifts have occurred, the solu- 
tions for x(t), y(t) are 


x = X, + Aye! + Abet, (6.7a) 


y=yı+ (28) aver + (tu) ager (6.7b) 
diz a\2 

The key difference is in the shift in the steady-state equilibria. Complet- 
ing the solutions involves the determination of the arbitrary constants 
AAS AAR: 

We begin by imposing the condition that the solution be bounded. In 
order for x(t) and y(t) not to diverge as t > œ, it is clear that A, = 0, so 
that 


X = Xa + Aye", (6.7a’) 


Of ae eee 
yon t ("7 cou (6.7b’) 
1 
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That is, after time 7, x(t), y(t) must follow the stable paths described by 
(6.7a’) and (6.7b’). Eliminating 4{e*" from these equations yields 


(y—Ya)= G o — X»). (6.8) 
a12 

This is a locus in y — x space that describes the stable arm of the saddle- 
point. Its slope depends upon the signs and magnitudes of the coefficients 
d; and examples will be given below. Using the fact that 4, is an eigen- 
value, (6.8) may be written equivalently as 


y-m= (2 Je- x. (6.8') 
Ayo diz 

The reason for noting these alternative ways of describing the stable path 
is that depending upon the signs of the coefficients a;;, either (6.8) or (6.8’) 
may prove to be more convenient in terms of indicating the slope of the 
locus they describe. 

The remaining constants are obtained by imposing an initial condition 
on the sluggish variable x(t) and continuity at time T. This latter condi- 
tion precludes jumps that are foreseen. Thus, assuming x(0) = X,, say, 
(6.6a) implies 


Act Ay. =; (6.9a) 


The condition that the solutions be continuous at time T means that 
the solutions for x(t), y(t) obtained from (6.3) and (6.5) should coincide at 
that time. Hence 


(A, — Ai je™T + A,eèT = dx, (6.9b) 
see DE 
12 12 


where dx,dy represent the shifts in the steady states obtained from (6.2) 
and (6.4). Given these shifts, the constants A,,A,,Aj can be determined. 
Substituting these into (6.7) and (6.7’) yields the solutions before and after 
time T. 

The essential feature of these solutions is that the dynamics involve 
three phases. The announcement at time 0, say, of a shift to occur at time 
T in the future generates an immediate response in the jump variable. 
Setting t = 0 in (6.6b) and using (6.9a), the initial response is given by 


f FEA 
wo -n=("2A)a, 


aiz 
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where A, is obtained from (6.9b) and (6.9c). It can be shown that the size 
of the initial jump is inversely proportional to the lead time T. Following 
the initial jump, the system follows the unstable locus (6.6) until time 
T, when the announced policy is implemented. At that time, the system 
reaches the stable locus (6.8), which it then follows into the new equilib- 
rium. In the case where T = 0, and the shift is unannounced, the system 
jumps instantaneously to the new stable locus (6.8). 


6.2 Example 1: Cagan Model with Sluggish Wages 


As a first example of a saddlepoint, we consider an extension of the 
Cagan model discussed in Chapter 3. The modification includes the grad- 
ual adjustment of money wages, with the corresponding variable em- 
ployment of labor and output. The amended model is specified by the 
following relationships: 


M—P=0,Y—-9,P «,>0,%,>0 (6.10a) 
Y=c+(1—@)N 0<0<1 (6.10b} 
W-—P=a-— 0N (6.10c) 
W=y(N—N) y>0 (6.10d) 
where 

Y is output, 

Nts employment, 

N _ is full employment, 

P is the price level, 

M isthe nominal money stock, assumed to be constant, 

W isthe wage rate, 


and all variables are expressed in logarithms. 

Equation (6.10a) describes money market equilibrium under condi- 
tions of perfect foresight, so that the anticipated rate of inflation equals 
the actual rate of inflation P. The only difference from the Cagan model 
discussed previously is that output is now assumed to be variable and 
is therefore introduced explicitly into the demand for money function. 
Equation (6.10b) specifies output in terms of a Cobb-Douglas production 
function. The demand for labor (employment) is described by the corre- 
sponding marginal product condition (6.10c). Finally, money wages are 
assumed to evolve in accordance with the Phillips curve (6.10d). 
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Equations (6.10a)—(6.10d) may be reduced to the following pair of dif- 
ferential equations in W and P: 


E ae) +G 
P ee ee e F 2) (6.11) 


af 1— 8 1 1—0 
ar z T =S < Q; da3 = feel! —— > 0; 
ak. 0 an ea SC 


b na E T 1—0 M 
=" — ‘ G DSR EE 
E= g ae o a, 


This is of the general form of equations (6.1) introduced above. We 
assume that the money supply remains constant, except for a once-and- 
for-all expansion from, say, M, to M,, which is announced at time 0, to 
take effect at time T > 0. Our objective is to consider the effects of such 
an expansion—both its announcement and its implementation-—on the 
time path of wages and prices in the economy. 

From the above definitions of the elements aj, we find a,,@,. — 
@,242, = —y/Oa, < 0, implying that the determinant of the matrix of 
coefficients in (6.11) is negative. The eigenvalues 4,,4,, are of opposite 
signs; we have a saddlepoint with, say, 2, < 0,4, > 0. We also assume 
that, as in the Sargent and Wallace (1973b) analysis, the price level is free 
to jump instantaneously whereas wages are constrained to move contin- 
uously. This is a reasonable characterization of the relative flexibilities of 
wages and prices in the real world and of the fact that wages, being deter- 
mined by contracts, are constrained in their ability to adjust. 

Our starting point is the initial steady state, corresponding to the 
initial level of money balances M. The corresponding levels of money 
wages and prices are obtained by solving the pair of equations 


Alen SS. Ay ees d — 
Seige y|-—N|=0, 
0 +P soft | 


e [1 1-é@\]. 1—0 M 
E esl W + Pia e : py c+al{—.—]]-— =0. 
a,\ 0 a, G 0 a> 0 Xa 


The effect of the monetary expansion on the steady-state levels of wages 
and prices is simply 





dP = dW = dM. 
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That is, a 1 percent increase in the money supply leads to a 1 percent 
increase in both the price level and the nominal wage. The real wage 
remains unchanged, as does the long-run level of employment and 
output. 

Applying the procedure discussed in Section 6.1, the solutions for 
wages and prices are of the form: 


Period 0 < t < T: 


W(t) = W, + Aye*" + Aet”, (6.12a) 

As PES An — 
di2 diz 

Period t > T: 

W(t) = W, +4M + Aje*", (6.13a) 
= ee Agee daN cae 

P(t) = P,+dM + eae Aje“ (6.13b) 

12 


where the constants A}, A2, A; are obtained by solving the equations 


A, + A> = 0, (6.14a) 
(A, — A4 )e™T + A,e?7 = dM, (6.14b) 
( a =A eT (7) Ae! = dM. (6.14c)} 
di2 di2 

Of particular interest is the initial jump in the price level. This is 
obtained by setting t = 0 in (6.12b), and using (6.14a) to write A, = —A;: 
PO) = Pi + ~- ~~ JA. 

diz 


Solving the pair of equations (6.14b), (6.14c) for A, 


[i B (a=) 
A> —t an wate dMe *2", 
(> ag ^) 
aiz 
so that 


= A= n — 
P(0) = P, + [ = (A= 21) Jer ane, 
diz 
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Now 
P, = P, + dM, 


enabling us to write 


P(0) = P, + ii — a] eat it ai, (6.15) 
“1 — Aga 

From this question we see that the announcement of the future monetary 

expansion generates an initial partial jump in the price level toward its 

new equilibrium level. The magnitude of the jump varies inversely with 

the lead time T. 

The two sets of equations (6.12), (6.13) provide the formal solutions 
describing the behavior of wages and prices. However, further insight can 
be gained by a consideration of the phase diagram. This is illustrated in 
Figure 6.1 and may be constructed as follows. 

First, the locus AA denotes the combination of the wage rate and price 
level that will maintain full employment so that W = 0. From the system 
of equations (6.11), this has the unitary slope 


dP Git 
—— = ——_ =f, (6.16a) 
(D) di2 





Figure 6.1 
Phase diagram for Cagan example 
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Intuitively, an increase in W will lower the demand for labor. In order 
to maintain employment at its full employment level, the real wage will 
need to be restored to the full employment level and this will need to be 
accompanied by a proportionate increase in the price level. Likewise, BB 
is the combination of W and P that will maintain a stable price level, and 
from (6.11), this has the slope 


dP 
( ) geL (6.16b) 
dW J poo a32 


This slope is also positive, although less so than that of AA. Jn this case, 
an increase in W reduces employment and therefore the real demand for 
money. Now a smaller increase in P is required to maintain money mar- 
ket equilibrium at a stable price level. This is because the higher price 
level also reduces the real stock of money. 

The locus X X, described by 








= Aas == za 

p—P=| 1 su) m-f Jor W), (6.1 7a) 
aiz A, — dzz 

is the stable arm of the saddlepoint passing through the equilibrium 

point (W, P). Along this line, both W and P foliow adjustment paths: 


which imply a stable adjustment of the system to its equilibrium. From 
the definitions of the a,, the locus XX is seen to have a positive slope, but 
also less than unity. 

Likewise, the locus YY, specified by 


p- P= (28) m)=(, i Jo W), (6.17b) 


di2 Az — a22 








is the unstable arm of the saddlepoint passing through the equilibrium 
point (W, P). Along this path W and P follow adjustment paths 


P =(P- P) W=i1,(W—W), 


which describe unstable adjustment of the system away from equilibrium. 
The slope of YY is also positive, but greater than unity, so that it is 
steeper than the XX curve. 

Comparing the slopes reported in (6.16)-(6.17}, we see that 


dP >t=(7) , [2 > (7) ae 
dw YY E dw W=0 dW P=0 dW XX i 


Everywhere above the line AA is associated with an increasing nominal 
wage (i.e, W > 0) and everywhere below it with a declining nominal 
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wage. Likewise, everywhere above BB implies an increasing price level 
whereas everywhere below it the price level is declining. This implies the 
directions of motion as indicated by the arrows. All these loci have the 
characteristic of initially approaching the equilibrium before ultimately 
veering away. Note that when they cross the AA locus the direction of 
motion is vertical (there is no motion in the W direction) and when they 
cross the BB locus, the dynamics must be horizontal because at that 
point the price level is stationary. 

The case of the once-and-for-all monetary expansion is illustrated in 
Figure 6.2. By choice of units the initial equilibrium is set at the origin, 
with the new steady state at O, where dW = dP = dM. This point there- 
fore lies on a 45-degree line passing through the origin. Because the 
stable locus XX has a slope of less than unity, the stable arm passing 
through the new equilibrium Q, the locus X’X’, must lie above the corre- 
sponding line passing through the original point, namely XX (not drawn); 
that is, the monetary expansion leads to an upward shift in the stable 
locus. 

Suppose that the monetary expansion is unannounced, that is, T = 0. 
Then at time 0, the price level jumps immediately to the point B lying on 
the new stable arm X'X’, passing through Q. Since wages are assumed to 
be sluggish, W does not change immediately, and the immediate adjust- 





—— H 
dW=dM W 





Figure 6.2 
Once-and-for-all monetary expansion in Cagan example 
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ment is solely in the price dimension, as illustrated. The initial increase in 
the price level means that the real wage rate falls. This stimulates the 
demand for labor, so that employment and output immediately rise. The 
increase in labor demand generates an excess demand for labor, and the 
money wage rate begins to rise. The rise in output increases the demand 
for money. To some extent this is offset by an increase in the real money 
supply, due to the fact that the initial jump in the price level is less than 
the expansion in the money supply. But on balance, the initial increase in 
the price level generates an excess demand for money. To restore money 
market equilibrium, the nominal interest rate must rise, which means 
that with the real interest constant (as the Cagan model assumes), the 
price level must continue to rise. The initial stimulus to employment and 
output is gradually eroded by the adjustment in the real wage. As wages 
begin to catch up to prices, the demand for labor, and therefore output, 
will begin to fall. The nominal wage rate will continue to rise as long as 
N exceeds its full employment level, N. Similarly, the price level will con- 
tinue to rise as long as there is an excess demand for money. The econ- 
omy follows the stable locus BQ to the new equilibrium Q. At that point, 
the adjustments in prices and wages will be complete. Real wages, em- 
ployment, and output will all be restored to their original levels. 

If the monetary expansion is announced at time 0 to take place at time 
T in the future, the initial jump in the price level is dampened down to 
the point C, say. For the period prior to time T, the economy follows the 
path CD, which, if pursued indefinitely, would be unstable. Because at 
this time the monetary expansion has not yet occurred, the initial jump 
in the price level generates an unambiguous excess demand for money. 
On the one hand, the reduction in the real wage stimulates employment 
and output, thereby increasing the transactions demand for money. At 
the same time, with the nominal stock of money remaining fixed prior to 
time T, the rise in the price level means a real monetary contraction. 
Both factors therefore contribute to a substantial excess demand for 
money, as a result of which a large increase in the rate of inflation is 
required in order to reduce the excess demand for money and maintain 
equilibrium. As before, the initial increase in employment means that the 
money wage begins to rise. Moreover, the rapid increase in inflation that 
is now generated means that as long as the monetary expansion has not 
occurred, the real money supply is continuing to be contracted, thereby 
putting additional upward pressure on the inflation rate. The continuing 
rising price level will stimulate the demand for labor, thereby putting 
upward pressure on the rate of wage inflation. This is the essence of the 
instability along the path CD. At time T, when the anticipated monetary 
expansion occurs, the economy reaches the point D. At that time, the 
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monetary expansion relieves the upward pressure on the interest rate and 
the rate of inflation drops. From then on, the economy follows the stable 
path to the new equilibrium Q. 


-E ee ey 
6.3 Example 2: Term Structure of Interest Rates 


As a second example of a macroeconomic model generating saddlepoint 
behavior, we consider a model embodying the term structure of interest 
rates. Most formal macroeconomic models treat all assets as being of 
common maturity. Typically, time to maturity is assumed to be either 
extremely (infinitesimally) short (a short-term bill) or infinitely long (a 
perpetuity). In reality, of course, there exists a whole spectrum of assets 
having varying times to maturity. Moreover, different agents in the 
markets are concerned with rates of return extending over different time 
horizons. Participants in financial asset markets can typically adjust their 
portfolios virtually instantaneously, so that some short-run rate of return 
is appropriate as an argument of the relevant asset demand functions. On 
the other hand, investors in physical equipment are typically locked into 
some long-term financial arrangement, in which case it is some long-term 
rate that is the appropriate argument of the investment function. Pro- 
vided that the financial markets operate efficiently, arbitrage by partici- 
pants in the asset markets will bring the instantaneous rates of return on 
assets of varying maturities into equality.’ 

Our present objective is to introduce both a short rate and a long 
rate into a simple dynamic macroeconomic model. The framework we 
employ is the familiar Blinder-Solow (1973) model. It is shown how, 
through arbitrage, the current long rate at any point of time is an aver- 
age of current and future short rates. The forward-looking information 
thereby contained in the long rate has important implications for the 
effects of monetary and fiscal policy in a dynamic macro model, as 
Blanchard (1981) and Turnovsky and Miller (1984) have shown. 

In this respect, two related issues are worth highlighting. First, through 
such forward-looking behavior, policy changes announced to take effect 
at some future date impinge on the present state of the economy. Consid- 
erations of this sort may well have been relevant in explaining the high 
U.S. real interest rates and depressed real activity that occurred during 
the early 1980s. For example, the announcement at that time of a pro- 
gram of future tax cuts and continued monetary restraint would, in an 
efficient market, be expected to raise current long-term and medium-term 
interest rates, in advance of the actual implementation of the fiscal ex- 
pansion, thereby reducing current output. In this section we explore the 
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current impact of expected future increases in government expenditure; 
and the analysis translates directly to tax cuts in obvious ways. Second, 
the distinction between rates of different maturity involves explicit con- 
sideration of the term structure of interest rates in a macroeconomic 
framework. A principal purpose of the present analysis is to contrast the 
dynamic responses of the short and long rates to both expected and 
unexpected fiscal expansions. 


The Modified Blinder-Solow Model 


The framework we will use is a variant of the Blinder-Solow model used 
by Turnovsky and Miller (1984) and is described by the following five 
equations: 


Y = C(Y?,M + PB) + I(P)+G 0<C,<1,C,>0,>0  (6.18a) 


Y? = (Y + B + PB)(1 — 1) (6.18b) 
L(Y.s(1 —1)M + PBÐ)=M_  L,>0,L,<0,0<L;<1 (6.18c) 
s=; ; (6.18d) 
PB+M=G+B-—1Y¥ + B+ PB) (6.18€) 
where 

Y = output, 


Y? = disposable income, 
M = stock of money, 


B =stock of government bonds, taken to be perpetuities paying $1 
coupon per unit of time, indefinitely, 


G = government expenditure, 


t = rate of income tax, 
P = current market price of a perpetuity, 
s = instantaneous rate of return. 


The following general features of the model should be noted. Each is 
introduced for purposes of simplification and can be relaxed in various 
ways without altering the substance of the analysis. First, the only outside 
interest-bearing assets are government bonds, B, which we take to be 
perpetuities. Any short-run (instantaneous) assets that exist are assumed 
to be inside assets and therefore net out in the definitions of wealth and 
disposable income. It is straightforward to introduce both short and long 
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government bonds. However, because we are assuming that long bonds 
are priced efficiently, it turns out that the effects of the two types of 
bonds are similar, so that there is no gain from introducing both sepa- 
rately. Second, as in the Blinder-Solow model, we assume that the price 
of output remains fixed. This is done in order to emphasize the inter- 
action between the dynamics associated with bond arbitrage and that 
involving asset accumulation. Third, we assume that all forms of income 
are taxed at the same rate, t. The analysis remains unchanged if, for 
example, we allow for a different (lower) rate of taxation on capital gains, 
along the lines of Chapter 10. 

Equation (6.18a) describes the /S curve, in which the consumption func- 
tion is conventional. The investment function depends positively upon 
the price of long bonds (which of course varies inversely with the long 
rate), thereby reflecting the longer-run financial commitments associated 
with real investment decisions. Disposable income consists of factor in- 
come plus interest income, plus the rate of capital gain on the holdings of 
long bonds, all taxed at the rate z, 

Money market equilibrium is described by (6.18c), with the relevant 
rate of return variable in the demand for money being the after-tax 
instantaneous rate of interest. This return exactly matches that avail- 
able on longer-dated financial assets under the assumption of perfect 
arbitrage. 

The behavior of bond prices is given in (6.18d). Efficient and risk- 
neutral arbitrage ensures that in the absence of “news,” the after-tax rate 
of return on short bonds equals the after-tax rate of return on long 
bonds. The latter consists of the rate of return earned on the coupon 1/P, 
and the rate of capital gain P/P, both of which are taxed at the same rate 
t, so that the factor (1 — t) cancels from both sides of this equation. It is 
this relationship that introduces the forward-looking behavior into the 
system. This equation may be integrated to yield the following solution 
for P(t), which remains bounded as t > 00:7 


P(t) = | e SrNe de dy, (6.19) 
t 
Equation (6.19) expresses the price of long bonds at time t in terms of the 


future short rates, assumed to be correctly forecast.2 Furthermore, defin- 
ing the long rate (i.e., the rate on perpetuities) to be 


we may rewrite (6.19) as 
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(6.19’) 


This relationship shows explicitly how the current long rate embodies 
information about the future (expected) short rates. 

The final equation describes the government budget constraint. Tax 
receipts include taxes levied on factor income and interest income, to- 
gether with the capital gains, all taxed at the rate z. 

Substituting (6.18d) into (6.18b) and (6.18e), the system reduces to the 
following equations: 


Y =C[(1 — 1)(Y + sBP),M + BP] + 1(P)+G (6.20a) 
L(Y, s(1 — 1), M + PB) = M (6.20b) 
P = (sP — 1) (6.20c) 
PB+M=G+4+ B—1(Y + sPB). (6.20d) 


The Blinder-Solow version is obtained by imposing the equality between 
the short and long rates (i.e., s = I = 1/P), in which case (6.20c) becomes 
redundant. In effect, Blinder and Solow require the steady-state bond 
pricing relationship (6.20c’) to hold throughout. Bonds are therefore 
priced as if the short rate will continue forever, an assumption that is 
inconsistent with the asset dynamics of the model itself.* 

The evolution of the system proceeds as follows. Except at points 
where the price of bonds undergoes discrete jumps in response to “news” 
of some exogenous disturbance, P is continuous. The JS and LM curves 
thus determine instantaneous equilibrium solutions for output Y and the 
short rate s in terms of P, M, and B, the dynamics of which are described 
by the arbitrage condition together with the government budget con- 
straint. To complete the specification, we must formulate government 
financial policy, and we shall restrict ourselves to the regime of a purely 
money-financed deficit; that is, B = B.* 


Short-Run Equilibrium 
The solutions for Y and s derived from (6.20a) and (6.20b) are of the form 
Y = Y(M,B, P;G) (6.2la) 
s = s(M, B, P; G)), (6.21b) 


and in order to derive the dynamics of the economy we must first solve 
for the short-run multipliers. Omitting details, these are given by the fol- 
lowing expressions: 
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CY _ —U— [L2G + (1 — L3)C, BP] 
































e T ~=(> 0) (6.22a) 
ey tall =O = "i GI+GU-9BPLs o gay 
w, -L, = ae (6.22d) 
> sS pu Dlan ey (6.23a) 
ee PL,[1 — C,(1 — 1)] pegs ee aoo (6.23b) 
a B 
a £ i es (6.23d) 


where A = —(1 — 1)[L,(1 — C,(1 ~ t)) + L, Ci BP](> 0). 

The indeterminacies that appear in the above expressions are due to 
the presence of interest income in disposable income (in [6.22a]) and of 
wealth effects in consumption (in [6.23a]). These indeterminacies are a 
familiar aspect of the Blinder-Solow model and require no further discus- 
sion here. Provided that these effects are sufficiently small, the various 
instantaneous responses will have the signs indicated in parentheses and 
which henceforth we assume to apply. 

The comparative static responses summarized by these expressions are 
generally standard. The only new aspect is the impact effect of a given 
increase in the price of bonds P, which raises both income and the short 
interest rate. The reason for this is that an increase in P will raise both 
private investment and wealth, thereby increasing aggregate demand and 
hence output. This increase in output and wealth also increases the de- 
mand for money, and given a constant money stock, the short interest 
rate must rise in order for money market equilibrium to be maintained. 

The total impact effects of changes in the policy variables M, B, and G 
on the short-run variables s and Y are obtained by taking the total deriv- 
atives of (6.21a) and (6.21b). Thus, for example, the complete short-run 
effects of an increase in government expenditure are described by 
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dy ay ay OP 


ds ðs 6s ôP 
(6.24b) 


dG 3G” ôP AG’ 


each of which contains two components. 

The first of these components, CY/0G, 6s/@G, described by (6.22d) and 
(6.23d), respectively, consists of the direct effects of the policy change, 
which occur when the policy is actually put into effect; we term these 
the implementation effects. They do not embody the induced jump in P, 
which must accompany such changes when they are unanticipated and 
which exerts further indirect effects. These are described by the second 
terms (0 Y/OP)(éP/0G), (és/OP)(0P/éG), and are referred to as news effects. 
They incorporate the forward-looking behavior of bond prices and are 
considered in more detail when the transitional dynamics are discussed. 

One further point should be noted. First, the two effects we have iden- 
tified may occur independently. A fully anticipated policy change will 
not cause any discontinuous change in the bond price; it will therefore 
have only implementation effects. On the other hand, credible statements 
concerning future policies will generate news effects (or announcement 
effects) at the time they are announced. These news effects decrease in 
significance, however, the farther in the future the promised policy action 
lies. 


Money-Financed Deficit 


Under the policy of an all-money-financed deficit, the stock of govern- 


ment bonds remains pegged at B = B, so that the dynamics (6.20c) and 


(6.20d) become 
p= (sP — 1) (6.20c) 
M =G +B- (Y +sPB). (6.20d’) 


The steady state of the system is defined by equations (6.20a) and 
(6.20b), together with the stationary solutions to (6.20c) and (6.20d’), namely, 


sP=1 (6.20c’) 
G—tY+B(1—7)=0. (6.20d”) 


The first of these two equations implies the long-run equilibrium equality 
between the short and long rates, namely, 
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and the latter equation is the familiar long-run condition for government 
budget balance. These four equations determine the steady-state values 
of Y, s, P, and M. Denoting these equilibrium values by tildes, the follow- 
ing steady-state government expenditure multipliers can be calculated: 





ao (6.25a) 
E Soe Cad be) (6.25b) 
= _ = _ (<0) (6.25c) 
a 2S ut = Dia — t)s — LBP] + a >0 
(6.25d) 


where K = t[(C B + r)(1 — L3)P — C,L,(1 — t)s + C,L,BP] > 0 and 
a sign in parentheses indicates a “probable” sign. Since the short rates 
and long rates coincide in equilibrium, these responses are identical to 
those of the Blinder-Solow model and therefore require little comment. 
With a money-financed deficit, the long-run government expenditure mul- 
tiplier equals the inverse of the marginal tax rate. 

Our main objective is to analyze the dynamic adjustment of the econ- 
omy to a fiscal or monetary disturbance from some initial equilibrium. 
To consider this it is necessary to linearize the dynamics about the steady 
state. Thus from (6.20c), (6.20d’) we derive 


pd olla] 
le a (6.26) 





ee Se Os 7 BY — = 0S 
an =el 2+ B(s+ Poh) dz = =ef oat BPs | 
The partial derivatives és/0P,¢s/EM,0Y/0M are reported in (6.22)—(6.23) 
above, while the a,; are evaluated at the steady state when (6.20c’) and 
(6.20d") hold. 

Inspection of the roots of this differential equation indicate that it is a 
saddiepoint, with roots A, < 0, å, > 0, say.° Following the procedure of 
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Section 6.1, we focus on the stable solution to this equation, which is 


given by 
P(t) = P + Diet", (6.27a) 
baud Åi = dii At 
M(t) = M + D, Cr l . (6.27b) 
12 


Eliminating D; e^” between these two equations yields 


p—P=(. 92. M- i (6.28) 


Ay — dii 


This locus between M and P defines the stable arm of the saddlepoint 
passing through the steady state (M,P). Since a,,<0, 4, <0, and 
a,, > 0, this locus is positively sloped. 


Increase in Government Expenditure with Money-Financed Deficit 


The transitional behavior of the system in response to an unanticipated 
increase in government expenditure is illustrated in Figure 6.3. Initially, 








X 


Figure 6.3 
Increase in government expenditure with money-financed deficit 
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the system is assumed to be in steady state at the origin, say, which lies 
on the stable arm of the saddlepoint X X. If an increase in G, dG say, 
occurs, it follows from (6.25) that in the new steady state, dP > 0, dM >Q. 
It can also be shown that 


PMG — — 
APG =a a =| | (6.29) 
dM /dG dii 4, — yh, dM } xx 


As a consequence of this, the new steady state, corresponding to the 
higher level of government expenditure, is denoted by a point such as A 
that lies above the original stable arm. In other words, the increase in G 
leads to an upward shift in the stable arm to X’X". 

In order for the system to remain stable in the absence of future exoge- 
nous displacements, P and M must always lie on a stable arm. Thus any 
increase in G that leads to a shift in the stable arm X’X’ must give rise to 
a jump in the system, thereby enabling it to move instantaneously from 
the stable arm appropriate to the original equilibrium (the origin} to the 
unique path that ensures convergent adjustment to the new steady state 
(at A). In the absence of open-market operations, the money supply is 
constrained to adjust continuously; the jump in the system is therefore 
brought about by a jump in the price of bonds. In terms of Figure 6.3, as 
soon as the unanticipated increase in G occurs, the price of bonds jumps 
instantaneously from 0 on XX to C on the new stable arm X’X’. There- 
after, both the price of bonds and the money supply increase continuously 
as the system moves along the stable arm toward its new equilibrium A. 

The following intuitive explanation for this adjustment may be given. 
The implementation effect of the increase in government expenditure is to 
push the JS curve out, thereby raising income and the short rate s and 
creating a budget deficit. The knowledge (which we attribute to bond 
holders) that this deficit will be financed by money creation, and that 
such money financing will in the long run lower interest rates below their 
original level, means that despite the initial rise in the short rate, the long 
bond rate, which embodies such forward-looking information, falls. The 
rise in the bond price P in turn exerts a news effect, which also raises 
income and the short rate for the reasons discussed previously and noted 
in equations (6.24a) and (6.24b). 

Because short rates have increased but long rates have fallen, the price 
of bonds must continue to rise (ie, P > 0) in order for the arbitrage 
condition (6.1d) to be satisfied. At the same time, while the increase in 
income and the existence of positive capital gains (P > 0) will generate 
additional tax revenues, these are insufficient to match the increase in G, 
so that the money supply must immediately begin to increase (M > 0). 


157 


Rational Expectations and Saddlepoint Behavior 


It is also instructive to focus on the comparative dynamic time paths 
followed by the short and long rates, s and /, respectively. These are illus- 
trated in Figure 6.4A. We have seen that in steady state these two rates 
are identical, so that in steady-state equilibrium they must respond iden- 
tically to any given exogenous shock; in particular, di/dG = d3/dG < 0.7 
Along the transitional path, however, the two rates diverge. From the 
basic arbitrage condition, which we shall write as 


s=l+ p (6.30) 
we see that with P > 0 along the transitional path (i.e., the stable locus 
X' X’) the short rate must always lie above the long rate. 

Even more striking is the contrast in the comparative impact effects of 
the increase in G on the short and long rates implied by the response in 
P. The positive jump in the price of bonds from 0 to C in Figure 6.3 
means that on impact, the long rate falls. The effect on the short rate 
is described by (6.24); as noted, both the implementation effect and the 
news effect cause it to rise. 

Although this contrast between the short-run responses of the short 
and Jong rates may at first appear surprising, it is in fact perfectly in- 
tuitive. Whereas in the short run the positive effect resulting from the 
(discrete) outward shift in the FS curve dominates, in the long run the 
negative effect resulting from the accumulated shifts in the LM curve 
prevails. Since the short rate is myopic, it is natural that this is influenced 
primarily by the short-run positive effect. On the other hand, the long rate 
is entirely forward looking. It is therefore equally natural that its short- 
run behavior should anticipate the long-run negative response. 

The analysis thus far has dealt with an unanticipated increase in gov- 
ernment expenditure. It is easy to extend the analysis to consider an in- 
crease in government expenditure that is announced at some date, say 
t = 0, to take place at some time in the future, say t = T. In this case, the 
transitional dynamic path can be shown to consist of three phases. At the 
announcement date ¢ = 0, the price of bonds jumps to, say, D in Figure 
6.3. It then follows the unstable path DE until it reaches the stable arm 
of the saddlepoint at E, which it does at time T, when the increase in 
government expenditure actually takes place. Thereafter, it follows the 
stable path toward the new steady-state equilibrium A. Note that the dis- 
continuity in the price of bonds occurs at the time of announcement, and 
not when the promised fiscal expansion is actually implemented. 

The paths followed by the short and long interest rates are illustrated 
in Figure 6.4B. In contrast to the long rate, the short rate exhibits two 
discontinuities, the first at the time of announcement, the second at the 
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Short rate 
ek Long rate 
Say 
A. Unanticipated Increase in Government Expenditure 
S,, 
Short |rate 
s=, 
Long rate 
s=, 
B. Announced increase in Government Expenditure 
Figure 6.4 


Dynamic adjustments of short and long rates with money-financed deficit 
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time of implementation. The increase in the bond price at time zero 
stimulates the economy and so increases both output and the short-term 
interest rate. But such an increase in output, without any increase in 
government expenditure, leads to a government surplus and so to a 
gradual contraction in the money stock. This, together with the steady 
increase in bond prices, imposes gradual upward pressure on the short 
rates during the preimplementation period 0 to T. The actual implemen- 
tation of the fiscal expansion leads to the second discontinuous adjust- 
ment in output and the short rate and converts the surplus to a deficit. 
The money supply begins to expand from time T onward, and the system 
proceeds down the stable branch of the saddlepoint with the short and 
long rates converging exponentially toward their new equilibrium values. 
As is apparent from Figure 6.4B, the short rate reaches a higher peak 
when the fiscal policy is preannounced than when it is unanticipated. 
This is because the initial period of contraction of the money supply 
puts the system further away from equilibrium when it reaches the stable 
branch at time T than is the case when it jumps immediately to the sta- 
ble branch at time 0 (see Figure 6.3). It can also be shown that the longer 
the lead time T, the smaller the initial jump in the long rate. 


6.4 Example 3: Exchange Rate Dynamics 


As a third example of saddlepoint dynamics we present the celebrated 
model of exchange rate “overshooting” due to Dornbusch (1976a). This is 
a model of exchange rate determination in a small open economy under 
the assumption of perfect international capital mobility. The key feature 
of the model is that the exchange rate is determined in asset markets, 
which adjust quickly so as to clear at all times, whereas the price level 
evolves gradually to clear the goods market. Thus in terms of our previ- 
ous characterization of variables, the exchange rate is the “jump” vari- 
able, and the price level is now the “sluggish” variable. This is in partial 
contrast with the Cagan example of Section 6.2 where the price level was 
allowed to respond instantaneously. The question of whether the price 
level should be treated as a jump variable or as a sluggish variable is 
sometimes characterized in terms of whether we view prices as being 
determined in “auction” markets, where prices react quickly, or in “con- 
tract” markets, where they adjust slowly. There is no uniformly correct 
treatment, and the appropriate formulation is dictated by the specific 
context and by one’s view of the world. In the context of the Dornbusch 
model, few would argue with the proposition that exchange rates are 
much more volatile and responsive to changes in financial conditions 
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than is the price of output, which may plausibly be treated as adjusting 
gradually to clear the goods market. 

The Dornbusch model itself can be formulated by the following 
equations: 


R=R*+E (6.31a) 
M—P=4,Y—4,R x > 0, x, >0 (6.31b) 
Pa RA- IY — BR + B(E — P)} 

0< B <1,f,>0,f,>0,p>0 


(6.31¢) 


where R* is the foreign nominal interest rate, taken to be exogenous; R is 
the domestic interest rate; E is logarithm of the current exchange rate, 
measured in terms of units of the domestic currency per unit of foreign 
currency; E is the expected percentage rate of change of the exchange 
rate, equal to the actual percentage rate of change of the exchange rate; 
M 1s the logarithm of the domestic money supply, taken to be exogenous; 
P is the logarithm of the domestic price level; and Y is the logarithm of 
the domestic output level, taken to be fixed. 

Equation (6.31a) is a statement of uncovered interest parity. It asserts 
that, through arbitrage, the domestic interest rate equals the world inter- 
est rate plus the expected rate of change of the domestic currency price of 
foreign exchange. It is a restrictive condition, one that does not have 
much empirical support, but it is an assumption that is made in much 
of the international macroeconomic literature, including the Dornbusch 
model itself. The second equation describes continuous equilibrium in 
the domestic money market, with the demand for money being of the 
standard type. Equation (6.31c) is a price adjustment equation according 
to which the rate of domestic price adjustment is proportional to excess 
demand. This is given by the term in parentheses and is seen to vary 
negatively with domestic output and the domestic interest rate and posi- 
tively with the relative price of the domestic goods, which with a loga- 
rithmic formulation is given by the difference E — P. 

The model itself is based on all kinds of restrictive assumptions. For 
example, although output is fixed, the price level is sluggish, a formula- 
tion that runs counter to the classical model in which appropriate jumps 
in the price level provide the mechanism that enables output to remain 
fixed. Second, it does not differentiate between real and nominal interest 
rates, and, as we have noted, the assumption of uncovered interest parity 
does not receive much empirical support. Nevertheless, the model is a very 
attractive one, giving rise to a strong proposition regarding the impact of 
domestic monetary policy on the exchange rate. Specifically, it implies 
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that, on impact, the exchange rate overreacts to a permanent monetary 
expansion, suggesting that undesired fluctuations in the exchange rate 
could be outcomes of domestic monetary policy. This so-called over- 
shooting of the exchange rate generated a good deal of interest, and for 
the decade or so following the appearance of the original model, a volu- 
minous literature evolved investigating both the theoretical robustness 
and the empirical relevance of this proposition. Our objective here is not 
to provide a critique of the Dornbusch model; there is a huge literature 
devoted to that. Rather, it is to show how the above formulation leads to 
a saddlepoint solution. 

Consider the system (6.31) about some initial fixed equilibrium level of 
the money supply; we shall define lowercase letters to be the deviations 
about that equilibrium. Using (6.31a) to eliminate the domestic interest 
rate, the dynamics of the system about its initial equilibrium can be 
expressed in deviation form as 


i = 0 l/a e —I/a, 
B= (op, ee ay ao (6.32) 


where lowercase letters measure deviations about the initial equilibrium. 
The characteristic equation for this system can be shown to have real 
roots of opposite sign, which we shall denote by 2, < 0,2, > 0. The sys- 
tem as specified by (6.32) allows the money supply to follow an arbitrary, 
time-varying path. 

Gray and Turnovsky (1979b) present a formal solution to this equa- 
tion, which is general enough to permit us to determine the bounded 
solution for the exchange rate and the price level in the presence of an 
arbitrary time profile for m(t). The graphical solutions in response to 
one-time changes in the money supply, either now or anticipated in the 
future, can be found using the method introduced in Section 6.1. The 
stable and unstable saddlepaths are given by 


E-E= (PeP) (6.33a) 


E-—E=—(P—P) (6.33b) 


where P and F are the associated equilibrium levels of the domestic price 
level and exchange rate, which correspond to some initial base level of 
the domestic money supply M. These relationships are illustrated by the 
lines XX and YY in Figure 6.5 and are negatively and positively sloped, 
respectively. 
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Figure 6.5 
Response of exchange rate and price level to monetary expansion 


By the usual saddlepoint argument we know that if no future shock is 
anticipated the system must lie on the stable locus XX. This observation, 
together with the long-run neutrality of money (also true in the Cagan 
model) immediately yields the celebrated short-run exchange rate “over- 
shooting” associated with the Dornbusch model. To see this, consider the 
steady state associated with (6.31). In the long run, the domestic interest 
rate is tied to the world interest rate. A 1-percent increase in the domestic 
money supply leads to a 1-percent increase in the domestic price level, 
which in turn leads to a l-percent depreciation of the domestic currency, 
in order for real-goods market equilibrium to prevail. That is dE = dP = 
dM. With the price level moving sluggishly, P, is predetermined, and it 
follows that the initial response of the nominal exchange to an unantici- 
pated permanent monetary expansion is given by 


dE(0) = [1 — 1/a,4,]dM > dM. (6.34) 
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That is, on impact, a l-percent increase in the domestic money supply 
leads to more than a l-percent depreciation of the exchange rate, and 
this is precisely the overshooting result. 

The dynamics in response to both an unanticipated permanent and 
an announced (anticipated) future monetary expansion are illustrated in 
Figure 6.5. The initial equilibrium is at the origin, which lies on the stable 
arm XX. A 1-percent monetary expansion will shift the stable arm up to 
X’X', with the new equilibrium being at the point Q, which lies on the 
45-degree line through the origin. 

Consider first a 1-percent unanticipated permanent monetary expan- 
sion. On impact, the price level remains unchanged and the exchange 
rate depreciates by the amount given in (6.34), taking it to the point A on 
the stable locus X’X’. This depreciation exceeds the long-run deprecia- 
tion, so that exchange rate overshooting occurs. The predetermined price 
level implies an equivalent real monetary expansion, and in order for 
money market equilibrium to prevail, the domestic interest rate must 
fall below the world rate. By uncovered interest parity, this requires that 
agents expect the domestic currency to appreciate over time, and for this 
to occur it must depreciate excessively upon impact. A further conse- 
quence of the sluggish adjustment of prices is that the nominal deprecia- 
tion of the exchange rate translates to an equivalent real depreciation. 
This raises the demand for domestic output, causing the domestic price 
level to begin to rise. As this occurs, the real domestic money supply 
declines, the downward pressure on the domestic interest rate diminishes, 
and the price level and exchange rate gradually follow the stable path AQ 
to the new equilibrium at Q. 

Now suppose that a monetary expansion for time T is announced at 
time 0. The eventual long-run response of the system is as before. At time 
0, the exchange rate will jump, though not by the full amount, taking it 
to a point such as B. In effect, since the monetary expansion will take 
place only in the future, it is discounted—more so, the farther it is in 
the future. Formally one can derive an expression analogous to (6.15), 
namely 


dE(0) = (i Sy l Jew ai, (6.35) 


from which it can be seen that the announcement moderates the initial 
Jump in the exchange rate. Indeed, the exchange rate may or may not 
overshoot on impact. 

Since the money supply is unchanged at time 0 and the price level is 
fixed instantaneously, the real money supply remains unchanged. There 
is therefore no short-run effect on the domestic interest rate, so that 
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immediately following the jump E = 0. At the same time, the nominal 
depreciation implies a real depreciation of the exchange rate, causing the 
price level to begin to rise, which, with the fixed nominal money supply, 
causes the real money supply to begin to rise. There is therefore a grad- 
ual domestic real monetary contraction. This puts a gradual upward 
pressure on the domestic interest rate, causing the domestic exchange 
rate to continue to depreciate, though now gradually. The path BC is 
thus followed until time T, when the anticipated monetary expansion 
actually occurs. At that time, there is a real monetary expansion, and 
with the price level not having fully expanded, there is exchange rate 
overshooting. Thereafter, the exchange rate appreciates and the economy 
approaches the new equilibrium at Q, as before. 

These three examples complete our discussion of saddiepoint behavior 
in the context of linear rational expectations models. Other examples will 
occur in models based on intertemporal optimization, to be discussed in 
Part ITT. 


Appendix: Dynamics of Second-Order System 


We consider the following representation of a continuous-time economic 


system? 
X(t) = x1 X(t) + xia ylt) + filt) (A.6.la) 
Y(t} = xai xlt) + X22 V(t) + Hl) (A.6.1b) 


where x(t), y(t) are dynamically evolving variables and f(t), f,(t) are 
forcing functions, which drive the underlying dynamics. Equations (A.6.1) 
may be viewed as a pair of reduced forms of structural equations in 
which expectations have been eliminated by the introduction of perfect 
foresight, as was done in Section 3.3. For present purposes, the specific 
interpretation of these equations is unimportant. The homogeneous part 
of (A.6.1) has the characteristic equation: 


A? — (Xii + Haa)A + (0; X32 — % 2% 1) =O 


with roots 4,, 4,, whose magnitudes relative to zero are determined by 
the specific model. For simplicity, we shall assume these two roots are 
real, as they are in most economic applications. However, the case where 
the roots are complex can be analyzed in a similar way. 

The solutions to the homogeneous system are 


xilt) = qe", 


y(t) = e" 
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and 
x(t) = qaet” 
y2(t) = e” 


giving full homogeneous solutions as follows: 
x”) = c,q,e*" + cage” 

(A.6.2) 
y(t) = epeh! + cne%! 


where c, and c, are arbitrary constants and g, and q, come from the 


l ) ; S ; qı 
normalized eigenvectors associated with 4, and 4,, namely ( and 


Í 
qa : 
( i | respectively. 


We next need to find a particular solution. The solution 
xP(t) = v (tx (t) + valt) x(t) 
y(t) = vi (yi (H) + valt)y(t) 
is a particular solution if and only if 
by (Hx (O + éx) = fiA 
and 


dy (0) + dy = hÀ, 








implying 
ù (t) = ile fil) ete 
dı — 42 
BAA (128 ZIA Ne ~ Ant 
qi — ee 
Upon integration, 
ve E i (A0 = AO) «agp (A.6.3a) 
a qı — 42 
v(t) = [ (aes A a? ". 428 dé. (A.6.3b) 
b 41 — 42 


The limits of integration, a and b, in (A.6,.3a), (A.6.3b) are to be deter- 
mined in the context of the problem. In effect, they determine whether 
the solution is forward looking or backward looking, and their choice is 
dictated by the requirement that the system be stable. 
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The general solution of (A.6.1) is 
x(t) = cge F caqe” T qv (tje’" Sh qov,(t)e*™ (A.6.4a) 
y(t) = cje? + cze” + viltje’! + v(te*”" (A.6.4b) 


with c,,c, and bounds of integration in v,,v, to be determined by the 
problem. With the roots being real, we have four cases to consider: 


L A, <0, A, <9 

Il. 4; > 9, A, <9 

MI. A, < 9, A,>0 

IV. 4, > 0, 4, > 0 

Three pieces of information allow us to solve for the arbitrary constants 
C,,€>,a, and b in each of the four cases. These are (i) initial conditions; 


(ii) the assumption that x(t), y(t) remain bounded; and (iti) the require- 
ment that all integrals in the solution converge. 


Case I (4, < 0,4, < 0) 

One must check that 
t t 

v(t) = | F,(0)e7 7° dé v(t) = | F,(8)e"*2° dé 
a b 


where 


F,(@) = f8) = qa Fal?) F,(8) = qı f2(0) = fi(0) 


qı — G2 qı — d2 








converge for the chosen values of a and b. In order for the solutions to be 
general we will require a and b to assume values of either +00 or —oo. 
However, we also adopt the convention that time t= 0 is the “start 
of the world” and define F,(@) = F,(@) = 0 for 6 < 0. Hence, when a or 
b = —œ is investigated we need only look at a or b = 0. We assume that 
F,(@) and F,(@) are bounded, that is,’ 


s< F (0)< 8S, s < F,(@) < 5. 
For bounded F, (0), F,(@), 


t t t 
5 | e^t dÀ < | F (0)e *°d@<S | e 9d, 


a a 


i t t 
s| eM d0 < | F, (0)e ~>? dé < sÍ e 42° dO, 
b b b 


Because both 4,,4, < 0, we need check only v, or va. 
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We will check v,. Upon integration we obtain 


: ; 5 
-2 fee, <| F,(O)e"“"dd < =i pei; 
Ay Ay 


a 


Ant ~Aza 


Because [e^] = e7% — e “2%, we find that both integrals converge 
for a= b = 0, and both diverge if a = b = œ. Hence a= b = 0 are the 
appropriate bounds of integration. 

Next we need to check stability. Once again, with both roots negative 
we need only check v,(t). This involves 


t 
lim ae | F(@)e 7° dé, 
to 0 
but 
s ; : a 
“ae EA <qye*" | F, (je 4" db < aie Leen los 
1 0 xI 


Because 
e’ [eo A207, = 1 Sa er, 


the limits lim,_,, v,(¢) and lim,» v-(t) are bounded. Hence the model 
fulfills the requirement of stability. 
Finally, initial conditions require 


x(0) = x, 
y0) = 7, 
implying 


X =€ qi + E2q2, 
Y = Cci +C. 
The complete solution may be obtained from (A.6.4a) and (A.6.4b): 


_ (® = 4) _ (ay — x) 


E iie eee 


(qı — q2) Geos) 





t 


v(t) = | F,(O)e7** do v= | F,(0)e"*2° d0. 


o 0 
Case II (4, > 0,4, < 0) 


This is the case of a saddlepoint. Because å, is still negative we need 
investigate only the portions of the solutions involving 4,. Thus, from 
(A.6.4a) and (A.6.4b) we need consider only 
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y = ce’ + viltet. (A.6.5) 


We retain the assumption that F; (8) is bounded. Thus 


s $ 5 
Syed S| Se Oler de le 
A a Ay 
It is obvious that v, converges for both a = 0 and a = œ. However, only 
a = oo is consistent with the assumption of stability. To see this, note 
that the solution involves 


t 
SoA ; S 
aie exe tal a e| F (0)e *°dd < Er ert jea]. 
1 


a 1 


By setting a = Q we obtain 


S 5S 
ARE e^t [e> va 1] < e*'y, (t) < =o een a 1]. 

Ay Ay 
But lim, „œ —[1 — et] = +œ. Thus lim,..,, e*"v,(t) = +œ with a = Q. 
Now consider a = œ: 


t 
Sea 
-Ze e], < e f F,(@je 7° dé < oy teas 


1 a 1 


that is 


Ay Ay 
Thus 
5 S 
Se Nt for all t. 
Ay Ay 


Hence the assumption of stability requires that we choose a = œ. Fur- 
ther, the stability of the first term in w,c,e*", is satisfied only for c} = 0. 
Thus the solution is 


x(t) = €yqne** + qyv,(the*! + qyv2(te™, 
y(t) = cze?” + vi (Ne! + v,(the4?! 


with v,(¢) defined as in Case I and v,(t} from the present discussion. 

In order to find c, we require an initial condition on either x(0) or y(0). 
That is, one variable must be a “Jump” variable. Which it is to be 
depends upon the economic context. Suppose it is y(t), in which case the 
initial condition can be specified by, say, y(0) = y. Then 
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0 


=c — | F (0)e >’ do 


and c, = y + fọ F,(0)e7™? d0. Next, the initial x, x(0) is 


20 


x(0) = q2¥ + (q2 — qı) | F,(0)e"*"" dé. 


0 


Hence, the complete Case II solution is obtained from (A.6.4a) and 
(A.6.4b) with 


P20 gat | F, (0)e™™® d0, 


v(t) = f F (8)e7+® d0 v(t) = i F,(0)e ~>? dé. 


Case IIF (A, < 0,2, > 0) 


This situation is essentially the same as Case II and need not be treated 
in detail. We note only that the solution involves 


x(t) = ¢,q,e7" + qyv,(te*" + q2v2(He**, 
y(t) = eye" + viltje + v(t)e*™ 


with v; (t) determined as in Case I and 


v(t) = -| F,(O)e 42° dé. 
t 
Further, the initial condition on y, y(0) = y determines c,: 


c =7+ | F,(@)e" 72" dé. 
0 

Case IV (4, > 0,2, > 0) 

For this case, stability of expectations requires 

Ci = Ca = 0, 


v(t) = | F,(@)e~*#° dé, 


eat = | F, (0)e ° do. 


Both x(t) and y(t) must be jump variables, with x(0) and y(0} initially 
set at 
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x(0) = qı v (8) + q2v2(0), 
y(0) = v, (0) + v2(0). 


Note: For concreteness, we have restricted our discussion to the case of 
two linear differential equations. The argument can easily be extended to 
an arbitrary number of linear differential equations. 


1. This proposition is based on the assumption of risk neutrality. To take account ade- 
quately of risk-averse agents would require a full stochastic model, such as that developed 
in Part IV. 


2. This forward-looking solution is obtained by involving a terminal (transversality) 
condition. 


3. More generally, in the case where the future short rates are not necessarily correctly 
predicted, s(t’) would be replaced by s*(t’,t), the prediction of the future short rate for time 
t’, formed at time t. 


4. Another (but much less important) difference in the present specification from that of 
Blinder and Solow is that the rate of return introduced into the money demand function is 
after-tax, rather than gross. 


5. The case of a purely bond-financed deficit is discussed by Turnovsky and Miller (1984). 
It does not give rise to a saddlepoint, but instead has the usual instability associated with 
bond financing. For a clarification of this aspect of their analysis see Clark (1985). 


6. This can be established by substituting for the short-run partial derivatives (6.22), (6.23) 
7. In Figure 6.4 we assume that by appropriate choice of units the initial steady-state levels 
of both the short and long rates are 5 = | = 0. 


8. This section is a slight adaptation of an unpublished appendix to Burmeister, Flood, and 
Turnovsky (1981). 


9. The assumption of finite bounds is stronger than is required for our argument. However, 
this assumption simplifies without materially altering the argument and will be retained. All 
of the discussion in this section can be duplicated for growth rates of F,(@) and F,(@) of less 
than exponential order. It also can be generalized to include the case of complex roots with 
A, =a + Pi, À, =a — fi, f #0. 
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7.1 


The Stability of Government Deficit Financing under Rational 
Expectations 


Introduction 


Much of the work in macroeconomic dynamics between the late 1960s 
and the early 1980s stressed the role of the government budget con- 
straint. Beginning with Ott and Ott (1965) and Christ (1967, 1968), sev- 
eral economists showed how this constraint forms an integral part of the 
dynamic structure of the system and examined the stability properties 
of alternative government financial policies. The proposition that money 
financing of the government deficit is generally stable whereas bond 
financing may plausibly generate instability has become a familiar one; 
see, for example, Blinder and Solow (1973), Tobin and Buiter (1976), In- 
fante and Stein (1976), and Turnovsky (1977). On the one hand, money 
financing, being expansionary, raises the tax base and therefore tax re- 
ceipts, thereby reducing the deficit and the quantity of additional money 
that must be created. Bond financing, on the other hand, is associated 
with accumulating interest payments, and it is the need to finance these 
payments that is the critical destabilizing element. Unless bond financing 
generates sufficient additional tax receipts to finance these mounting in- 
terest payments, the dynamics will be unstable. Furthermore, since bond 
financing tends to be less expansionary than money financing, due to the 
fact that it is associated with a rising rather than a falling interest rate, 
this possibility can by no means be ruled out. This literature is reviewed 
at length by Turnovsky (1977), as well as briefly in Chapter 2. 

These analyses typically assume fixed prices or, alternatively, allow 
prices to be determined by some sluggish process, with inflationary 
expectations being formed adaptively, as in Chapter 2. The dynamics 
evolves continuously from some given initial condition and is therefore 
entirely backward looking. By contrast, most of the rational expectations 
literature makes assumptions about the forms of the relevant demand 
functions (namely, that they are independent of wealth and interest pay- 
ments) and the financing of the deficit (namely, that it is bond-financed), 
which enable the government budget constraint to be ignored. Under 
these conditions, the stock of government bonds accumulated in the pro- 
cess of financing the deficit plays no role in the determination of income, 
or any other variable of interest.’ 

In this chapter we reintroduce assumptions into the rational expecta- 
tions model so as to assign once again a central role to the government 
budget constraint as part of the dynamics of the system. Our concern is 
to determine in what sense, if any, the propositions regarding the relative 
stability of the alternative modes of deficit financing carry over to the 
rational expectations context. We shall establish the following key result. 
If the equilibrium stock of government bonds is assumed to be strictly 
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positive, then money financing of the deficit is stable in the sense that 
there is a unique stochastic process consistent with all real and nominal 
variables having finite asymptotic variances. However, if the equilibrium 
stock of government bonds is zero—as it will be if the government sets 
expenditure to just match long-run tax revenue from current income— 
then money financing will be stable in the sense that all real magnitudes 
have finite variance; however, the price level and the nominal money sup- 
ply have asymptotically infinite variances.* By contrast, if the deficit is 
bond-financed, the asymptotic variances of all variables, with the excep- 
tion of current income, will in general be infinite; apart from two special 
cases there is no stochastic process that will generate a finite variance for 
these variables. 

This last result is significant for the old debate concerning the desir- 
ability of adopting a fixed monetary growth rule. Previous dynamic 
models of the conventional “backward-looking” type, which do not as- 
sume rational expectations, typically find such rules to be associated with 
instability, in the sense of an ultimately diverging time path. The present 
analysis implies that, with rational expectations, such a rule is generally 
unstable in the sense that relevant variables have infinite asymptotic 
variances. 

These stability properties of money and bond financing are examples 
of the propositions established by Blanchard and Kahn (1980) regarding 
the existence and uniqueness of rational expectations equilibria. Specifi- 
cally, as we note in Propositions 5.1 and 5.3 of Chapter 5, they show that 
if the number of unstable roots in the underlying dynamic system (A) 
equals the number of jump variables (m), then a unique solution having 
a finite variances exists; if 7 exceeds m, no solution exists, and if m 
exceeds m, there are an infinite number of such solutions. Money financing 
generates a dynamic system having the property m = m, whereas for 
bond financing m > m? 

A paper by Sargent and Wallace (1981) generated some interest in the 
issue of deficit financing within a rational expectations framework. Spe- 
cifically, they addressed the issue of the feasibility of bond financing in 
the context of a growing economy. Using a simple model, they demon- 
strated that bond financing is infeasible as long as the after-tax real rate 
of interest exceeds the growth rate. This has led to some debate, both 
theoretical and empirical, concerning the relative size of the growth rate 
and the after-tax real interest rate. Darby (1984) and McCallum (198 1a) 
argued that deficits are feasible if the growth rate exceeds the after-tax 
interest rate. Moreover, Darby argued that this requirement has in fact 
been met in the United States over a long period. In reply, Miller and 
Sargent (1984) take issue with some of the assumptions made by Darby. 
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First, the Sargent-Wallace model, which takes the interest rate as fixed, 
should not be taken too literally. They argue that in fact the interest rate 
will be endogenous and is likely to rise with bond financing, eventually 
exceeding the growth rate in the economy. Finally, McCallum (1984) 
considered the issue within the context of the intertemporal utility max- 
imizing model and drew the conclusion that the feasibility of bond 
financing depends upon whether the deficit is defined inclusive of inter- 
est payments. The intertemporal approach will be discussed further in 
Chapter 9. 

But, as Darby notes, this discussion can be viewed as a generalization 
of the Blinder and Solow (1973) results on the instability of bond financ- 
ing. It is straightforward to extend the analysis of the first part of the 
present chapter to focus on this issue within a growth context. 

The remainder of the chapter proceeds as follows. Section 7.2 outlines 
the model underlying the analysis. Sections 7.3 and 7.4 then derive the 
solutions under the two modes of financing. The problem of nonexistence 
of a solution having a finite asymptotic variance raises certain method- 
ological issues, which are considered in Section 7.5. The next section in- 
troduces growth and addresses the issue of the stability of bond financing 
in a growing economy. Some concluding remarks are contained in the 
final section. 

We should point out that the introduction of the government budget 
constraint increases the dimensionality of the system, and this comph- 
cates the determination of the rational expectations solution. This com- 
plication is not only inevitable, but also a closer indication of the reality 
of using rational expectations models. The sad fact is that the derivation 
of rational expectations equilibria typically involves heavy computations 
for all but the simplest systems. 





7.2 A Simple Macro Model 


Consider the following macro model: 


Pt, — P 
Y=d,¥'—d, |r, 2 E +d, W, + G+ uy, 
t 


(7.1a) 
O<d, < 1,d,>0,0<d, <1 


I 


M 
PO URET i a, > 0, >0,0 <x; <1 (7.1b) 


t 


B 
w= (y+ a-o O<k<! (7.10) 
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M B 

W = T 7.1d 

= $ RP (7.1d) 
Y Y = y(P, — P*,-1) + us, y>0 (7.1e) 
Misy E M, B+ = B, B, B, 
or Se G+ — KY + 7.1f 

o pp oe 

Pris = E(P.) (7.1g) 
where 
Y = real output (income) at time t, 
Y = full employment (“natural”) level of real output, 
Yf = real disposable income, 


R, = nominal interest rate, 

P, = price level, 

P* s = expectation of price for time t + s, formed at time t, 
E(-) =conditional expectations operator formed at time t, 
W =real wealth, 


G = real government expenditure, taken to be fixed, 

M, = nominal stock of money, 

B, = number of government bonds outstanding, 

k = rate of income tax, assumed to be constant, 

u;, = random disturbances, having zero means and finite variances. 


The model defined by equations (7.1a)—(7.1g) is standard and requires 
little comment at this point. However, three aspects are worth noting. 
First, it turns out to be more convenient to assume that bonds are per- 
petuities, having a coupon rate of unity and a price 1/R,. Second, the 
equilibrium in the financial market is taken to be beginning-of-period 
equilibrium; that is, the interest rate adjusts to clear the money market at 
the initial real stock. Both of these assumptions could be amended with- 
out much effort. Third, it will be noted that we have abandoned the usual 
rational expectations specification of log-linearity. The reason is that the 
government budget constraint is a relationship expressed in natural units, 
and a model specified log linearly would require a log-linear approxima- 
tion to this relationship. Although this too is a feasible way to proceed, 
its advantage over the approach adopted here is not obvious. 

Turning to the equations, (7.la) and (7.1b) are the IS and LM curves 
respectively, and disposable income and real private wealth are defined 
in (7.1c) and (7.1d). Supply is described by the Lucas supply function 
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(7.le), and (7.1f) specifies the government budget constraint. Note that 
because M, and B, appear in the IS and LM curves, it is necessary to take 
account of (7.1f) in the determination of income. The conventional ratio- 
nal expectations models, such as those discussed in previous chapters, are 
justified in ignoring (7.1f) by virtue of (i) the assumption that d, = a; = 
O; (ii) the neglect of interest payments from disposable income; (iii) the 
assumption of all bond financing. The final equation, (7.1g), specifies that 
the expectations P*, pP- are assumed to be formed rationally; that 
is, they are expectations from the model, conditional on all information 
available at the time they are formed. 
We define a mean steady state (denoted by bars) by 


Y=d,¥4—-d,R+d,W+G (7.2a) 
M = = a 
5 = 4 Y — a, R +a, W (7.2b) 
= ZB 
y= (z+ a — k) (7.2c) 
P 
_ M B 
P RP 
B —. B 
G+3-K(7+2)=0 (7.2e) 
P P. 


The level of output Y is given exogenously, so that these five equa- 
tions, together with the policy specification, determine R, W, Y’, P, M, 
and B. 

To solve the model involves solving for the expectations, and to do 
this it is necessary to linearize (7.1a)—(7.1f} about the steady state (7.2a)— 


(7.2e). This yields the following approximate relationships: 








M M 1 SAV, > 

raek (ME SM) PP) (7.3a) 
P P P P? 

P, P 
—_ M-—-M 1 =e ey = 
W,— Wx + __(B,-— B)- —(P —P)—- _.=(R,—R) (739 
P RP P R?P 

B B | _ B = 
Se Se (Be eS E) (7.3d) 
1 P P P? 
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Mest as M, n B zr B, a Mist — M, al B,» a B, 


se ae (7.3e) 
P, R,P, P RP 
Next, choosing units such that P = 1 and letting lowercase letters denote 
deviations (i.e, y, = Y, — Y etc.), we may write the linearized system in 
the form 


[1 — d(l — k)]y, = —d4r, + dy při — dsp, + dam, + deb, + u4, (74a) 


(1 = a3 )m, = Ai Yr — Xar, + Xe p, + ao + Ha, (7.4b) 
Yi = (Pp — Př-1) + Uz (7.4c) 
Bras = b, DR 
M4, — M, + oe a (b, = Bp, T k) an ky, (7.4d) 
where 
B J = 
d,=d,+d,—>O, d,=d,+d4,1-—AB+d,W>0O, 
R7 


This system forms the basis for our subsequent analysis. 





7.3 Money-Financed Deficit 


The case where the deficit is financed by money creation is obtained by 
setting b, = b,,, = 0 in equations (7.4a)—(7.4d), which thus become a sys- 
tem of four equations in y, m,r, p, and price expectations, together with 
the random disturbances. To solve the system it is convenient to solve 
(7.4a)-(7.4c) for y, and m, in terms of p,, p*,,.,, p*,-,, and the random dis- 
turbances, and then to substitute these expressions into the government 
budget constraint, now modified to 


mM — m, = — Bpl — k) — ky,. (7.4d') 


The expression for y, is simply given by (7.4c), and the solution for m, can 
be written as 


m, = hip, = hy Pie F h3(p, = Drea) + Umt {7.5) 
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where 

daa. + dea d,d 
h, = a h, = Bet: 
pee ee ae) Nea 





A 
A =(l —a5)dy xad; > 0, 


and the composite random disturbance 





Pics OH + dau, + [af] —d,(1 — k)] + ody luz 
mi — A z 

Substituting (7.5) into (7.4d') yields the following stochastic difference 

equation in p, and its expectations: 


hi Pisi = BaPa + Ns (Dia — Př) + [B(1 — k) — h, Ip, (1.6) 
+ ha Phas T (ky a h3)(p, = Př) SSU F Ume kuy,. 


To solve the stochastic difference equation (7.6) it is convenient to pos- 
tulate a solution of the form 


i= 


Des 2 Amine 2 Hills s-i (7.7) 


and to adopt the method of undetermined coefficients, discussed in Chap- 
ter 3. Calculating p,41, P% 2.413 Prio Pe Pře- from this equation, insert- 
ing the resulting expressions back into (7.6), and equating coefficients 


Um. i U3 1; yields the following relationships among the coefficients: 

(hi th3)4p —ho4, +1=0 (7.8a) 
[BU — k) + ky]4g + hy A, — Aad, = 0 (7.8b) 
h22 — (hy + haJ + [hy — BU — K)]4, =0 al bee (7.8c) 
(hy + hy) — hop, = 0 (7.9a) 
[BO —k) + kyluo + hiui — hau = —k (7.9b) 
htio — (h, + huis, + [hy — BU — Wm, =0 i= 1,2,.... 090) 


The general solution for p, is therefore 
P = D ilm, -i + 2 Hi3 i—i (7.7) 


where Ao, 41, 45, satisfy (7.8a), (7.8b}; Ho, My, 42 satisfy (7.9a), (7.9b); 
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ee AAAS PS ee (7.8c’) 
= Cpe Copk. = (7.9c') 


A,, Az, Ci, and C, are arbitrary constants and v,, v, are the solutions 
to the quadratic equation 


hav? — (h, —h,)o + h, — BO — k) =0. (7.10) 


Recalling the definitions of h,, h}, one can show that the roots vi, vz 
to equation (7.10) are both real. However, until the arbitrary constants 
A,, A2, Ci, and C, are chosen, the solution is not determined. In effect, 
equations (7.8a) and (7.8b) impose two constraints on the three arbitrary 
parameters Ào, A,, and A,, and the same applies to (7.9a), (7.9b). The 
appropriate additional constraint on these parameters, required to deter- 
mine the system fully, depends upon the magnitudes of the roots v,,03, 
which therefore require further investigation. For this purpose it is con- 
venient to consider the two cases, (I) B > 0 and (II) B = 0, in turn. 


Casel B>O 


Further inspection of the characteristic equation (7.10) and observa- 
tion of the definitions of h,,h, reveal that the larger root, say v}, satisfies 
və > |. The location of the other root, v,, can be characterized as follows: 


h > B0-k) O<v,<1 (7.lia) 
h, < B(1 — k) < 2(h, + hz) ~l<v, <0 (7.11b) 
2(h, th, < B-k) vn < 1. (7.1 1c) 


In theory, none of these three possibilities can be eliminated. While case 
(7.11c) might arise if the given stock of bonds B is sufficiently large, by 
considering the underlying components of h, and h, (defined above), one 
can verify that it is the least likely of the three cases to occur. A simple 
and sufficient, but certainly not necessary, condition for 0 <v; < 1 is 
that 
a S ps (7.12) 
(B/R) 1-43 

The wealth elasticity of the demand for money is defined by the ex- 
pression «,W/M. Given that there are only two tradable assets involved 
in agents’ portfolios in this model, the wealth elasticity of the demand for 
bonds is (1 — 2,)WR/B. It is common practice to restrict the form of 
asset demand functions to ensure well-behaved steady-state properties, 
and the most common restriction in this regard is that each function 
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be homogeneous of degree one in the wealth and income arguments. 
Because the demand for money depends positively on both income and 
wealth, the wealth elasticity x, W/M < 1. Also, it follows from the stock 
constraint (applicable in a beginning-of-period equilibrium model) that 
the demand for bonds varies inversely with income. This, together with 
the homogeneity of the bond demand function, implies that the wealth 
elasticity of the demand for bonds (1 — #,)WR/B > 1. Combining these 
two inequalities immediately yields the first part of the constraint, name- 
ly that MR/B > x441 — a). Taking a, = 0.2, k = 0.3, R = 0.05 as being 
representative values, inequality (7.12) involves only the mildest strength- 
ening of this condition. We therefore assume (7.12) holds.* Furthermore, 
it must be remembered that inequality (7.12) is only sufficient, and not 
necessary, for stability. Even it can be relaxed somewhat if one merely 
wishes to ensure that v, is stable, an assumption that seems plausible and 
that henceforth we shall invoke.” 

It is clear that in order for the asymptotic variance a; to remain finite, 
it is necessary to eliminate the unstable root v, from the solution, that 1s, 
to set A, = C, = 0. Thus we get 


Letting L denote the lag operator defined by Lix, = x,_;, the solution for 
p, may be written in the form® 


F Avl C,v,L 
= ae ae 7.14 

Pr (hg + A a+ (1a + Us, (7.14a) 
where 

(hy + h3)4y9 — h, Ayo, = —1 

= (7.14b} 
[BO — k) + ky]żo + (hy — havı); v, = 9 
(hy + h3)Ho ~ h:Civ = —1 

i (7.14c) 
[BCL — k) + ky]to + (hı — hgv)Ayv, = —k 


and v, is the stable root (0 < v, < I) to 
hiv? — (hi + hajv +h, — BA — k) =0. (7.14d) 


The solution for the stochastic process determining p,, described by 
(7.14a)-(7.14d), is obtained as follows. The characteristic equation (7.14d) 
determines the stable root v,. Given v,, (7.14b) and (7.14c) then deter- 
mine the initial constants 29, A, and vo, C, respectively. Thus it is evident 
from (7.14a) that the solution for p, is unique and the asymptotic vari- 
ance a; is finite. The solution is therefore stable in this sense. 
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From (7.14), the stochastic processes governing the other relevant vari- 
ables can be derived. Thus current output, y,, is given by 


Yi = VP, ~ PR p-1) + Us, 
(7.15) 


= Youn t (1 + YHo)U3; 


and is a function of current disturbances only. Its asymptotic variance 
(also equal to the one-period variance) is therefore obviously finite. 

To consider the money supply we substitute (7.14) and (7.15) into the 
government budget constraint (7.4d’), writing the expression as 


area -| Ba Sever od F 


l -— vL 
2 BO — ku, L 
— | aA —k)+ky]ug +k + Ee! Mea | 


Using (7.13), (7.14b), (7.14c) and noting that v, is a root of the character- 
istic equation (7.14d), we obtain the following solution for m,,,: 


Ti ee ce ge ae, (7.16) 


the asymptotic variance o2 of which is finite. 

Given 6}, 0;, Om, expressions for the asymptotic variances of real wealth 
and the real and nominal interest rates, denoted by o3,07,4,, respec- 
tively, can be derived from the JS and LM curves. These are obviously 
also finite, so that all relevant variables in the economy are stochastically 


stable in the sense of having finite asymptotic variances. 
Case II B=0 


This case arises if the government sets its level of expenditure G such 
that it just matches tax receipts at the full employment level of output; 
see equation (7.2e). The same case arises if the government bonds are 
assumed to be fully indexed, for in that case the real interest payments 
B,/P, are just constant. Thus, when converted to deviation form, the gov- 
ernment budget constraint (7.4d’) is simply 


Mia, — m, = —ky, (7.4d") 


and is independent of the stock of bonds. Setting B = 0, the solution to 
the characteristic equation (7.10) is 


ade. 2.202 1 (7.17) 
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Thus the general solution for p, is now described by (7.7), where Ao, A1, 
A>, satisfy (7.8a), (7.8b); Ho, H1, H2 satisfy (7.9a), (7.9b); in all cases B = 0; 
and 


h i 
i = A + Adl : Ree es, (7.8c") 
hy 
h,\' : 
My = C, + C, ha t= eae p (7.9¢") 
2 


It is evident that with the weights /,, u;, being generated by (7.8c”}, (7.9c”) 
it is in general impossible for the asymptotic variance a; to be finite. For 
this to be the case, the weights must either decline over time or must 
all be identically zero after some finite time. For 4,, u; given by (7.8c”), 
(7.9c”) this requires A, = A, = C, = C, = 0, implying 4, = yp; = 0,1 = 1, 
2,.... Imposing these conditions on (7.8a,b), (7.9a,b) yields the following 
pairs of equations for the remaining parameters Ao, Ho: 


(hi + hy)4g +1 =0 (7.18a) 
kydy = 0 (7.18b) 
(hi + h3)uo = 0 (7.19a) 
kyo + k = 0, (7.19b) 


which in general are inconsistent. The one exception is if the income tax 
rate k = 0, in which case it follows from (7.2e) that G = 0 as well. In this 


one special case, Ho = 0, Ap = — 1/(h, + ha), the solution for p, is simply 
= Umit 
He hy +h,’ 


the variance of which is finite. 

In general, to determine fully the solution for p, it 1s necessary to im- 
pose additional constraints on the constants A,,A,,C,, and C,. With the 
exception just noted, whichever way this is done, the asymptotic variance 
c, will be infinite. Further comments on the appropriate determination 
of the stochastic process will be made in Section 7.5 below. For the pre- 
sent, we shall consider the case in which A, = C, = 0, so that the clearly 
unstable root v, is eliminated. In this case the solution for p, becomes 


; A, L C,L 
P= COC Wet Hori ay Us, (7.14a’) 


where Ao, Ho, A1, Ci, are solutions to (7.14b), (7.14c) as before, with B set 
equal to 0 in both cases. It is clear that as is infinite, while current output 
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Ve = Yom + (1 + Yo )ita: (7.15) 


still has a finite variance. Setting B = 0 in the government budget con- 
straint (7.4d”), we obtain 


Mı —m, = —ky,. (7.4d”) 
Substituting for y, and solving for m,,, yields 


— ka 3 k 1 7 
ee YA0Umt — " Be Hotse (7.16) 





the variance of which is also infinite. Intuitively, with current output be- 
ing a function of current disturbances via the Lucas supply function, the 
nominal money stock follows a random walk process, the variance of 
which is infinite and is the source of the infinite asymptotic variance of 
the price level. 

By contrast, the real stock of money, linearly approximated by 
m, — Mp, (see (7.3a)), is given from (7.14a'), (7.16’) together with (7.8b) 
and (7.9b) (setting B = 0, v} = 1) by the expression 


m, — Mp, = — (ioum + Hous). 


With B = Q, this quantity also equals real wealth, and because they are 
dependent only upon current disturbances, the variances of both these 
variables, o,, and o,,, are finite. From this, together with the fact that o; 
is finite, we then deduce from the JS and LM curves that the asymptotic 
variances of the real and nominal interest rates, c, ‚aż, are also finite. 
Finally, it is an immediate consequence of the unit root in (7.14a’) that 
the rate of inflation is asymptotically stable. 

In summary, it is seen that the fixed stock of government bonds out- 
standing, B, plays a critical role in stabilizing certain nominal variables 
for a money-financed deficit. With B > 0, all variables have finite asymp- 
totic variances; if B = 0, on the other hand, it is possible to find a sto- 
chastic process for which only the price level and the nominal stock of 
money have infinite variances and for which all other variables are sto- 
chastically stable in the sense of having finite asymptotic variances. 


7.4 Bond-Financed Deficit 


The other polar case, in which the deficit is entirely bond-financed, is 
obtained by setting m,., = m, = 0 in equations (7.4a)-(7.4d), which now 
involve the four endogenous variables y,, b, r, and p,. The solution proce- 
dure is as before. We first solve equations (7.4a)—(7.4c) for y, and b, in 
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terms of p,, and so forth, and then substitute these expressions into the 
government budget constraint, now modified to 


buy =[1 + RU — k)]b, — BRO — kp, — kRy,. (7.44) 


The solution for b, is of the same form as (7.5), namely 











b, =n P- na Pirit + n3(p, — Pran) + Up, (7.20} 
where 
F _ da5 + d5;%4 : _ dat, 
BA A’ p DET A’ 2 
E yfo,{1 = d,(1 x k)] Tad N= tade a foe 
R 


3 A’ 
and the composite disturbance is now 


Maus + daua, + [e[l] — d,Q — k)] + a4d4 Jus, 
A’ f 





It will be observed that these expressions are identical to those obtained 
under money financing, with the exception that A is replaced by A’, Note 
that although A’ is ambiguous in sign, we shall treat 

d B d 
A’ =a, [ao —k)+ “| Sasa be =e ee O 

R R? R 


as being the normal case. This inequality will be met provided that nei- 
ther the interest elasticity of the demand for real output nor the wealth 
coefficient in the demand for money is not too large.’ Analogous to (7.6), 
we derive the following difference equation in p,: 


ni Pisi ~ Nora F NalPii — Piri) + [BR(1 — k) == zn |p; (7.21) 
F ZN2 Ph + (Rky ~ Zna (Pi — Phy) = — Upri + Zup — kRus, 


where z = 1 + R(1 — k) > 1. Again proposing a solution of the form 


P= 2 Arait 2 Hit 3, t-i» (7.22) 


we obtain the following relationships among the coefficients: 
(n, + z)4, — n4 +1=0 (7.23a) 
[BU — k) + ky] RéAy + nA, — nå, = 0 (7.23b) 


No Aiea — (My + znz) + [zn — BR — k)]å; = 0 ie teers 
(7.23c) 
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(n, + n3}Ho — np, = 0 (7.24a) 

[BU — k) + ky] Rip + niui — nal = —kR (7.24b) 

napisz — (A, + Znaki, + En, — BR(1 — k)] yu; = 0 i=1,2,.... 
(7.24c) 

The general solution for p, is therefore 

Pe= È Ait + È Habla. (7.22) 

i=0 i= 


where 4g, 41, A2, Satisfy (7.23a), (7.23b); Ho, H4, u2 Satisfy (7.24a), (7.24b); 
A; = Ayo) + Aq} Ke (7.23c') 
u=Coi + Cowi ieee re: (7.24c') 


A,,A,,C,, and C, are arbitrary constants; and w, and œ, are the solu- 
tions to the quadratic equation 


fio) = nw? — (n, + zn)œ + zn, — BR(1 — k) = 0, (7.25) 


both of which are real. In general, there are an infinite number of solu- 
tions for p,, depending upon the choice of the arbitrary constants. More- 
over, two sets of conditions are necessary and sufficient to ensure that 
both roots, œ; and w,, exceed unity, so that all solutions are unstable. 
These conditions are 


1. f(1) > 0, together with f’(1) < 0; 
i. f(1) < 0, together with f’(1) > 0. 


Using the definitions of the n;s, ds, and &;s to evaluate these expres- 
sions, we have 


BR(1—k 
l 5) [a,d, + (1 — x3)d4], 


F'(D = — [asda + aaldi(1 — KB + da R(1 & + dW), 


and we see that condition (i) or {ii) obtains according to whether A $ 0. 
Thus, in general, all solutions for p, are both nonunique and unstable, in 
the sense of having infinite asymptotic variances.® 

There are, however, two special cases in which the asymptotic variance 
a; does turn out to be finite. For this to be so, we require A, = A, = 
Ci = C, = 0, implying å; = u; = 0 for i = 1,2,.... Thus equation (7.23a,b), 
(7.24a,b) reduce to 
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(ni + n)a +1 =0 (7.26a) 
[B(1 — k) + ky]RA, = 0 (7.26b) 
(ni + n3) = 0 (7.27a) 
[BU — k) + ky]Ruo + kR =0. (7.27b) 


With two exceptions, these pairs of equations yield inconsistent solutions 
for the remaining undetermined coefficients 4), Ho. The first exception is 
the case where the monetary authority chooses to peg the fixed stock of 
money M at the level where R = 0. The second is if the tax rate k = 0, in 
which case these equations, together with (7.2e), imply that B = G = 0 as 
well. In either case, we obtain 

I 


0h. ene 
ue OS E) 


so that the solution for p, reduces to 


= — Up 
a: 1+ 
the variance of which is finite. 

But these two cases are very special.’ In all other cases, there is no 
solution for p, having a finite asymptotic variance. By contrast, because 
current output is a function of the unanticipated component of the cur- 
rent price, it depends only upon current disturbances, which are now 
given by 


Yi = YAoUp + (1 + Ho )U3y, (7.28) 


the variance of which is finite, irrespective of the choice of Ag, Ho- On the 
other hand, the fact that the nominal money supply remains fixed means 
that the stochastic process generating the real money supply is essentially 
identical to that determining the price level, so that its asymptotic vari- 
ance also becomes infinite, as does that of real wealth. It can then be 
established from the LM and IS curves that the asymptotic variances of 
the nominal and real interest rates, g7 and 0; respectively, are also both 
infinite. All of these results make good intuitive sense and can be verified 
more formally through analysis of the underlying system (7.4a)—(7.4d), 

In summary, bond financing of the deficit will lead to instability in the 
sense that the asymptotic variances of the price level, the real stock of 
money, real wealth, the nominal interest rate, the real interest rate, and 
the inflation rate are all infinite; only current output has a finite asymp- 
totic variance.’° This suggests that any rule of pegging the nominal 
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money supply, by generating infinite asymptotic variances in important 
real variables, will be associated with serious forms of instability. This 
should cause some concern for proponents of a fixed monetary growth 
rule combined with exogenous government expenditure and tax policy. 





7.5 Some Methodological Issues 


In this section we shall discuss some of the methodological issues raised 
by the nonexistence of a solution having a finite asymptotic variance. We 
shall assume that the case of a money-financed deficit is, for all practical 
purposes, stable. As we have seen, the only instance of instability is if 
B = 0, in which case the only variables that are unstable are the nominal 
money stock and the price level. However, we regard instability in these 
variables as being of little significance; it is simply an immediate conse- 
quence of the fact that with B = 0 we are postulating the nominal money 
supply to follow a random walk, and any such process, which is commonly 
assumed in the macro literature, has this property. We shall therefore 
focus our attention on the case of bond financing, where the instabilities 
are associated with real magnitudes such as the real money supply and 
the real interest rate, which clearly are of greater significance. 

The fact that rational expectations solutions are nonunique has been 
discussed at length in Chapter 5. In the case where there is only one 
stochastic process yielding a finite variance, the indeterminacy is immedi- 
ately resolved by choosing that solution. Likewise, in the case discussed 
by Taylor (1977) where there are an infinite number of solutions yielding 
finite variances, the nonuniqueness is typically resolved by choosing the 
stochastic process that minimizes this variance. While this procedure is 
widely adopted, as we have noted in our previous discussion, it must still 
be viewed as somewhat arbitrary. There is no obvious market mecha- 
nism that ensures that the variance will be minimized in this way. In 
addition, the choice of variable whose variance is being minimized is 
arbitrary. For each choice of such a variable there will, in general, be a 
different stochastic process that will minimize its variance. 

The instability encountered with bond financing in the present analysis 
gives rise to nonuniqueness that is in a sense opposite to that associated 
with Taylor. In his case it arises through there being too many stable 
roots to the system; in the present analysis there are too few stable roots. 
In a sense, the problems of indeterminacy so caused are more problemat- 
ical than in the Taylor case. If the system is unstable in certain variables 
for all stochastic processes, the criterion for determining which of these 
(unstable) stochastic processes is relevant is even less clear-cut than in 


the Taylor case, where the choice is among a set of stable processes. We 
now consider a number of possible ways of resolving the indeterminacy 
problem. 


Nonexistence of Equilibrium 


One possibility is simply to interpret the nonexistence of a finite asymp- 
totic variance as meaning the nonexistence of a rational expectations 
equilibrium. This, however, does not seem entirely satisfactory because 
not all variables are subject to this problem. In particular, in the present 
context, one of the key variables—output—has a finite variance for all 
stochastic processes. 


Minimizing the One-Period Variance 


Since the asymptotic variance is infinite, an alternative might be to 
choose the stochastic process to minimize the variance of the price level, 
say, over some finite time horizon, over which it will be finite. Taking the 
one-period variance, E,_,(p, — E,_, p,)*, from (7.22) we obtain 


Pee p= Aon, + Hola 


the variance of which is minimized by setting Ay = Ho = 0. Thus from 
(7.23) and (7.24) we find 


and substituting these values into (7.23c’), (7.24c’) enables us to calculate 
A,,A,,C,, and C), yielding the following expressions for the weights: 


(mn, — ny jor! + (ny — wm)! kRO — wi! 


n3(@> — w) 





` i oe 


als w} 
E he 


The solution for p, is thus uniquely determined. The minimized one- 
period variance is in fact zero, although the variances over lengthening 
time horizons diverge rapidly.!! This approach suffers from the indeter- 
minacy of the Taylor criterion; minimizing the one-period variance of the 
price level leads to a different stochastic process than does minimizing 
the one-period variance of, say, the nominal interest rate or income. 1? 


Choosing the Slowest Rate of Divergence 


One criterion, a direct extension of the usual procedure of obtaining uni- 
queness by eliminating unstable roots, is simply to eliminate as many 
unstable roots as necessary to obtain uniqueness (in this case, one) and to 
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assume that the system diverges at the slowest rate. This procedure is 
analogous to the “overtaking criterion” familiar from the optimal growth 
literature when an undiscounted divergent utility index is used as a wel- 
fare criterion (see, e.g., von Weissacker 1965). 

In this case we eliminate the larger unstable root (@,, say) by setting 
A, = C, = 0. The (unique) solution for p, now becomes 


Pi + oum + Ar }, Meri + Houa + Cy 2 OU i (7.29a) 
i=1 i= 
where 
(n, + N3)Ao R n A O1 = — |1 
(7.29b) 


(Bd —k)+ky]RA) + A(n, — n2@,)o, =0 


(ny + 13)Ho — MnC, = —1 
E A (7.29b) 
[B(1 — k) + ky] Ruy + (ny — n201)C10, = —k 


and w, is the smaller (unstable) root of (7.25). The formal structure to 
this equation is parallel to (7.14) obtained for money financing, although 
with w, > 1, it is now unstable. 

To find the magnitude of the smaller unstable root, it is convenient to 
consider first the case B = 0. The characteristic equation (7.25) then re- 
duces to 


nyw? —(n, + znw + zn, = 0, (7.25') 


the solutions to which are 


Under plausible conditions on the parameters, the smaller root will be 
z= 1 + (1 —k)R;a sufficient condition for this to be so is 


l Eg Xa 
lak 


v< (7.30) 
where v = interest elasticity of the demand for money. For example, 
taking g, = 0.2, k = 0.3, (7.30) reduces to v < 1.1, a condition that will 
almost certainly be met. Thus we can identify œ = z, œ = n,/n,. Note 
that for B > 0, the smaller root to (7.25) declines, while the larger root 
increases, so that, in particular, w, < z. Thus the procedure of choosing 
the smaller unstable root ensures that the system grows sufficiently slowly 
that the present value of wealth, discounted at the after-tax rate of return 
z, converges to zero. This of course is consistent with the transversality 
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conditions that are appropriate to related optimization models and that 
frequently are used to provide justification for eliminating the unstable 
roots in rational expectations models. This justification applies here as 
well. 


Minimum State Solution 


As a further alternative, we consider the McCallum (1983) procedure for 
resolving the nonuniqueness problem, by postulating that the solution be 
represented by a minimal state representation. In this case, the solution 
for p, is specified to be of the form 


Pi = PiP- + Patty, + P3Uy -1 + Paar + P5U3,1-1 (7.31) 


where the coefficients ¢, are solved for by the method of undetermined 
coefficients. Writing (7.31) in the form 


P= 2 [boty i-i t+ Ésto rii + ataei + Ostii 191, (131) 


we see that this minimal representation imposes restrictions on the co- 
efficients 4;, H; of our general solution, thereby reducing drastically the 
number of solutions. By direct application of this procedure, we establish 
that the solutions for ¢, are given by 


n 6? —[n, + 2z]¢, + zn, — BR(L —k) = 0 (7.32a) 
(ni + 3)¢. — n- [$ p + h] = -1 (7.32b) 
(ny +z), — 12,63 + (Rk — zn3)ġa = 2 (7.32c) 
(ni + n)a — nlp pa + 5] = 0 (7.32d) 
(n, + 2n3)b5 — n2010; + (2Rk — zn) = 0. (7.32¢) 


The key relationship is (7.32a), obtained by equating the coefficients of 
p,-,. This equation is quadratic in ¢, and is identical to (7.25) of the 
general solution. Given ¢,, the remaining equations (7.32b)-(7.32e) are 
linear in @,,...,¢,, and therefore each of the two values of ¢, implies 
corresponding unique values for the remaining ¢4. 

The minimal state representation procedure therefore reduces the in- 
finity of solutions down to just two. McCallum proposes to resolve the 
remaining nonuniqueness associated with the quadratic by requiring that 
the relationship between the reduced-form coefficient (¢,) and each struc- 
tural parameter be a continuous function, even when special values for 
structural parameters are considered. For example, suppose n, > œ, in 
which case (7.32a) reduces to 
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¢,(¢, — 2) = 90. (7.32a') 


This requires that the negative square root be chosen in general (i.e., 
when n, does not approach infinity). McCallum’s method therefore 
requires that the smaller root be chosen for all parameter values, 
namely 


ae (n, + zn3) — {(n, + zn)? — 4n,[zn, — BR(1 — k)] p7 
2n, 








It is interesting to note that this solution coincides with the one pro- 
posed in the previous subsection. In this example, McCallum’s solution is 
to choose the slowest-growing root, which, as we have seen, is less than z 
(but greater than 1), thereby implying that wealth discounted at the after- 
tax rate of return converges to zero, consistent with conventional trans- 
versality conditions. 


Modification of the Dynamic System 


None of these solution procedures, directed at resolving the nonuni- 
queness problem, eliminates the instability. The analytical reason for the 
asymptotic instability of bond financing is that the number of unstable 
roots (two) in the dynamic system exceeds the number of jump variables 
(one). Since this instability is encountered for all parameter values, the 
only way to eliminate it is to change the dynamic structure of the model 
in some way. In effect, to restore stability to bond financing one must 
introduce an additional jump variable, which itself must be generated 
by a sufficiently stable process to maintain the number of unstable roots 
equal to two. For example, one possibility is that, in response to the 
instability that we have shown will occur, a futures market in output 
evolves, with the current futures price being the additional jump variable. 
Work on futures prices in other contexts suggests that with risk-neutral 
speculators, futures prices often contribute unstable roots to the dynamic 
structure. However, with a sufficient degree of risk aversion, these roots 
become sufficiently damped so as to ensure stability. But these remarks 
are only conjectural, and it seems that this issue requires separate detailed 
analysis. 

Another modification that may restore the possibility of convergence is 
growth. If exogenous growth in the natural rate of output is assumed, 
and if the asset and expenditure variables are redefined as ratios of Y, 
then it is no longer necessary for the bond-issuing process to involve an 
unstable root; see McCallum (1981a). We now modify the model to con- 
sider this possibility in more detail. 


191 The Stability of Government Deficit Financing under Rational Expectations 





7.6 Bond Financing and Stability in a Growing Economy 


We now adapt the model to address the issue considered by Sargent 
and Wallace (1981) of the extent to which bond financing is feasible in 
a growing economy. We assume that the population, denoted by N,, is 
growing at an exogenously given constant rate 0. Let us also assume that 
the basic [S and LM curves are homogeneous of degree one in income 
and wealth, while the supply function is homogeneous of degree zero in 
output at its full-employment level. In this case, the basic macro model 
(7.1a)—-(7.1g) (considered as an approximation to one having the required 
homogeneity properties) can be written in per capita form: 


Y, Y B, px, ,—P Ww G, 
sa| Éa Jo k) dy] r, Fe aM Sy, 











N, N, NP, P, Nps Ne 
(7.33a) 

M, r W, 

Np% N, — aR, + ay + Uy, (7.33b) 

M, B, 

W = 2 i ie (7.33c) 

Y Y 

Ny Ln Peale (733d) 

Mist M, Bisa B, are G, ees k Y, B (7 33e) 

N, RNP N NPB (N NP l 
PS, = E(P) | (7.336) 
N = (1 + @)N, mn 


with expectations again being rational. These relationships remain as be- 
fore, the only change being that the growing population is specified by 
(7.33g). 
We now define the per capita variables by 
M, 


M; = —; B=; ete. 
= N, ADAN. 


Assuming bond financing, M,,, = M, and 


Bsr —B, _ Biss (1 +0)- B; 


R,N,P, R,P, 


Thus the system may be written in per capita form as 
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Pea? 
Y =d [Y + BU — k) — d, [r Sree J +d W' +G +u, 
f 
(7.34a) 
M, = 0,¥/ — XR, + %3 W, + uz (7.34b) 
M;i B; 

WE eat 7.34 

E + RP (7.34c) 
Y — ¥/ = y(P, — Ph) + us, (7.34d) 
Bi. (1 + 0) — B; 

et ia ee pu B; — k[Y; + Bi]. (7.34€) 


R,P, 


Linearizing and letting lowercase letters denote deviations about the sta- 
tionary equilibrium, (7.34) may be expressed as 


[1 — d(l — k)]y, = — dar, + dapž u — dsp, + dam, + deb, + uy, 


(7.35a) 
hae ee E ae aerate zh Taon (7.35b) 
Ye = YUP, — Při-1) + Us, (7.35¢) 
ee = [E + R(t — k)]b, — BR(1 — k)p, — kRy,] (7.35d) 


where the coefficients remain as defined previously. 

This modified system is virtually identical to the basic system (7.4a)}- 
(7.4d), the only difference being that the bond accumulation equation is 
modified by the factor 1/(1 + @), which reflects the growth in the econ- 
omy. The solution to (7.35) is obtained identically to that in Section 7.4. 
First, we can solve (7.35a}-(7.35c) for b,; the solution is again given by 
(7.20) with the coefficients n,,,,n,, and the disturbance u, being as 
defined previously. Secondly, we substitute b, into the government budget 
constraint (7.35d) to obtain the following equation in p,: 


1 ates 
My Pri, — NoPhro 41 + Ralp — Při) + i g LBRU — k) — zn, Ip, 


, 
e pe ee Ry an NOs, 9) (7.36) 
p40 1+8 3 t tt-1 


ZUpt kR 


E aur ges 


193 


The Stability of Government Deficit Financing under Rational Expectations 


The only difference between (7.36) and (7.21) is due to the presence of the 
growth factor. 
Proposing a solution of the form 


Dive 2 Atty, yi + Z HiU3 tis (7.37) 


we obtain the following relationships among the coefficients: 








[B(1 — k) + by] - G%o +n,A, — nA, =0 (7.38b) 
zn zn, — BR(1 — k) 

na Aipa — fr: + i Aiai + | : i +6 Ja =0 (7.38c) 

(ni + 3) Mo — Nop, =O (7.39a) 

R kR 

[B(t — k) + tA ama gle + yy — Ry hy = Tce (7.39b) 
Zn — BR(1 — k) 

Ay Hi+?2 =| + |4 an + E aoe ae |e =0. (7.39c) 


The general solution for p, is therefore 


P= 2 Åillp i—i + 2 Mig t~i (7.37) 


where Ap, A1, A2, Satisfy (7.38a), (7.38b); Ho, H1, Ha Satisfy (7.39a), (7.39b); 
4, = Ayo + Azo}, Renal Oe (7.38c’) 
H; = Ca, + Cow}, ies ee (7.39¢’) 


A,,A,,C,, and C, are arbitrary constants; and œ, @, are now the solu- 
tions to the quadratic equation 


— BR(1 — k) 


a zn 
Jio) = n0? paar E + er + an Se = 0. (7.40) 


Again, this equation differs from (7.25) only by the inclusion of the 
growth term (1 + 8). The feasibility of bond financing now. hinges around 
whether or not either of the roots m,,m@,, to (7.40) lies within the unit 
circle. As before, both roots can easily be shown to be real, and we also 
have 
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zn, — BR(1 — k) 
wW, = —— : 
sg no(1 + 9) 
Zn 
=— + > 0, 
w, + w, is E jie l 


implying that both w, > 0 and œ, > 0. The issue therefore reduces to 
whether œ, $ 1 and whether œw, $ 1. 

In general, the necessary and sufficient conditions for the roots to (7.40) 
to lie within the unit circle are 





on aoe) 

mil — 0) 
a 1 Zn zn, — BR(1 — k) 

.1+— ee ee: 
i sim +i, + nll + 6) > 
oe l zn, zn, — BR(1 — k) 

ee eae pecs aie 0 
111 ffm ee Hel 66) > 


Condition (11) is automatically met, and (i) and (iii) can be combined to 
yleld the pair of inequalities 
zn, — ny — BR(1 — k) (ni — m )(z — 1) — BR(1 — k) 


Hy ni a na 





By direct evaluation, we can show [zn, — n, — BR(1 — k)]/n, > 0, which 
implies that (7.41) cannot hold in the absence of growth when @ = 0. This 
simply confirms the instability of bond financing demonstrated in Sec- 
tion 7.4. But in fact the pair of equalities is unlikely to be met for any 
value of 6. The reason is that for (7.41) to hold would require 

zn, — n, — BR(1 — k) Z (n, —n5)(z — 1) — BRU — k) 





3 


na ni — n, 
which in turn is equivalent to 
(nı — nY + R(1 — k)[(n, — n)(n, — n, — B) + Bn] < 0. 


In the more likely case where A’ > 0, we know n, > 0, n, > 0, and we 
can also establish that (n; — n3) > 0, n; — n, — B > 0. In this case all 
terms on the left-hand side of (7.42) are positive, thereby violating the 
inequality. In the less likely case where A’ < 0, n; < 0, na <0, ny — ny — 
B < 0, although (7.41) is not necessarily violated, it nevertheless is un- 
likely to hold. 

Thus we can essentially rule out the possibility that both roots ,,w, 
are stable; the larger root, œ, say, is greater than one. The remaining ' 
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issue is whether or not the presence of growth creates reasonable condi- 
tions for the smaller root œw, to be less than one, in which case the solu- 
tion is a saddlepoint, similar to that obtained under money financing. 

To minimize detail, we consider the more likely case where A’ > 0, so 
that n; > 0,n, > 0. In this case, solving the quadratic equation (7.40), the 
smaller root is 


earns dea a Meee 

E eh eee ere: ea, 
— BR(1 — k) 2 

-n [ BRO" 


It therefore follows that the condition for @, < 1 is equivalent to 


zn zm V zn, — BR(1 — k)\ |? 
(7.43) 








Two possibilities exist and need to be considered: 
i. if 


zn, 


Be eG 


— 2n3, 


then (7.43) is equivalent to 
2 2 PR 
zn, Zn, zn, — BR(1 — k) 
—2 < ——_]| —4 co 
(m+, na) (n +) n( 1+6 


u. if 








(7.44a) 


Zn, 


aia 


= 2n, < —ġ, 


then (7.43) is equivalent to 


zn 3 Bi V zn, — BR(1 — k) 
(a + 7 2) > (m +5)  n,( : 1+8 . 


(7.44b) 





The latter, however, can be ruled out, since it implies 


i eS an Ge 
PES melee? 


196 


Chapter 7 


But the left-hand side of this inequality is precisely the larger root a., 
and this violates the fact that œ, > 1. Thus, considering case (i), we can 
simplify (7.44a) to show that the smaller root œw; < 1 if and only if 


0> 0 = (mez) RQ — k). (7.45) 


n, — M3 
Thus, a sufficient condition for œ < 1 is that 
0 > R(1 — k). (7.46) 


The right-hand side of (7.46) is the equilibrium after-tax rate of interest. 
Consequently, any growth rate that exceeds this rate ensures that w, < 1. 
But it is also apparent from (7.45) that œ; < 1 may still obtain for a 
positive but smaller growth rate. 

Henceforth assume that (7.45) is met, so that 0 < œ, < 1. It is now 
possible to obtain a stable solution for p,. To do so, we set A, = C, = 0, 
thereby eliminating the unstable root and yielding 


A, Ayo, LECO. (7.47) 


The solution for p, is now given by 





p = : + Aek ) Uy + (i + eels, (7.48a) 
where 
(ni + n3) o — 1,A,@, = —1 

= R (7.48b) 
[BU — k) + ky] ET g0 + (n —n,@,)A,o@, = 0 


(ni + M3) Mo ~ n2C10, =0 


R -kR (7.48c) 


[Ba — k) + ky] iy ato + (ny ~ nm) = —]; 





1+8 
and w, is the stable root (0 < œ, < 1) to 
5 Zn, zn, — BR(1 — k) 
— —— = 0. 7.48d 
no% [m Jo + E 0 ( ) 


The solution for p, is now obtained as for money financing. The stable 
root w, is obtained from (7.48d). Given œ, equations (7.48b) and (7.48c) 
then jointly determine the constants åp, Ho, 41, and C,. The solution for 
p, is unique and its asymptotic variance is finite. 


197 


The Stability of Government Deficit Financing under Rational Expectations 


Current output, y,, is given by 
Yi = Yop + (1 + YHo)uzn (7.49) 


which is also of the same general form as before. Its variance is also obvi- 
ously finite. 

To consider what happens to the stock of bonds, substitute for p, and 
y, into the government budget constraint (7.35d), writing it in the form 


Liles RA, | BR(1 — k)(A,@,L) 
= =| B= + iy 0, 4 FE eT (7.50) 








Ruo | KR _ BRU- kyCya,L 
ERO TRO Oo 


= au — k) + ky) 


Using (7.47) and (7.48b), (7.48c), (7.48d) leads, with some manipulation, to 
the following equation: 


a © (751) 





zL 
a wln; — no)(1 = ey) ie + Cy u3,) 
1 b = 


The asymptotic variance of b, is therefore finite if and only if z/(1 + 0) < 
1, that is, if and only if 


8 > RI — k). 


That is to say a growth rate that exceeds the after-tax interest rate is 
necessary and sufficient for the accumulation of bonds to be stable. But 
this case implies dynamic inefficiency; see Chapter 9. 

To summarize, bond financing leads to long-run price stability, in the 
sense of the asymptotic variance of being finite, if and only if the growth 
rate satisfies equation (7.45). A sufficient, but not necessary, condition for 
this is that the growth rate exceed the equilibrium after-tax interest rate. 
The latter condition is both necessary and sufficient for the asymptotic 
variance of bonds, a, to be finite. Therefore it is also necessary and suffi- 
cient for the asymptotic variances of the other key variables, such as the 
real and nominal interest rate and the real and nominal wealth, to be 
finite. Consequently, (7.45) can be viewed as a necessary and sufficient 
condition for bond financing to be a long-run feasible mode of deficit 
financing. 
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7.7 Conclusions 


This chapter has analyzed the stability of money financing and bond 
financing of the government budget deficit under rational expectations. 
The main conclusions to be drawn include the following. 

If the equilibrium stock of government bonds is strictly positive, then 
money financing is stable in the sense that there exists a unique stochas- 
tic process that ensures that all variables have finite asymptotic variances. 
If the equilibrium stock of government bonds is zero, then, apart from 
the nominal stock of money and the price level, which follow random 
walk processes, all variables continue to have finite asymptotic variances. 

On the other hand, if the deficit is bond-financed, then, apart from 
certain very special polar cases, the asymptotic variances of all variables 
—with the exception of current output--- will be infinite. There is no sto- 
chastic process for which these variables will be stable. This instability of 
financing is an example of proposition 3 of Blanchard and Kahn (1980), 
in which the number of unstable roots in the system exceeds the number 
of jump variables. 

In fact, the problem of instability associated with bond financing in the 
present model is more acute than it is in the original Blinder-Solow model. 
This is due to the specification of the Lucas-type supply function, which 
is a standard component of rational expectations macro models. The 
analogous deterministic Blinder-Solow model would be one with contin- 
uous full employment. For such a variant of their model, one of the im- 
portant stabilizing influences—namely, the expansion of income— is lost. 
In this case it can be shown that bond financing will be stable if and only 
if the elasticity of the price level with respect to an increase in the stock 
of bonds exceeds unity, a condition which almost never will be met.'? 

The fact that bond financing is associated with serious instability in 
real variables is tmportant for macroeconomic policy. It raises serious 
doubts concerning the desirability of adopting a fixed monetary growth 
rule. While the instability of such a rule has been discussed previously, 
and also in Chapter 3, most analyses are based on models employing ad 
hoc expectational schemes. The present analysis suggests that even with 
rational expectations such a policy rule will lead to serious instability. 

But these conditions are based on a stationary economy. We have also 
seen how the introduction of growth can stabilize the economy, thereby 
enabling bond financing to be a viable long-run model of deficit financing. 
Specifically, we have demonstrated that the economy will be stable, in 
the sense of all variables having finite asymptotic variances, if and only if 
the growth rate exceeds the equilibrium after-tax rate of interest. 
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1. Although this is certainly one interpretation of the model, others can also be given. For 
example, one can interpret the model as being one in which the government budget is 
always balanced (through the appropriate adjustment of some tax or transfer variable). In 
this case it is sensible for the private sector to fully discount bond interest payments (given 
the tax liability to service them}, and disposable income is properly defined as output less 
government expenditure. Similarly, the wealth coefficients need not necessarily be zero, but 
rather bonds may simply be fully discounted as a component of wealth. 


2. The bonds considered in this chapter are assumed to be denominated in nominal terms. 
These last propositions, which apply if the stock of such nonindexed bonds is zero, con- 
tinue to hold for any arbitrarily given stock of fully indexed bonds, provided that the tax 
system is fully indexed (as we assume). These propositions are therefore of somewhat greater 
general interest than it may at first appear. 


3. As noted by Blanchard and Kahn (1980), the case @ = a is the most familiar one, arising 
in the case of the strict saddlepoint encountered in various optimal control models. They 
also cite cases, associated most recently with Taylor (1977), of a > a, when an infinite num- 
ber of solutions exists; they do not mention any cases of nonexistence of a finite variance, 
one of the cases encountered here. This probably refiects the general impression among 
economists that stability is no longer an issue with forward-looking expectations. Thus, our 
analysis for bond financing represents a counterexample that should be of general interest. 
In a subsequent note, Scarth (1980) also discusses the instability of bond financing in a 
rational expectations framework. 


4. Interpreting M,B in terms of appropriate monetary magnitudes in the United States 
also suggests that (7.12) will be met in practice if B is taken to represent total U.S. govern- 
ment marketable securities outstanding: in 1980 the ratio M/(B/R} ranged from around 0.5 
for the narrow aggregate MI A to around 3 for the broad aggregate M3. We should note, 
however, that the model fails to draw the distinction between base money and deposits. If 
this is introduced, the inequality (7.12) is modified to 


M a3 È 
— eS + (1 — k)R 


i 


B/R b= Xag 


where g = 1 denotes the money multiplier. This revised inequality is actually weaker than 
(7.12), so that it too will quite plausibly be met. 


5. An alternative pair of sufficient conditions to ensure 0 < v; < 1 is 


(1 — k) R? 


(1-ŅR?+1-R 
which again for plausible parameter values will be met. 





tad, > dy x > 


6. The lag operater L can be manipulated like any algebraic quantity. 

7. Using the notation of Blinder and Solow (1973), our A’ > 0 condition holds as long as 
their F, > 0. Scarth (1976) has corrected Blinder and Solow’s expression for Fp and consid- 
ered plausible parameter values. This exercise supports the assumption that F, and A’ are 
positive. 

8. In terms of the Blanchard-Kahn classification, the instability arises from the fact that 
with bond financing a = 2 exceeds a = I. 


9, Given that the bonds in the model are assumed to be perpetuities, pegging the mean 
nominal interest rate at zero is equivalent to driving the price of bonds to infinity, and this 
presumably raises problems of feasibility. 

10. Scarth (1980) also discusses the instability of bond financing in a rational expectations 
framework. 


11. There is an analogy here to the phenomenon of “instrument instability.” which may 
arise in optimal stabilization problems. 
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12. It is worth noting that the minimization of the one-period variance E, (p, — E,- Po” 
has been suggested as the appropriate indicator of welfare for models of this type; see Barro 
(1976) and the discussion in Section 4.5, 


13. In the full employment, flexible price version of the Blinder-Solow model, the govern- 
ment budget constraint becomes (using continuous time) 


É G— Y(t rae 
PR P 


In the neighborhood of equilibrium, 








For stability we require 
ĉB ôP P 
CBB 
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Macroeconomic Stabilization Policy under Rational Expectations 


This chapter addresses three issues pertaining to macroeconomic stabili- 
zation policy with rational expectations. The first concerns the question 
of wage indexation, and the second involves the choice of monetary in- 
strument. These two subjects have generated extensive literatures in the 
context of both closed and open economies, but particularly with respect 
to the latter. We begin by setting out the basic model of indexation and 
then turn to the issue of the monetary policy instrument. Parallels exist 
between these two forms of policies, and they are in fact closely interre- 
lated. Both involve monitoring pieces of contemporaneous information, 
assumed to be available to the policymaker. Wage indexation is a form 
of supply-side intervention, in which the policymaker adjusts the nomi- 
nal wage to current price movements, thereby influencing the real wage 
faced by firms. Monetary policy operates on the demand side with the 
monetary authorities using contemporaneous information on financial 
variables to help determine their policy. In a closed economy, the mone- 
tary instrument problem has been cast in terms of choosing between 
the nominal interest rate and the money supply as the instrument of 
monetary control. In an open economy, this translates into the choice of 
fixed versus flexible exchange rates, which is another debate with a long 
history. 

Authors such as Marston (1982), Flood and Marion (1982), and others 
have emphasized the interdependence between monetary policy and 
wage indexation policy.! They have shown how the choice between fixed 
and flexible exchange rates depends upon the degree of wage indexation, 
whereas the optimal degree of wage indexation depends upon the ex- 
change rate regime. In Section 8.3, we therefore present an integrated 
analysis of optimal monetary and wage indexation policies within the 
context of a small open economy. There are several good reasons for 
choosing such an economy rather than presenting such an analysis 
within a closed economy. First, wage indexation has been particularly 
prevalent among small economies as a key component of an overall 
macroeconomic stabilization policy. Second, such an economy leads to a 
simplification of the demand side of the model, thereby simplifying the 
analytical details, while preserving the essential features of the trade-offs 
involved. Finally, it provides an opportunity to illustrate the use of ratio- 
nal expectations methods in open economies, where, because of the effi- 
ciency of exchange markets, they are particularly applicable and in fact 
have been widely adopted. 

The third issue, introduced briefly in Section 8.7, concerns the merits 
of discretionary policy versus rules in a rational expectations context, 
and the incentives to renege. This question was introduced by Barro and 
Gordon (1983a, 1983b) and, like the other areas discussed, has generated 
significant research activity. 
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Wage Indexation 


Many economies have employed wage indexation at some time. In some 
cases, such as Australia for example, it represents the outcome of a wage 
determination process carried out by a centralized authority. In other 
cases it might represent the outcome of a bilateral negotiation between 
employers and workers. We do not differentiate between these institu- 
tional arrangements in our description. In the 1970s it was thought that 
tying wages to prices (perhaps adjusted for productivity) was an appro- 
priate policy for dealing with inflationary pressures. Gray (1976) and 
Fischer (1977a) were the first economists to introduce wage indexation 
into a formal macroeconomic model, and we shall begin with an exposi- 
tion of their approach. 


Equilibrium Output under Indexation 


The basic model we shall construct is essentially that of Section 4.2. The 
demand side of the economy is unchanged from before and is specified by 
the two equations: 


Ver diy, = dalr, Be (Print oa een “a Uir 0< di < l; d, > 0 
(8.1a) 


M, — P, = X,Y, — Xr, + Uo, x > 0, x, >0 (8.15) 


where y, denotes aggregate output, p, denotes the price level, and m, 
denotes the money supply, all measured in logarithms; př.: , is the predic- 
tion of p, for time t + i formed at time t, and up, i = 1,2 are random 
variables, assumed to have zero means and finite variances and to be 
independently distributed over time. For simplicity, we abstract from 
government consumption expenditure, which can be thought of as being 
incorporated in the stochastic term u,,. 

Indexation is a supply-side policy, and it is this aspect of the model 
that needs to be modified. Output is basically determined by a Lucas 
supply function, which, as we noted in Section 4.1, can be viewed as 
reflecting a one-period wage contract. Recall that the production func- 
tion specified in (4.9) was of the Cobb-Douglas form, which, aggregated 
over all firms and expressed in logarithms, implies (4.21), repeated here 
for convenience: 


y =U-@l + ¢, (8.2a) 


where |, denotes aggregate employment (measured in logarithms), (1 — 0) 
is the elasticity of labor in the production function, and e, is the aggre- 
gate productivity disturbance at time t, assumed to have zero mean and 
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finite variance and to be independently distributed over time. The actual 
aggregate employment of labor, obtained by maximizing profit, is given, 
as in (4.19), by 


! 
= a Unt —N)+p,—w, +e] (8.2b) 


where w, is the current wage rate measured in logarithms. In Section 4.1 
this was equal to the contract wage w*, the latter being determined by 
equating the expected demand for and supply of labor. The resulting 
expression was specified in (4.18) by 
, In(l — 0) + ¥ 

we = the te (8.2c) 
where n is the elasticity of labor supply and y is a constant embodying 
the second moments of the distributions of prices and productivity shocks. 
This latter term can be dropped henceforth without loss of generality. 
Substituting (8.2b) into (8.2a), aggregate output y, may be expressed as 


1—8 : 
re i Lae eee ee ete i. (8.2d) 


The process of wage indexation allows for within-period adjustments 
of the actual wage from the contract wage and in the Gray-Fischer 
model is described by the relationship 


w, = wh + t(p, — Při) O<t< il. (8.2e) 


The degree of wage indexation is reflected in the parameter t and de- 
scribes the extent to which the nominal wage is adjusted in percentage 
terms to unexpected changes in the price level, which occur after the con- 
tract wage is determined. If t = 0, the nominal wage remains fixed at its 
contract level so that any unexpected increase in the price level leads 
to an unexpected reduction in (the logarithm of) the real wage w, — p,. 
The other extreme, t = 1, corresponds to full indexation of the nominal 
wage to the nominal price, so that the real wage is maintained equal 
to the expected level upon which the contract is based, that is, w, — p, = 
wf — p* _,. Substituting (8.2c) and (8.2e) into (8.2d) leads to the aggregate 
supply function 


a — ?)nIn(l — 8) 1—0 X E 
Ve LERU F ( o (1 T)(P; Pert) ti a (8.2f) 


This equation is the supply function in the presence of wage indexation. 
Its resemblance to the supply function (4.22) is apparent; the key difference 
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is that the impact of unexpected price disturbances on current output is 
inversely related to the degree of wage indexation. The complete model 
describing the movement of output, the price level, and the interest rate 
in an indexed economy consists of equations (8. 1a), (8.1b), and (8.2f). 


A Frictionless Economy 


Wage contracts introduce rigidities into the economy, leading to welfare 
losses in comparison to a frictionless economy in which all prices, includ- 
ing wages, are fully flexible. Accordingly, the purpose of indexation policy 
is to attempt to “undo” these rigidities and to replicate as closely as pos- 
sible the output of a frictionless economy, thereby minimizing the result- 
ing welfare losses.? Returning to the model of Section 4.1, the profit of a 
typical firm operating in such an economy is 


TE, = P(L{)*~%e% — WLI. (8.3a) 


Optimizing with respect to labor leads to the first-order condition, 
expressed in logarithms as 


UD = [in(1 — 0) + p, =w + ei] 

which summed over all firms leads to the aggregate demand for labor 
= j tint —O6)+p,—w,t+ &] (8.3b) 
and is a decreasing function of the actual real wage. Aggregate supply of 
labor in this frictionless world is given by 


i = n(w, — p) n > Q, . (8.3c) 


and with perfectly flexible real wages, the market-clearing real wage is 
determined by equating (8.3b) and (8.3c): 


_ In(1 — @) E 


E 8.3d 
MS eae E A a 


Finally, substituting (8.3d) into (8.3c), and thence into the aggregate 
production function (8.2a), leads to the output level of the frictionless 
economy: 


(1 — @)nIn(1 — 0) eS ean 
1+ n8 hee a 


(8.3e) 


t 


The output of the frictionless economy fluctuates about some fixed 
“natural” level in response to the productivity shocks. As long as the 


205 


Macroeconomic Stabilization Policy under Rational Expectations 


supply of labor is less than infinitely elastic, Ẹ, will overadjust to the short- 
run shocks in productivity ¢,. 

The analogy between this frictionless level of output and the full infor- 
mation level of output, introduced in Section 4.5, should be apparent. 
Both move independently of unanticipated price movements (p, — p*,_,), 
although their responses to productivity shocks are somewhat different, 
in that the response of Ẹ, reflects the labor supply conditions as measured 
by the elasticity n. 


Optimal Degree of Indexation 


Since the behavior of }, represents the Pareto optimal behavior of the 
unimpeded economy, the stated stabilization objective is to replicate the 
time path of f, as closely as possible. Subtracting }, from the output of 
the contract economy (8.2f) yields 


1—98 E 
2 — 1} faa ——— EA = cen * ene a ae e 
Ye =V, ( g Nt sa ame Cree + F F (8.4a) 


and the formal objective is to minimize the variance of y, about f,, 
Ely, — §,)°. Taking conditional expectations of equations (8.1a)}, (8.1b), 
and (8.2f) at time t — 1 and subtracting from the respective equations, 
the following expression for the unanticipated price change is obtained 
(cf. equations [4.27a ], [4.27b ]): 


rUy, — daua, — [a(t — dy) + a, dy ](e,/8) 


d, + ((1 — OVO — [a1 — d,) + xd] (8.4b) 





De eS 


From (8.4a) and (8.4b), the following can be inferred. 


i. Increased wage indexation (i.e., a larger t), will stabilize output relative 
to that of the frictionless economy in the face of the aggregate demand 
disturbances uin uz. Since these disturbances impact on output entirely 
through unanticipated price movements, in the absence of productivity 
shocks the optimal degree of indexation from the viewpoint of relative 
output stability is to index wages fully, that is, to set t = 1. In this case, 
the demand disturbances will be fully absorbed by price movements, with 
no impact on output, which will therefore replicate perfectly the (fixed) 
frictionless output. 


ii. Increased wage indexation will destabilize output relative to that of 
the frictionless economy in the face of supply disturbances ¢,. In this 
case, indexation will reduce the extent to which these disturbances will be 
absorbed in price movements, thereby increasing their impact on output. 
Thus, if the only disturbances impacting on the economy are productiv- 
ity shocks, the optimal wage policy is not to index wages at all, that 1s, to 
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set tf = 0. In this case, although the variance of (8.4a) will be minimized, 
frictionless output will not be replicated. 


iil. There is an optimal degree of wage indexation 0 < ĉ < 1, which is 
obtained when both demand and supply disturbances are present simul- 
taneously and which provides the optimal trade-off between price stability 
and output stability. Explicit solutions for this optimal degree of indexa- 
tion will be postponed until Section 8.5, where the more general model is 
discussed. 


Some Extensions 


This completes the description of the basic indexation model. It has 
formed the basis for an extensive literature that extends it in various 
directions. We have assumed that the wage is indexed to the current 
price level. In fact, many countries that have adopted wage indexation 
schemes have linked wage adjustments to past price movements, say over 
the previous quarter or two. This type of scheme would suggest mod- 
ifying (8.2e) to something like 


We — Wa = TP — Pia) (8.2e') 


and is considered by Fischer (1977b). 

Most models of wage indexation assume that the wage rate is adjusted 
in response to price changes alone. That is in fact the economic vari- 
able to which most wage indexation schemes are tied. Other authors, for 
example, Karni (1983), have considered wage indexation schemes tied to 
stochastic movements in current output. This seems to be a less realistic 
schemes in that reliable data on output are typically available with less 
frequency than data on other variables, such as prices. Moreover, if out- 
put shocks can in fact be observed, then output can be stabilized perfectly 
and directly through some appropriate compensating expenditure policy, 
rather than indirectly through some form of wage indexation. 

In the model as developed there is only one price, whereas in the real 
world there are, of course, many prices. This raises not only the question 
of to what extent to index (1.e., the choice of t), but also the question of 
which price to index to, and, further, the possibility of differential rates of 
indexation to different prices. This problem is of particular significance 
for small open economies, many of which (e.g., Australia and Israel) have 
employed wage indexation schemes at various times. For such economies 
the question is, should one index against the CPI, which includes the 
price of imports, or against the GDP deflator, or against some other 
price index? This issue has been addressed by Marston (1984), and 
Marston and Turnovsky (1985). 
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8.2 Monetary Instrument Problem 


In an important paper, Poole (1970) formally addressed the so-called 
monetary instrument problem, which concerns the following issue. Sup- 
pose that the monetary authorities wish to choose some monetary instru- 
ment to serve as an intermediate target of monetary policy: which should 
they choose? The two most natural such intermediate targets are the 
nominal interest rate and the nominal money supply. If the authorities 
choose the former, they must be willing to allow the money supply to 
accommodate as necessary so as to permit the interest rate to achieve its 
objective. If they choose the latter, the nominal interest rate will adjust 
endogenously in response to the stochastic disturbances impacting on the 
economy. The question is, which is better from the viewpoint of provid- 
ing greater stability to the economy? 

In the absence of any stochastic shocks, the choice is irrelevant. Tar- 
geting either the nominal interest rate or the money supply will work 
equally well in terms of enabling the level of income to achieve some 
target (full-employment) level. This is the old Tinbergen target-instrument 
problem, which asserts that in a linear economy and in the absence of 
risk, desired values for certain specified target variables can always be 
attained as long as the number of linearly independent policy instru- 
ments is not less than the number of targets (in this case, one). In order 
for the problem to become substantive, risk must be introduced in a sig- 
nificant way. Using a simple stochastic IS-LM model, Poole showed that 
the choice between pegging the nominal interest rate and pegging the 
nominal money supply, from the standpoint of providing greater output 
stability, depends upon the sources of risk impinging on the economy. 
If the shocks hitting the economy are primarily real demand shocks 
(1e., shocks to the IS curve), then pegging the money supply is better. 
This will allow the interest rate to bear some of the shocks and thereby 
insulate output from the full brunt of the disturbances. On the other 
hand, if the shocks are primarily monetary shocks (i.e., shocks to the LM 
curve), then the preferred policy is to peg the interest rate, allowing the 
monetary shocks to be absorbed by an accommodating money supply, 
and insulating output. Neither of these is optimal, however, and Poole’s 
“combination” policy, in which the money supply is accomodated par- 
tially to movements in the interest rate, is superior to both these extremes. 

The same kind of issue can be addressed within a rational expectations 
framework. Setting m, = m*,_,.g; = g*,-1 in (4.29), Section 4.3 essentially 
yields the solution for output when the monetary authorities choose to 
peg the money supply. The corresponding variance of output can then be 
calculated from this expression in a routine manner. 
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Indeterminacy of Pegging Nominal Interest Rate 


However, seemingly alarming things occur under rational expectations, 
when instead the monetary authorities choose to peg the nominal inter- 
est rate. As Sargent and Wallace (1975) first showed, this leads to an 
indeterminate price level. 

To see this, we need focus only on the IS curve (4.23a) and the Lucas 
supply function (4.23c): 
yi, = di y, — d [F Sia Ped + t (8.5a) 
V= y tIS Při) +o M= é,/0) (8.5b) 
where F denotes the pegged value of the nominal interest rate. We begin 
by eliminating y, from these two equations to yield the following rela- 
tionship between the price level p, and its expectations: 


ya cay di )(P, T Při) = dal Pi- >a Pert) Alp =z (3.6) 
where y = (1 —d,)¥ + dř and z,=u,,—(1 —d,)v,. Now, we propose a 
solution for p, of the form 


p=ptat+ Y bz, (8.7) 
i=0 


where p, 4, ô; are parameters to be determined. Taking conditional expec- 
tations of (8.7) implies 


Pea =P PAC 2 O;24—j 
i=1 
(8.8) 
Dene ei =pratt+ i+ T O:2541-i5 
i=? 


and substituting for (8.7) and (8.8) into (8.6) leads to 
yal E d,)0,2, = d, y (0; E Opn Zii ng dA = = Z 
i=0 
Equating coefficients of z,_; and the constant implies the following: 


eee ae ie aa 
(Een nid, 


where 6 is a constant yet to be determined. Substituting these expressions 
into (8.7), the solution for the price level p, is 
1 7 


a n ee 
=p+ t+ z, +6 
Ug Ce gyre 


Zi 
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where p is also still undetermined. It is immediately apparent from this 
expression that if ô # 0, the asymptotic variance of p, aż is infinite. If we 
now impose the requirement that o remain finite, it follows that 6 = 0, 
so that the solution for p, becomes 

SNI l 


De Dil ee 


oe (8.9) 
da (1 —d,) 


Equation (8.9) highlights how a policy of pegging the nominal interest 
rate results in an indeterminate mean price level. Furthermore, unless the 
interest rate is pegged so that y = 0, the price level will fluctuate around 
a constant determinate deflationary or inflationary trend. But despite the 
indeterminacy of the mean price level and the presence of the trend, the 
asymptotic variance of p, remains finite and determinate. Furthermore, 
taking conditional expectations of (8.9) and combining with (8.5b), the 
solution for output is 


Uir 


- 8.10 
oe (8.10) 


which is determinate and has a well-defined variance. 

Thus we see that although the policy of pegging the nominal interest 
rate leads to an indeterminate mean price level, possibly with a steady 
(known) inflationary or deflationary trend, it does yield finite and deter- 
minate asymptotic variances for both income and prices. Accordingly, 
if the criterion used to assess the performance of alternative policies is 
defined in terms of such variances, the policy of pegging the nominal 
interest rate yields a perfectly well defined performance, which may be 
compared to other alternatives. Indeed, comparing the variance of (8.10) 
with the variance of (4.29), one finds that the Poole conclusion generally 
holds in the present context as well. 

The indeterminacy of the mean price level is a consequence of the 
fact that equations (8.5a), (8.5b) are both real equations and provide no 
nominal anchor for determining the scale of the price level. However, this 
can be easily accomplished in either of two ways. The first, suggested by 
Parkin (1978), is for the monetary authorities to set the nominal interest 
rate F so as to achieve some exogenously announced monetary target, 
say, M. The second is by modifying the aggregate demand function to 
depend upon the real money stock as in (5.1) (see, e.g, McCallum 1981b). 
Either of these respecifications of the model will restore determinacy to 
the price level, suggesting that the indeterminacy identified with pegging 
the nominal interest rate is more of a curiosum than an issue of substan- 
tive policy concern. 
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Fixed versus Flexible Exchange Rates 


In an open economy, the most important aspect of monetary policy is 
the choice of exchange rate regime. The relative merits of fixed versus 
flexible exchange rate regimes have been debated since the 1950s; this 
question is the open-economy analogue to the monetary instrument 
problem we have been discussing.° 

To see this, consider a small open economy operating in a world of 
perfect capital markets. We shall assume investors are risk neutral, so 
that the domestic nominal interest rate, r,, is related to the world nomi- 
nal interest rate, œ, by the uncovered interest rate parity (UIP) condition: 


r= oO, + en. e (8.11) 


where e, is the nominal exchange rate, measured in units of domestic 
currency per unit of foreign currency and expressed in logarithms, and 
ež.. 18 the forecast of e for time t + 1 formed at time t. The expected rate 
of return to a domestic resident on investing a dollar abroad over the 
period (t,t + 1) equals the foreign interest rate plus the expected rate of 
depreciation of the domestic currency (e*,, — e,) over that period. With 
a perfect world capital market and risk neutrality, the rate of return on 
such an investment must equal the rate of return on purchasing a domes- 
tic bond, thereby giving rise to the equality in (8.11). 

If the domestic monetary authority chooses to peg the nominal ex- 
change rate, so that e*,, = e, = g, say, then (8.11} implies that, in effect, 
the small economy must tie its own domestic interest rate to the world 
rate. In this case, it must be willing to allow the domestic money supply 
to accommodate so as to sustain the exchange rate at its target level, just 
as the interest rate policy requires in the closed economy. Similarly, peg- 
ging the nominal money supply permits the exchange rate and domestic 
interest rate to adjust in response to the stochastic influences impinging 
on the economy. 





8.3. Generalized Disturbances and the Role of Information 


As noted earlier, contributions by Marston (1982) and Flood and Marion 
(1982) emphasized the interdependence between wage indexation and 
monetary policy, in the form of the choice of exchange rate regime, in an 
open economy. Extending this view, Turnovsky (1983, 1987b) and Aizen- 
man and Frenkel (1985, 1986) took a more integrated approach to the 
stabilization of an open economy by analyzing general rules for wage 
indexation and monetary policy. These authors focused on the trade- 
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offs between the two as stabilization instruments, and their approach was 
directed at the design of overall, integrated, stabilization policy packages. 
The degree of accommodation of the money supply to exchange rate 
movements impinges on the effectiveness of wage indexation and vice 
versa. Some degrees of wage indexation render monetary policy ineffec- 
tive, and the reverse applies as well. 

The next several sections pursue this interdependence further, extend- 
ing the analyses of Sections 8.1 and 8.2 in several directions. First, these 
initial models, and in fact much of the literature, deal almost exclusively 
with white noise disturbances; that is, the stochastic shocks impacting 
on the economy are assumed to be unanticipated and transitory and to 
be independently distributed over time. But in practice, the distinction 
between permanent and transitory disturbances, on the one hand, and 
anticipated and unanticipated disturbances, on the other, are important, 
as we have discussed in previous chapters. Different types of disturbances 
impact on the economy differently and require different policy responses. 
Thus the exogenous disturbances we shall consider in the next sections 
may be of general types, in terms of how they are perceived by the agents 
in the economy. 


Availability of Information 


An important element in the analysis concerns the availability of infor- 
mation with respect to the stochastic disturbances impinging on the 
economy. We shall assume that there are two types of such random 
shocks. First, there are financial and price variables, information about 
which is assumed to be available to all agents instantaneously. Second, 
there are real and monetary shocks (stochastic shifts in the IS and LM 
curves and aggregate supply functions), which may or may not be ob- 
served contemporaneously. Indeed, we shall show how both the form 
of the optimal rules and, in some cases, their ability to replicate the fric- 
tionless economy depends critically upon the availability of information 
to agents in the economy. Our characterization of this is illustrated in 
Figure 8.1, considered from the viewpoint of time t, which we partition 
it into the infinitesimally short subperiod (f, t+). 

As we have already discussed, one motivation for the supply function 
is that the wage at time t is determined by a contract signed at time t — 1 
on the basis of information available at time t — 1. Prices and financial 
variables are assumed to be observed instantaneously by all agents, so 
that everyone has complete current information on these vartables when 
they make their respective decisions. More specifically, these instanta- 
neously observed variables include 
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Figure 8.1 
Timing of information and decisions 


i. the domestic and foreign interest rates, 
1i. the exchange rate, 


iii. the domestic price level. 


The model we shall develop includes just a single traded good. Thus 
in the absence of impediments to international trade, the domestic price 
of that good P must be related to the given foreign price Q and the 
exchange rate E, (where all prices are measured in natural units} by 
P = QE, which is referred to as purchasing power parity (PPP). Given 
this relationship, (i1) and (iii) imply the observability of the foreign price 
level as well. 

At time t, two sets of decisions are made. First, there is the policy deci- 
sion, that is, the implementation of the monetary intervention rule. Sec- 
ond, there are the decisions of the private agents in the economy, which 
include the production, portfolio, and consumption decisions, as well as 
the formation of forecasts for the next period. We assume that the two 
sets of decisions are made in the above order, at instances we denote by 
t,t-+, respectively. This means that monetary policy, which is determined 
at time t, is known by the time the production decision is made at the 
next instant of time, t+. 

This distinction in effect differentiates the information set available to 
the public and private agents in the economy. It is possible to make fur- 
ther distinctions among the various private agents along the lines of 
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Canzoneri, Henderson, and Rogoff (1983). For example, one can allow 
investors, who form predictions of the future exchange rate, to have dif- 
ferent information from individuals concerned with predicting prices in 
the determination of the wage contract. And their information may differ 
from that of producers. 

The key informational issue concerns the observability of the domestic 
monetary disturbance, which we shall now denote by u,, and the domes- 
tic productivity disturbance, ¢,. Under the above assumptions, three dif- 
ferent informational situations exist: 


i. u, and ¢, are observed instantaneously at time t by both public and 
private agents. This full-information assumption turns out to be, in effect, 
the information structure considered by Karni (1983) in his discussion of 
wage indexation policy. 

ii. u, and £, are observed in the time interval (t,t+). They are therefore 
unobserved by the stabilization authority but known to private agents. 
This asymmetric information assumption is made throughout much of 
the literature and is implicit in the above analysis of wage indexation. 
It is also implicit in much of the analysis dealing with exchange rate 
intervention; see Canzoneri (1982) and several of the papers in Bhandari 
(1985). 


iii. u and ¢, are observed after time t+. They are therefore unknown to 
both public and private agents at the time decisions for time t are made. 
In this case, agents form estimates of the two stochastic variables at time 
t, as required for forecasting decisions, by utilizing information on the 
observed financial variables. This information is again symmetric between 
public and private agents and is the assumption adopted by Aizenman 
and Frenkel (1985). 


The informational issue we have been discussing pertains to the timing 
of the available information. The question of the role of this type of 
information in the conduct of optimal monetary policy is discussed at 
length by Turnovsky (1987b). Other authors have extended the role of 
differential information underlying the Lucas (1972, 1973) “islands” 
model to an open economy context. The essential informational asym- 
metry here arises from the notion that agents are trading in different 
local markets and thus observe different prices. Most of this literature 
does not address optimal policy, but rather focuses on the comparison 
of fixed versus flexible rates. For example, Kimbrough (1984) shows that 
the degree to which an unanticipated change in the money supply is 
perceived by agents, and therefore its impact on output, depends upon 
the exchange rate regime. Under flexible exchange rates, systematic 
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monetary policy can have an effect on real output by altering the infor- 
mation content of the exchange rate. This is not the case under fixed 
exchange rates, because under that regime the exchange rate fails to 
provide useful information. 





8.4 A Rational Expectations Model of a Small Open Economy 


The assumptions of uncovered interest parity and purchasing power par- 
ity enable the demand side of the economy to be simplified to 


r= W, + eža e (8.11) 
P= qite, (8.12) 
M, — Pi = iYi — Aaf, + 4. (8.1b’) 


The supply side is again represented by the one-period wage contract 
model, with the contract wage for time t being determined at time t — 1, 
based on information available at that time. There are however, two dif- 
ferences from before. First, unlike the previous analysis, the productivity 
shock g, is not a temporally independently distributed random variable. 
Instead, firms may form predictions at time t — 1, denoted by ¢#*,_,. Fol- 
lowing the previous argument, this modifies the contract wage to 


In(1 — 0) er 


Ce m 8.2c' 
1 + 0n 1 + Øn (oe 





An expected positive productivity disturbance will raise the expected 
marginal physical product of labor and therefore result in a higher con- 
tract wage. 

- Actual employment is determined by the short-run marginal product 
condition after the actual wage and price are known. However, the 
second difference is that the firm may or may not observe the actual 
productivity shock g, instantaneously. This leads to the following modifi- 
cation to the marginal productivity condition: 


1 
L = z Ung E 8) A Py — Ww + E,(£,)], (8.2b’) 


where we have replaced g, by its instantaneous forecast, denoted by E,(¢,), 
into this optimality condition. If ¢, is observed instantaneously, then 
E,(é,) = & and (8.2b’) reduces to (8.2b). Otherwise, the firm must infer it 
from available information on current observable variables using a linear 
forecasting technique, to be discussed below. Combining (8.2b’) with 
(8.2a), current output is given by 
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(d — 0) 


yi ae ae [In(1 J 8) +p wt E,(e) ] + &, (8.2d') 


which depends both on the firm’s estimate of s, and on g, itself. In the 
event that g is observed instantaneously, then (8.2d’) reduces to (8.2d). 

In the situation where the productivity disturbance is observed instan- 
taneously, the optimal form of wage indexation will emerge from the 
equilibrium; this condition will be discussed later. Otherwise, we assume 
that wages remain indexed in accordance with equation (8.2e), which, 
combined with (8.2c’) and (8.2d’), yields the following form of aggregate 
supply function: 


„U = @nln(l — 6) ae ae Peis 
y= +( ie MP, — Pe) 


r 1—0 Ele) Erci K 
9 PET eT 


If the productivity disturbance is observable instantaneously, then (8.13) 
is modified by substituting E,(e,) = ¢, into this equation. 

In the case that the monetary authority observes all disturbances in- 
stantaneously, the optimal rule will become self-evident; see (8.29) below. 
Otherwise, we assume that the money supply is adjusted in accordance 
with observed movements in the financial and price variables: 





(8.13) 





mM, = Ve, + Vol, + V30, + VaPy- (8.14) 


Using the UIP condition (8.11), and the PPP condition (8.12), this equa- 
tion can be expressed as 


M, = H€, + zetia + H3O, + Made (8.14) 


The money supply is assumed to be adjusted to a wider range of pieces 
of information than are wages. This reflects the prevailing practice of re- 
stricting wage indexation to price movements. If, in addition, wages are 
assumed to be indexed to the foreign price level, nothing additional is 
gained as long as the money supply is adjusted to the foreign price level 
as well. There is a trade-off between u4 and the corresponding coefficient 
in the wage indexation rule. 

With monetary policy being determined by a broad-based rule such 
as (8.14'), wage indexation turns out to be inessential. The optimum we 
achieve can always be attained by monetary policy alone. In some cases, 
it can also be achieved by a comprehensively based wage indexation 
scheme. But this is not always so, and in one important case, monetary 
policy is always required to achieve the optimal degree of stability: see 
Turnovsky (1987b). 
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As in Section 8.1, the target is to minimize the variance of output 
around the output of the frictionless economy. When productivity shocks 
are not necessarily observed instantaneously, the supply of output in 
such an economy becomes 

(1—@)nIn(i — 8) ntl — 0) 


Ro nade) 


: E,(e,) + E. (8.15) 

This completes the description of the economy incorporating both 
wage indexation and monetary policy. The model consists of (8.11), (8.12), 
(8.1b’), (8.13), and (8.14'), which jointly determine e,, p,.r,,™m,,¥,, and (8.15), 
which in turn determines the benchmark level of output, f,. In the case 
where £g, is observed instantaneously by private agents, E,(¢,) = ¢,, and 
(8.13} and (8.15) are amended accordingly. One point that should be clari- 
fied is that the notation (t,f+) introduced previously is to parameterize 
the information sets available to the agents in the economy. All variables 
in the infinitesimal time interval (t, t+) are determined simultaneously. 





8.5 General Solution 


We now solve this system under general assumptions regarding the 
forms of the exogenous shocks impacting on the economy. Purely for 
notational convenience we shall drop the observed constant quantity 
(1 — @)nIn(l — 0))/(L + n8}, which appears in the two equations (8.13) 
and (8.15), so that all variables should now be reinterpreted as being in 
deviation form about some initial equilibrium. The first thing to note 
is that the observability of the financial and price variables implies the 
observability of some linear combination of the unobserved stochastic 
disturbances. With m, being adjusted in accordance with a known rule in 
response to observed variables, the real money supply m, — p, is observed 
at time t. Substituting for output from (8.13) into (8.1b’) leads to 


1—0 
m — p= a( | fo = Me — efi) + (d = ah) 


Æ 
EGJ- a Sen + (u, + 4,8). (8.16) 
The quantities e,,e*,,.4,,47,-1, E,(é,), 6*,_;,.r, are all observed at time t, 
enabling one to infer the value of the composite disturbance (u, + «, é,). If 
we assume for simplicity that u,,¢,, are uncorrelated, the optimal esti- 
mates of each can be obtained from the observed composite disturbance 
by the least-squares projections 
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T oe 
; aa? 
Ee) = a? + a?o? (u, a 1 &,) (8.17b) 


where a2, a? are the variances of u,, ¢,, respectively. 
For notational convenience define 


yd + 7) 


E € + (1 = Ha)qi — (%2 + M3), (8.18) 


t,=u,+ 
so that the conditional expectations for time t + j, formed at time z, 
are 


xl +n) 


1+n0 Erja tL Haa ja — Aa + BOF ja 


-* = y* 
Sh Urs jt + 


p= ON ee (8.19) 


The instantaneous forecast, z*, depends upon the observability of u, €. 
In general, we have 


l ! (l +n) 
ie) =e ty) F,(e,) + U — adq, — (22 + Wo, 
1 + nO 
#,(1 —@)n 
= 2 E {sF E 1Y 


with 2*, = z,, when & is observed instantaneously. 

Substituting (8.11), (8.12), (8.13), and (8.14) into (8.1b’) and taking con- 
ditional expectations yields the following difference equation in exchange 
rate expectations: 


(23 + Haei T (l + Aa = 1h ela 5 Zin BEN era (8.20) 


Using this notation, we can show that the deviation of output from its 
frictionless level, y, — F, 18 


E 
A 9 Ja = mall = oieta +a ata 


Ele) E Erra 
1 + ne 


x (l —O)n , ca | 
ae [a = Eol |} (8.21) 
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where A= 1 + g, ~ u, + %,(1 — t){(1 — @)/8). The exchange rate expec- 
tations ež, and e*,_, are obtained by solving (8.20) and are given by 


1 A x j l Pa È 
ee ea ener ae 
i L+% — ul j= PAE eee) Xz + Hz 


E | yo l + xz — H4 j sles eee 
ets oe Xz + Hz 


where 2%, ;, is defined in (8.19), (8.19). 

In addition, the general solutions for expectations also contain a bub- 
bles component, which has been eliminated, leaving us with these solu- 
tions expressed in terms of the “fundamentals.” In the case of (8.22a) this 
is the only stable solution, though this is not the case in (8.22b). One 
rationale for the elimination of the bubbles term is the minimal state 
representation criterion, discussed in Chapter 5. Note further in (8.22b) 
that 2*,, = 2,-, for j> 1, meaning that past values of z, are known at 
time t. The case where expectations are backward looking, while con- 
sistent with rational expectations, is of less economic interest. In the 
main cases we shall discuss, expectations are always forward looking, 
with (8.22a) being the relevant case. 

Setting i = | in (8.20) at time ¢ — 1, using (8.19’) and substituting into 
(8.21), the deviation in output from the frictionless level can be written 
equivalently as 








2 1/1—0 
VSV a a jiu aoe TL (22 F Lo Nefa a Chace) rae (E,(z,) re ar )] 
EEI See 
heey eee eee oe alae 
F ( a Xa mhi t)(q, dia 1) he { ie no {i 


(8.21') 


This equation indicates that the deviation in output from the frictionless 
level depends upon revisions to forecasts made between time t — | and 
time f in response to new information. In the case of observed variables 
such as q,, this is the unanticipated change in that variable. In the case of 
exchange rate expectations, it is the update in the forecast for time £ + 1, 
between time ¢ — | and time t. 

The analysis of optimal policy will focus on two important cases. The 
first is where all disturbances are unanticipated and transitory (the as- 
sumption made in Section 8.1 and 8.2), so that 


en =O for all t. (8.23) 
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The second is where the expectations of the composite variable z formed 
at time ¢ are uniform throughout all future periods. Formally. this is de- 
sertbed by 


Sago ep ASA SAL a ceens for all r. (8.24) 


In particular, we consider the important case where the current distur- 
bance in z, is expected to be permanent, so that 2*¥ = Etz). In this case, 
the stable solution for exchange rate expectations becomes 
E,(=,) À 
C oe p= oe. orali (8.25) 
l — My — ftp 


8.6 Jointly Optimal Wage Indexation and Monetary Policies 


We now derive the optimal monetary policy and wage indexation rules 
under alternative sets of assumptions. 


Full Information 


Stabilization when both private agents and the stabilization authority 
have complete information on ali random disturbances, including t,, €, 1s 
straightlorward, either by means of wage indexation or monetary policy. 
We begin with the former. 

Subtracting (8.2d’) from (8.15), setting E,(c,) = ¢,, and using (8.2c’) leads 
to the expression 


— 1 — p¥ 
y- 5 = (55) [o — p* i} —( w, — we) + te sts) (8.26) 





8 l+ nË 
so that y, = ¥,, the frictionless level, provided wages are indexed in accor- 
dance with 


“=w + (Pp, — Pru} RE (é,— Err h (8.27) 


l+ ng 
That is, the wage should be fully indexed to the unanticipated change in 
the price tevet and partially indexed to the unanticipated component of 
the productivity shock. Full indexation to the price change alone yields 
perfect stabilization if and only if the productivity disturbance is fully 
anticipated (1.e., £f,- = «6,) or if the supply of labor is infinitely elastic 
(i.e. n x*). Equation (8.27) may be written as 


| 
ere F n 8.28 
w= +P, Pra i} 1+ md Jr a) ( ) 
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with the rule now being expressed in terms of the unanticipated move- 
ment in output. This rule ts equivalent to the Karni (1983) stabilization 
rule, which dealt with unanticipated disturbances. 

But output can be stabilized another way. Subtracting (8.2d’) (with 
F,(é,) = & and omitting the constant) from the money market equilibrium 
condition, (8.1b’), we obtain 


c l ltn 
BT E M, — Py + Xf, — Uy X 1+n8 Er |> 


so that for perfect stabilization, we require 


l+nr 
Mm, = Pp, — Ur, + u, + Oo, (, n 2) es: (8.29) 


Equations (8.28) and (8.29) provide alternative methods for replicating 
the output of the frictionless economy. Each of these approaches offers 
advantages for the policymaker. The wage indexation scheme involves 
monitoring fewer pieces of information, although it does involve forming 
forecasts of the current productivity disturbance. On the other hand, the 
monetary rule uses more information, but requires observations only on 
current disturbances. Moreover, the authority need not attempt to deter- 
mine whether a disturbance is permanent or transitory. Its nature will be 
reflected by movements in the (observed) interest rate. Finally, eliminat- 
ing p, between (8.27) and (8.29) yields a trade-off between the adjustment 
in the money supply and the wage rate. 


Imperfect Information 


We return to equation (8.21) and determine the optimal monetary policy 
and wage indexation schemes in the situations where there is now imper- 
fect information. The optimal policy rules are summarized in Table 8.1. 
The first row of that table deals with situation (ii) introduced in sec- 
tion 8.3 (under the heading “Availability of Information”), where private 
agents, but not the stabilization authority, observe the demand and pro- 
ductivity disturbances u,, £&; the second row describes situation (111) where 
neither the private agent nor the stabilization authority observes u, ¢,. 
The two columns in the table refer respectively to white noise distur- 
bances and to disturbances that, having occurred, are then perceived as 
being permanent. 

These optimal policies are determined as follows. Depending upon the 
disturbance, e*,, ,,e*,, are calculated from (8.22) and substituted into 
(8.21). The policy parameters u; and t are then chosen to minimize 
var(y, — Jy). 
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Table 8.1 
Optimal monetary policy and wage indexation with imperfect information 





White noise 


{fy arbitrary 


My = -% lz, fa. Ha all arbitrary 
Ha = ~X + {i t arbitrary, but t Æ 1 
(1+ 2, — 4,)¢ antl — Od 
f ={(1 -7| O+ gll — 0 + —-———— 
1 + nf) 14 1+ nl 
Rk, #l+a, tÆ 
imperfect stabilization perfect stabilization 
Private agents do not observe u. £ 
fis arbitrary 0 wp, =l+e, 
f= = Ho. Ha. Ha all arbitrary 
[hp Se, t arbitrary, but t # | 
(Ll + x5 — fi, )q a, n(l — 8 
aE l + l Mp 
1+ n0 1+ n0 
Hy #l+a,, t#1 (ii) u, arbitrary 
Hy = 7% 
Ha = Hy + He 
(1 — wy — pa) a, ntl — 6) 
Hi Re aaia 1 g 
1+ nü 14+ nd) 
perfect stabilization perfect stabilization 


Perceived permanent shifts 





Private agents observe u, & 
yee, 


White Noise Disturbances 
For white noise disturbances all expectations are zero, so from (8.23) 
CMa = CF = 9. 


Thus, substituting into (8.21'), 


I ft=o ee 
ee A Oo i = z5 T) Aaj 


| | E46) 
+ (1 +a, — #)|  — tq, + 1+n0 


o 1/1—08 | 
SA 0 —({1 — t)(u, + %16) 


(1 +æ, — u) — (1 hh in l 
ai | L+n0 |e 





Ch Sve Nei — Hı + ita gate neat (ay + use. (8.30) 


| 
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Observe that the solution is independent of the monetary policy parame- 
ter u. This is because for white noise disturbances ef, = 0. It is evident 
from (8.30) that the values of the optimal policy parameters that mini- 
mize var(y, — ¥,) can be obtained sequentially. First, the effects of the 
foreign variables g,,w, can be neutralized by setting their respective 
coefficients in (8.30) to zero. Then the remaining variance due to the 
(unobserved) domestic variables can be minimized. 
To stabilize for the foreign variables, set 


Ha ae: (8.3 1a} 
fig = -t + fy, (8.31b} 
thereby simplifying (8.30) to 


See ell = 
nah af a) (1 t){u, + 2, &,) 


(i +a, —p,}—- {l — tha, (1 — @)n , 
+ l £ Aano | Elen). (5.30) 





The remaining choice is that of u, t, and this depends critically upon 
whether or not the productivity disturbance is observed. 

Equation (8.30'} brings out trade-offs between the degree of wage in- 
dexation t, on the one hand, and the exchange rate regime, as reflected 
by the monetary policy parameter u, on the other. But even more than 
that, the setting of one of these policies may completely destroy the effec- 
tiveness of the other. For example, suppose the domestic wage is fuily 
indexed to the price level, that is, t = 1. In this case output is determined 
solely by supply conditions: 


1-@é | 
ee ee pk, | ee 3 
yo Ne ( ü Ji + nO (6) 


thereby rendering monetary policy that operates through the demand 
side ineffective for further variance reduction. On the other hand, sup- 
pose the monetary authority sets p, = (1 + 2,). This is a policy that 
accommodates the domestic money supply so as to exactly offset the 
change in the demand for money due to movements in the exchange rate. 
In this case (8.30) becomes 


Deeg! “(1 — 0n 
Jim = E |i + XE) $ 1+ ng Exe) | 


Output becomes determined independently of price shocks, thereby ren- 
dering wage indexation ineffective for further stabilization.* 
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Observed Productivity Shock Returning to (8.30), if £ is observed, then 
E (e) = €,, and as long as the two disturbances are uncorrelated, we may 
write 


2/1 _ ay2 
E (9 fu are 


a E + a — py) — (1 — tal + faat. 
1 + né 


Despite the faci that there are two remaining policy parameters to be 
chosen, they each give rise to the same first-order optimality condition. 
Setting 2a; /dv = Ga; /8n, = 0, both lead to the optimality condition 





1+a,— fy anil — 0p 

—— =({1l — — ; 
( oao Jo í o|o +201 0} + Laa (8.32) 
where 

= ao; 

Oat + ata 


Equation {8.32} implies a trade-off between the degree of wage indexation 
and the extent to which monetary policy should respond to exchange 
rate movements, Either t or u; can be chosen arbitrarily, with the other 
being determined by this relationship. The extreme values t = 1, u] = 
—(1 + a3) are ruled out for reasons just discussed. From (8.32), we see 
that dji,/d? > O, so that if the wage is more fully indexed to the price 
level, then the money supply should be expanded more (or contracted 
less) in response to a depreciation in the exchange rate. 

Substituting (8.31a), (8.31b) into (8.14) and using the PPP and UIP 
relattonships, the optimal policies can be specified very simply by 


m, = (fy — XP, — að, (8.33a) 
w, = Tp, (8.33b) 


where f, f, are related by (8.32). Written in this way, both optimal policy 
rules have the convenience of enabling the domestic policymakers to 
moniter only domestic variables. In particular, one component of the 
optimal monetary rule requires accommodation to movements in the 
demand for money arising from changes in the domestic interest rate. It 
is also true that the optimum can be reached through monetary policy 
alone by setting f= 0 and determining the corresponding value of the 
monetary policy parameter from (8.32). 
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Unobserved Productivity Shock Turning now to the case where ¢, and 
therefore u, are not observed by private agents, we have from (8.17b) that 


Ele) = plu, + %1£), (8.34) 
in which case (8.30') becomes 


S E. 1- 
n-i -a —7) 


k [Cieni ae 


ETT Jote + a6). (8.30°) 


The optimal policy parameter, obtained by setting the coefficient of the 
composite disturbance (u, + «,¢,) to zero in (8.30"), now satisfies 
«(l — os 


Gas aE Tene 


(1 + x; — ĝı) 


8.35 
| + nð ( 


which again implies a positive trade-off between the monetary and in- 
dexation policy parameters. In this case, the slope is greater than before, 
implying that for a given degree of indexation, a greater monetary expan- 
sion (smaller monetary contraction) is required in response to a given 
depreciation of the exchange rate. Substituting (8.31a), (8.31b) into (8.14) 
and using the PPP and UIP conditions, the optimal policy rules are again’ 
given by (8.33a), (8.33b), except that the trade-off between p; and f is now 
given by (8.35). 

There is, however, one critical difference between these two cases. When 
private agents observe m, and g, the optimal stabilization rule, based on 
incomplete information, is unable to replicate the output of the friction- 
less economy. In effect, the inferior information available to the stabiliza- 
tion authority prevents it from being able to track perfectly the behavior 
of a private frictionless economy. There is, therefore, some residual posi- 
tive variance to relative output fluctuations. By contrast, when these dis- 
turbances are not observed by private agents, the optimal rules, with u, 
and «, satisfying (8.35), imply perfect stabilization. With equal (imperfect) 
information to that of the private sector, the stabilization authority is 
able to replicate exactly the behavior of a frictionless economy. The latter 
is precisely the result obtained by Aizenman and Frenkel (1985). 


Perceived Permanent Disturbances 


Suppose now that the disturbances occurring at each point of time t, 
although previously unanticipated, having occurred are now perceived as 
being permanent shifts. Thus, qf). = 4,-1.¢f)-1 = E,-1(é~1), and ZA ju = 
E,(z,) for all j and t. Thus exchange rate expectations are generated by 
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Fle) 
Cage ee Py SE (8.36) 
— #1 — He — Hi 7 H 
where E, (z) is given by (8.19). 
Substituting these expressions for expectations in (8.21°), the solution 
for y, — Ñ, is given by 


Ele) Fg E1 (£1) 
“1 +né 





aye) say wfc — Tig — Gra) + 
= (1 — t)(£,(z,} — Pata (8.37) 
1 — pty — fe 


From (8.37) we can obtain the expressions for the optimal policies re- 
ported in the second column of Table 8.1. 

In the case where private agents, but not the stabilization authority, 
observe u, and g, we see by inspection that output is stabilized perfectly 
at the frictionless level for all t, by setting p; = (1 + æ). The optimal 
policy rules are therefore 


m, = (1+ ag)e + weet, + Hao, + Hag, (8.382) 
W = we + TP, = Pri) (8.38b} 


where ji,, lz, fly, T are all arbitrary, the only restriction being that t # 1. 

To understand the economic reasoning underlying this result, consider 
the domestic money market. Combining equations (8.11), (8.12), and 
(8.1') yields 


m, =q, +e,+ %,¥, — talo, + eh. ,—e&] + Uy. {8.39} 


If the domestic monetary authority intervenes in accordance with (8.38a), 
it follows from the first equation in (8.36) (and the assumption that u, and 
a are observed by the private agents) that 


L ail +R 
e 


e* = Lae oe E 
ttl x, + ih l+ n8 t 


E (a5 T Ho, + (1 a noa | {8.40} 
Exchange rate expectations adjust in response to the stochastic distur- 
bances u,,€,,@,, and q,. The resulting adjustment in the domestic interest 
rate is precisely such as to eliminate the effects of the disturbances u,, c,, 
and q, from the excess demand function for nominal money balances. 
This can be seen by substituting (8.40) and (8.38a) into (8.39): 


(1 + %)e, + Ka; + Had, = q: F E: + Xv, 


= E i a, (1 +a) 


1+ n0 E — (at, T Hs}, + (1 = pada: a a2 (c2, = €) + Hi. 


(8.41) 
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It is clear from this equation that whatever arbitrary values of jz, Ha, and 
tg are chosen, the expected exchange rate, given by the term in parenthe- 
ses, simply adjusts to offset these stochastic effects. Upon simplification, 
{8.41} reduces to 


Ltn ly 
Y: me (i ae a fan Vu (8.42) 





thereby verifying that income is stabilized at its frictionless level. 

It is interesting to observe that in contrast to the white noise distur- 
bances discussed above, the stabilization authority, having incomplete 
information, can nevertheless replicate the equilibrium of a frictionless 
economy in response to this type of disturbance. It can dispense with 
wage indexation; and in fact, in light of the PPP and UIP conditions, the 
optimal monetary rule can be expressed in a number of equivalent ways, 
for example, 


m = (Lh + tale, m = (1 + 2p, m, = (1 oi aalr 


The most convenient form will presumably depend upon the availability 
and reliability of the necessary information. 

The situation where the private agents do not observe n, fp leads to 
two sets of optimal policy rules, both of which yield perfect stabilization 
at the frictionless output level for all t. Since (8.37) does not depend upon 
the observability of u, £, one optimal solution is obviously u, = (1 + %3), 
which again gives rise to (8.38a), (8. 38b). 

The term in parentheses in {8.37} can be written in terms of the differ- 
ences Aw, Aq, Alu, + x 8,). The second set of policy rules is obtained by 
setting the coefficients of these random variables to zero, thereby setting 
the right-hand side of (8.37} to zero. The resulting optimum is similar, 
but not identical to, that obtained previously. Specifically, #, = —,, 
fig = fi, + ġa, with Ài, ĝa, t being arbitrary but subject to the constraint 


(= i= OE (1 -of 4 a(l — ne | 


+n 1+ no 


If, further, we choose f, = —a,, then this second set of policy rules 
reduces to (8.33a}, (8.336), and the trade-off between f,,7, again is given 
by (8.35) This is identical to the optimal policy under white noise 
disturbances. 


Uncertain Perceptions 


Thus far, we have assumed that private agents are clear in their percep- 
tions of whether the observed disturbances are permanent shifts or only 
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transitory shocks. Of course, in time they may prove to be wrong, but 
our assumption has been that agents can form a subjective characteriza- 
tion of them. Suppose, tnstead, that agents are unable to decide whether 
a disturbance that has occurred represents a permanent shift or only 
a transitory shock. Assume that they formalize their uncertainty by 
assigning p, l — p, respectively, to these two outcomes. In the case where 
the private agents observe w, Ep, the expected exchange rate is 


Cri: = -1 

— fy — By 
and the analysis can be carried out by substituting this expression into 
(8.21). In this case it can be shown that if p < 1, perfect stabilization 
about the frictionless level of output is not possible. On the other hand, if 
private agents do not observe u,,£,, we have seen that the rules (8.33a), 
(8.33b), together with (8.35), replicate the frictionless economy perfectly 
for both white noise and permanent shifts. This rule will therefore yield 
perfect stability regardless of the private agents’ perceptions of the nature 
of the shocks (i.e., for all values of p}. 





8.7 


The Barre-Gordon Model 


In studying macroeconomic policymaking, most economists ignore the 
incentives of policymakers and the political constraints they may face. 
Having formulated some social objective function, the policymaker is as- 
sumed to proceed with the determination of policy, guided by the objec- 
tives which have been assumed. In discussing economic policymaking, 
the distinction has traditionally been drawn between discretionary policy, 
where the policymaker can vary his policy instruments as he wishes, and 
rules, which constrain the way policy is conducted. These rules may be of 
the type studied in this chapter, they may be based on past information, 
or they may be of other types. 

A monetary authority following a discretionary policy always has the 
ability to generate unanticipated inflation, thereby generating short-run 
expansions in output by virtue of the Lucas supply function. In a world 
of rational expectations, agents learn these incentives and adjust their 
inflationary expectations, so that on average the equilibrium rate of infla- 
tion is increased. Monetary policy rules that rule out surprises will lead 
to a lower equilibrium rate of inflation. However, when rules are in place, 
the monetary authority has an incentive ta renege on them in order to 
generate inflationary shocks and the benefits they yield, and this can 
threaten the viability of the equilibrium based on policy rules. This 
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important idea was introduced and first developed by Barro and Gordon 
(1983a, 1983b) and will be outlined in this final section. Their exposition 
will be followed quite closely. 

The policymaker is assumed to have an objective, which is to minimize 
the expected discounted costs associated with inflation. These costs shall 
be represented by 


EY tec (8.43a} 
i=0 

where 

z= 5m — b(n, — 2*) (8.43b) 


and y, i$ a discount factor between time t — i and time t; z,,7* are the 
actual and predicted rates of inflation for time t; and z, denotes the short- 
run cost of inflation at time t. The latter consists of two parts. First, with 
output determined by the Lucas supply function, a positive unanticipated 
inflationary shock leads to an unanticipated short-run increase in output, 
thereby conferring a positive benefit on the agent. However, inflation it- 
self incurs costs, which for simplicity are represented by the quadratic 
term, so that they increase with the rate of inflation. This is not intended 
to be a realistic model, but it suffices to illustrate the main point. The 
coefficients satisfy a > 0,6, > 0, with the latter being stochastic and un- 
known to agents. The stabilization authority is assumed to conduct mon- 
etary policy in way that enables him to control the inflation rate directly 
each period. Stochastic shocks can be introduced into this aspect of the 
relationship without modifying the results. 

Consider first discretionary policy, and assume that when choosing the 
current actual inflation rate x,, the policymaker treats the expectations of 
the current and all future rates of inflation (z*,,,i > 1) as given. Given the 
nature of the cost function, all future states are independent of current 
actions, so that (8.43a) can be minimized by minimizing the current costs 
z Performing this calculation leads to the optimal rate of inflation under 
discretion #, = b/a where b = E,(b). Agents, having rational expectations, 
form their predictions of inflation by solving the policymaker’s optimiza- 
tion problem. They therefore predict the inflation rate to be as deter- 
mined by the policymaker, namely, x* = 7, = b/a. There are therefore no 
unanticipated shocks in equilibrium, and, substituting these expressions 
into (8.43b), the corresponding minimized costs are 2, = (1/2)(b?/a). 

Now suppose that the policymaker follows a policy rule that commits 
him in advance to some chosen rate of inflation. By announcing the rule 
and relating it to variables that are observable and are known to the 
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private agents, the policymaker can, in effect, control the private expected 
rate of inflation. Essentially he chooses both x, and 2*, subject to 2, = n*. 
Substituting this into (8.43a), there is no unanticipated inflation and 
inflation costs are minimized by setting #, = 0, with the corresponding 
costs being Zz, = 0. 

Comparing the costs under the rule with those under discretion, we see 
that the latter exceed the former. The commitment in the rule prevents 
inflation from becoming excessive, thereby eliminating the costs associated 
with positive inflation rates. But does the policymaker have any incentive 
to renege on the commitment? The answer is yes. 

To see this, suppose that private agents have initial inflationary expec- 
tations, formed from some prior rule, say equal to zero; that is, x* = 0. If 
the policymaker takes this as given and chooses the inflation rate at time 
t to minimize z,, the corresponding optimal inflation rate will be z, = b/a, 
ihe same as it was with the discretionary policy. The expected cost of 
cheating in this way is now —(1/2)(b2/a), which is less than the cost of 
sticking to the rule. Barro and Gordon define the temptation to renege as 
E(Z, ~ 3) = (1/2)(5?/a) > 0. 

There is therefore a clear ranking. Discretionary policy yields the 
worst outcome, m that it leads to a perfectly anticipated excessive rate 
of inflation. The rule ts better because it leads to no inflation. However 
reneging, when people anticipate the rule is still better. The benefits from 
the surprise more than outweigh the costs of the inflation. 

As Barro and Gordon argue, the reneging outcome is feasible only in 
the short run. Such a rule is time inconsistent. People will not be fooled 
forever, the rule will cease to be credible, and the policymaker’s reputa- 
tion will be tarnished. In the latter part of their paper, Barro and Gordon 
{1983b) introduce mechanisms for enforcing rules so as to make them 
credible, These involve penalties that are imposed for deviating from the 
rule. Essentially the problem becomes a repeated game, in which the 
costs associated with the enforcement are weighed against the benefits 
of cheating. This idea of credible rules has been pursued further by other 
authors such as Backus and Driffill (1985a, 1985b). The issue of time 
inconsistency is an important one in the context of dynamic policy- 
making with forward-looking agents and is discussed at greater length 
in Chapter 11 in connection with the behavior of an intertemporally 
optimizing agent. 


8.8 Conclusions 


This chapter has pursued various issues concerning stabilization under 
rational expectations. Most of our attention has been devoted to analyzing 
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wage indexation and monetary policy issues and, in particular, to 
examining their interdependence. For this purpose we have found the 
framework of a small open economy to be convenient, but the same 
issues arise with respect to a closed economy. In studying this interde- 
pendence we have presented a general treatment with respect to (i) the 
relative information available to private agents and to the stabilization 
authority; and (ii) the perceived nature of the disturbances impinging on 
the economy. Several conclusions are worth repeating: 

If all agents have perfect information, then perfect stabilization can 
be achieved either through appropriate wage indexation or through a 
very simple monetary policy rule. However, most of the chapter has dealt 
with the condition of incomplete information. Where disturbances are 
unanticipated, we have drawn the distinction between those that are per- 
ceived as being transitory {white noise) and those that are perceived as 
being permanent shifts. In the case of the former, we find that the distor- 
tions due to the wage contract can be fully eliminated, thereby repli- 
cating the output of the frictionless economy, as long as private agents 
and the stabilization authority have the same (imperfect) information. 
On the other hand, for perceived permanent shifts, perfect stabilization is 
achieved whether or not private agents and the stabilization authority 
have identical information. 

{n deriving the various policy rules, the analysis emphasizes the policy 
redundancy issue. That is, some of the policy coefficients can be set arbi- 
trarily, enabling the policy rules to be specified in many equivalent ways. 
The potential practical importance of the design of policy rules can be 
seen when one takes into account the relative scarcity and quality of dif- 
ferent types of data that the policymaker may require. The final part of 
the chapter has discussed briefly the issues of rules versus discretionary 
policy in a rational expectations context, as introduced in the influential 
Barro-Gordon model. 





Notes 


L See. eg. Aizenman (1985) and Marston (1984). 


2. This criterion is equivalent to minimizing the loss function in Aizenman and Frenkel 
{1985), which they motivate in terms of measuring the losses associated with the sum of 
consumers’ and producers’ surpluses. 


3. The debate originated with Friedman (1953). Formal analysis of the relative stability 
properties of the two regimes was first carried out in the 197s. 


4, The implications of this trade-off between wage indexation and monetary policy are dis- 
cussed in further detail by Turnovsky (1983). 
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Equilibrium in a Decentralized Economy with Distortionary Taxes 
and Inflation 





10.1 Introduction 


Most macroeconomic models treat the corporate sector in an overly 
simplistic manner. This is true of most textbook models, which typically 
assume that all private investment is financed through borrowing. Au- 
thors such as Tobin (1969) and Mussa (1976) introduced very crude stock 
markets into their models, doing so by identifying one unit of equity with 
one unit of physical capital. But this is typically not how real-world stock 
markets operate. Physical capital on the one hand, and the financial 
claims to these physical assets on the other, are distinct entities, the 
relative prices of which are continually changing over time, thereby 
invalidating the one-to-one relationship frequently assumed. 

This criticism also applies to the models developed thus far in this 
volume. In some circumstances, the distinction between capital and the 
corresponding financial claims on that capital is not of great significance. 
Under the assumptions of a riskless world, freely adjustable capital, and 
the absence of distortionary taxes, equity claims can essentially be identi- 
fied with the underlying capital stock, and these are the assumptions that 
we have in fact adopted. 

But in the real world, agents are subject to various forms of distor- 
tionary taxes. Households pay personal income taxes, whereas firms pay 
corporate income taxes. Once this is recognized, a tax wedge is driven 
between the firms who produce the output and the households who own 
them, and it becomes necessary to distinguish between productive capital 
on the one hand, and the financial claims on the other. One can no 
longer consolidate the private sector into the “representative consumer- 
entrepreneur,” as we did in Chapter 9, but instead must decentralize the 
private sector of the economy. 

Accordingly, the objective of this chapter is to introduce a more com- 
plete corporate sector into the representative agent framework developed 
in the previous chapter. The approach we shall adopt draws upon the 
general equilibrium framework developed by Brock (1974, 1975) and 
extended by Brock and Turnovsky (1981). This approach includes the 
following key features: (i) All demand and supply functions of households 
and firms are derived from maximizing behavior as in Chapter 9; (ii) in 
a decentralized economy, expectations become important, and these are 
determined under the assumption of perfect foresight; (ii) all markets 
are continually cleared. Under these assumptions all expectations will be 
“self-fulfilling,” and for this reason an equilibrium characterized by (i), 
(ii), and (iii) has been termed a “perfect foresight equilibrium.” 


Q The Representative Agent Model Ho 





9.1 Introduction 


Both the traditional macro models discussed in Part I and the rational 
expectations models discussed in Part H have been criticized on the 
grounds that they are based on arbitrarily specified behavioral relation- 
ships. Critics have argued that a good macro model should be based on 
sound microeconomic foundations, and this has been taken to mean that 
the behavioral relationships should be derived from the intertemporal 
optimization of microeconomic agents. This has led to the representative 
agent model, which has become the dominant macroeconomic frame- 
work over the past decade or so. In fact, this approach is not new. The 
basic structure dates back to Ramsey’s (1928) study of the optimal sav- 
ings and economic growth rate, although the recent literature is much 
more focused on issues of macroeconomic policy. 

Part III presents a progression of such models. The present chapter 
outlines the basic model and applies it to a number of issues. The follow- 
ing two chapters refine the model to include a more complete corporate 
sector and a more realistic tax structure, enabling us to present a more 
rigorous analysis of the macroeconomic consequences of tax policy. The 
representative agent framework has also been fruitfully applied to issues 
in international macroeconomics; these are surveyed in Chapter 12. 
Whereas the dynamic adjustment is a central component of the represen- 
tative agent model, in most variants of the Ramsey model the equilib- 
rium to which the economy converges either is stationary or grows at an 
exogenous rate, which is determined by such things as the rate of popula- 
tion growth or the rate of technological change. Macroeconomic policy 
typically has no impact on long-run growth. This is a direct consequence 
of the assumptions made with respect to the underlying production 
conditions in the economy. By contrast, the recent literature on endo- 
genous growth introduces technological assumptions that permit macro- 
economic policy instruments to influence the long-run equilibrium rate of 
growth. This matter is discussed in Chapter 13. 

The representative agent framework is a rich one, and in this chapter 
we shall use it to illustrate a variety of issues. The basic model is a 
real one-good model, and it can be used to analyze the dynamic adjust- 
ment of the economy to a variety of policy changes and other shocks. 
In Sections 9.2-9.5 we shall focus on both permanent and temporary 
changes in government consumption expenditure. Our emphasis is on char- 
acterizing the general macrodynamic adjustments following such changes. 
We focus particularly on two aspects. The first is the intertemporal 
adjustment in the capital stock. Second, we analyze the consequences 
of government expenditure for economic welfare. The intertemporal 
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optimizing framework is a natural one within which to address this issue, 
because the utility level of the representative agent provides a plausible 
criterion by which to assess the overall benefits of policy changes. Be- 
cause of the gradual adjustment of the capital stock, the effects of gov- 
ernment policy are spread over time. We therefore discuss the effects of 
these expenditure changes on the entire time path of instantaneous utility 
as well as on the overall accumulated level of welfare over the planning 
horizon of the agent. In the process it become clear how government 
expenditure involves an intertemporal trade-off in the benefits it provides. 
The latter part of the chapter introduces various modifications to the 
basic model. The first of these considers the effects of government expen- 
diture as a productive input rather than as a consumption good. This is 
becoming a topical issue and only recently has begun to receive anal- 
ytical treatment by macroeconomists. The second modification is to 
introduce the term structure of interest rates, which, assuming financial 
market efficiency, can be easily introduced into this framework. The 
third extension is to introduce money into the basic framework and ad- 
dress the related issue of the optimal monetary growth rate, and a final 
modification is to introduce an exogeneously growing population. 





9.2 The Framework and Macroeconomic Equilibrium 


The main objective of this chapter is to set out and exposit the repre- 
sentative agent framework. Prices and money are inessential for this 
purpose; we therefore abstract from them, focusing on a real economy 
having a stationary population. Modifications to this basic model will be 
introduced during the latter parts of this chapter as well as in subsequent 
chapters. For present purposes, the household and production sectors 
may be consolidated, so that the private sector of the economy is mod- 
eled as a representative composite worker-entrepreneur. In the absence 
of distortionary taxes, this provides an adequate representation of the 
private sector. The decomposition of the private sector into households 
and firms becomes necessary in the more realistic case where the sectors 
are subject to differential distortionary taxes. This extension is taken up 
in Chapters 10 and 11. 


Elements of the Model 


The representative agent is assumed to have an infinite planning horizon, 
to face perfect capital markets, and to have perfect foresight. In this envi- 
ronment, he is postulated to choose his private rate of consumption, c, 
supply of labor, /, capital stock, k, and holdings of government bonds, b, 
(assumed to be short-term bonds) in order to maximize! 
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\ U(c, Lge @ dt U, > 0, U < 0, U, < 0, Uy < 0, U, > 0, Up < 0 


0 


(9.1a) 
subject to the budget constraint 
c+tk+b=F(k,l)+rb—-T (9.1b) 
and initial conditions 
b(0) = bo, k(0) = ko (9.1c) 


where: 


g = real government consumption expenditure, 
T = real lump-sum taxes, which in general may vary over time, 
f = rate of consumer time preference, taken to be constant, 


r = short (instantaneous) real interest rate. 


The instantaneous utility function U is assumed to have the following 
properties. The representative agent is assumed to derive positive, but 
diminishing, marginal utility from the consumption of both private and 
government consumption goods. He also gets positive, but diminishing, 
marginal utility from leisure, implying that he derives positive and in- 
creasing marginal disutility from working. The utility function is further 
assumed to be strictly concave in its three arguments, private consump- 
tion, leisure, and government consumption expenditure. In addition, we 
postulate private consumption and leisure to be normal goods, meaning 
that they both increase with wealth. We do not, however, restrict the way 
in which government consumption expenditure impacts on the marginal 
utility of private consumption and the disutility of work effort, as mea- 
sured by the partial derivatives U., and Ug- 

Output is produced by a neoclassical production function exhibiting 
positive, but diminishing, marginal physical productivity in the two 
factors of production, capital and labor; that is, 


y=F(kDs F, > 0, Fy < 0, F, > 0, Fy < 0. 


For simplicity, capital is assumed not to depreciate; the introduction of 
capital that depreciates at a constant exponential rate is straightforward, 
but adds little. In addition, F is assumed to be linearly homogeneous 
in the private factors, capital and labor, implying that FyFy — Fá = 0: 
F,, > 0.2 All investment (or disinvestment, which is also assumed to be 
feasible) occurs at a continuous rate and does not incur adjustment 
costs.? These costs will be introduced in Chapter 11. 
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In determining his utility-maximizing decisions, the representative agent 
takes T, p, and r as given. To solve the formal optimization we construct 
the Lagrangean expression 


H = U(c,l,g)e ® + de“ [F(k, 1) + rb — T—c—k—5] (9.2) 


where A(t) is the costate variable associated with the budget constraint 
(9.1b) and represents the marginal utility of wealth. Performing the 
optimization leads to the following first-order optimality conditions: 


U,(c,l,g) = 4, (9.3a) 
Ue, 4g) = —AF(k,)), (9.3b) 
AF, (k,l) = — Å + AB, (9.3c) 
Ay = —A + Ap. (9.3d) 


The first two equations are straightforward static efficiency conditions. 
Equation (9.3a) asserts that for the consumer to be in equilibrium, the 
marginal utility of consumption must equal the marginal utility of 
wealth. Equation (9.3b) requires that the marginal utility of an additional 
unit of leisure must equal the marginal utility of the consumption for- 
gone, priced at the opportunity cost of a unit of leisure, namely the real 
wage rate. The ratio of these two conditions is just a standard marginal 
rate of substitution relationship linking the ratio of marginal utilities to 
their relative price. The remaining two equations are dynamic efficiency 
conditions and will be discussed further in Section 9.2. 

In addition, the following transversality conditions must be met: 

lim Ake“ = 0, (9.3e} 


to 


lim Abe“* = 0, (9.3f) 
| ae 
thereby ruling out explosive equilibria. These equations assert that as 
long as the agent assigns some positive marginal value to the asset, the 
present discounted value of its stock at the end of the planning horizon 
must be reduced to zero. Otherwise, the agent would be wasting what 
would be a valuable asset. The significance of these latter two conditions 
in ensuring that the intertemporal budget constraints facing both house- 
holds and the government are met will be discussed further in Section 
9.3. 

The other agent in the economy is the government. At any instant of 
time it makes expenditure decisions, taxation decisions, and financing 
decisions, which are subject to its flow constraint, 


237 The Representative Agent Model 


b=g+rb-T. (9.4) 


This equation asserts that the government deficit, which consists of gov- 
ernment expenditures plus interest payments on its outstanding debt, less 
tax receipts, must be financed by issuing additional debt. As noted, the 
government bonds are short-term bonds, the price of which, in terms of 
new output, is fixed at unity. In Section 9.7 we will briefly consider the 
implications of alternative forms of government debt, having differing 
terms to maturity. We will also be addressing, in Section 9.3, the issues of 
the sustainability of government debt policy. 

Substituting equation (9.4) into the budget constraint faced by the rep- 
resentative agent (9.1b) leads to the following relationship: 


Fik D=c+k+g. (9.5) 


This equation describes short-term market clearing, namely that current 
output must either be consumed by the private sector, consumed by the 
government, or accumulated as additional capital stock. Implicit in this 
relationship is the assumption that any output can be converted cost- 
lessly into capital goods, an assumption that will be modified in Chapter 
11. It is clear that the three constraints (9.1b), (9.4), and (9.5) are not 
independent; any two imply the third. 


Short-Run Equilibrium 


This completes the description of the economy, from which the macro- 
economic equilibrium can be derived as follows. First, equations (9.3a) 
and (9.3b) can be solved for c and / in the form 


c = c(4,k,g), (9.6a) 
l= 1(A,k,g). (9.6b) 


The partial derivatives of private consumption demand and labor 
supply are found by differentiating the first-order conditions (9.3a) and 
(9.3b) with respect to 4,4, and g. They are given by the following 





expressions: 

Ge (Un + Afi) + aR gL Wack + Uad . aes 
CA D CA D 

Cc = Uo AR i cl £ a U_ AF > 0 (9.7b) 
Ok D Ok D 

ĉc E U.y(Un AR AF) Ua U,, él 2 Ua U., E Uce Uig 





Cg D ôg D oe) 


238 


Chapter 9 


where D = U,(U, + AF.) — UZ > 0. The following explanation for these 
signs can be given. The signs of c,,/, follow from normality, namely that 
an increase in the marginal utility of wealth causes the agent to substitute 
work for consumption. An increase in the capital stock increases the 
marginal productivity of labor, raising the real wage rate and increasing 
the supply of labor. This will raise or lower consumption, according to 
whether the increase in labor supply raises or lowers the marginal utility 
of consumption. In practice it would seem reasonable to assume that 
the marginal utility of consumption increases with leisure, in which case 
Ua <0, but the reverse cannot be ruled out on a priori grounds. The 
partial effects of an increase in government expenditure depend more 
precisely upon how it interacts with the private decisions pertaining to 
utility and production. 

Combining (9.3c) and (9.3d), we obtain the equality between the short- 
term interest rate and the marginal physical product of capital, which we 
can write as 


r = Fk, l) = Fy(k lA, k,g)). (9.6c) 


Thus with perfectly competitive financial markets, the short-run rate of 
interest equals the marginal physical product of capital. 

Combining (9.6c) with either (9.3c) or (9.3d) yields the intertemporal 
arbitrage relationship 


pe f = r = Fk, I(A,k,9)), (9.6d) 


which is one of the most fundamental relationships to appear in inter- 
temporal macroeconomics. It asserts that in equilibrium the (equal) rates 
of return on the two assets in the economy must also equal the rate of 
return on consumption, given by the left-hand side of (9.6d). 

To see this more intuitively, let us consider the options facing the 
agent at any instant of time t. If he takes a unit of output and allocates it 
to savings it will yield a rate of return per unit of time given by (9.6c). 
Suppose, on the other hand, that he chooses instead to consume it. The 
rate of return on taking this decision is given by 
Ue! — U(t + ddje Arm 


Uge dtr 


Dividing the numerator and denominator by e *, this expression sim- 
plifies to 


U(t) — Ut + dt)je t“ 


U(t)dt 
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Noting that for small d,e“ = 1 — dt, and U,(t + dt) = U(t) + Ù.(t)dt, 
this expression can be approximated by the quantity 

U.(t) = (UA) + Unde] [1 — fae] 

Ud l 





Letting dt > 0, this converges to f — (U./U.), which is just the left-hand 
side of (9.6d) and shall be referred to as the rate of return on consump- 
tion. It will play a prominent role in the analysis of this and subsequent 
chapters. 

Many intertemporal macro models assume that the supply of labor is 
fixed, in which case U, = U.(c). Differentiating this expression with re- 
spect to t, Å/à = U.,¢/U,, in which case the intertemporal arbitrage condi- 
tion (9.6d) can be expressed as 


S= rp) (9.8) 
c nic) 

where n(c) = U..c/U, < 0 is the elasticity of the marginal utility of con- 
sumption with respect to consumption. The quantity y reflects the curva- 
ture of the utility function, and for the frequently used logarithmic 
function, y = — 1. Equation (9.8) is known as the Keynes-Ramsey rule; it 
asserts that consumption will be increasing or decreasing over time 
according to whether the rate of interest is greater or less than the rate of 
time preference. In the former case, the agent is relatively patient and 
finds it optimal to reduce consumption in the short run, allowing it to 
increase over time. 

The elasticity 7 plays prominent role in macroeconomic dynamics and 
has been used to measure two distinct characteristics. In a continuous- 
time deterministic context, such as the present, —1/y can be shown to 
equal the instantaneous elasticity of substitution of consumption over 
time; see, for example, Blanchard and Fischer (1989, 40). At the same 
time —y also measures the degree of relative risk aversion in a stochastic 
context; see Part IV. The constant elasticity utility function c’/y has the 
property that both measures are characterized by the same parameter 
y. This need not be the case, and a more general utility function that 
separates out these concepts is used by Obstfeld (1994).* 


The dynamics of the economy are obtained by substituting the short-run 
solutions for c and l, presented in (9.6a) and (9.6b), into the product mar- 
ket clearing condition (9.5) and the arbitrage condition (9.6d), rewriting 
these relations as 
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k = F[k,U(A,k,g)] — c(ż,k,g)— g, (9.9a) 
A = ALB — Flk, i(k. gJ]. (9.9b) 


Equations (9.9a), (9.9b) make up an autonomous dynamic system that 
jointly determines the intertemporal evolution of k and å, and hence of 
the macroeconomy as a whole. The equilibrium must be supported by a 
sustainable government fiscal policy. But, provided that it is viable, the 
precise policy—say, the choice between lump-sum tax financing and debt 
financing—does not tmpact on the behavior of the economy. 

The steady state of the economy, reached when k = Å = 0, is obtained 
from the equations 


F[k.1(4,k,g)] = c(A,k,g) + 9 (9.10a) 


where k,4 denote steady-state values. Equation (9.10a) describes the 
steady-state equilibrium in the product market when investment 1s zero, 
and equation (9.10b) states that in the long run the marginal physical 
product of capital is constrained to equal the constant rate of time 
preference. Together, the steady- state conditions (9.10) determine the 
steady-state values k and À implied by a specified level of government 
consumption expenditure. Because of the homogeneity of F, (9.10b) 
determines the long-run capital-labor ratio. 

Linearizing the system (9.9a), (9.9b) about the stationary equilibrium 
(9.10a), (9.10b), corresponding to given initial levels of g, the dynamics 
can be approximated by the following matrix equation in k and A: 


e Eine ee (9.11) 
A — Àw, —AW JAA 


where® 
oO,, =F, + Ehk e> 1, = Fl,—c,>0 
Os, = Fer + Fal, < 0, @ = Fl; > 9. 


Letting A = w412 — W,20 2, > 0, the eigenvalues of (9.11), #1, H can 
be shown to satisfy u, < 0, u, > 0 and to satisfy the additional properties 
ko > |uil uz +u, = B.° The general form of the solution to (9.11) is 
given by 


k= k + Aje"! + Ae” (9.12a) 


E E e T e  Anemt, (9.12b) 
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Figure 9.1 
Phase diagram 


and the equilibrium is therefore a saddlepoint, with the constants A; be- 
ing determined by the appropriate initial and terminal conditions on k 
and A. The phase diagram summarizing the dynamics is illustrated in 
Figure 9.1. We shall assume that although the capital stock always 
evolves gradually, marginal utility may respond instantaneously to new 
information as it becomes available. The precise boundary conditions de- 
pend on the type of shock and its duration—on whether the shock 1s, 
for instance, permanent or temporary. Substituting the solutions (9.12a), 
(9.12b) into the transversality condition (9.3e), it can be readily shown 
that this condition will be met if and only if A, = 0. This implies a purely 
stable adjustment path, which, starting from the initial capital stock k = 
ko, is described by 


k=k + (ky kje" (9.13a) 
pain (a= (BSH) a0 (9.13b) 
AW > + Hi M12 


and corresponds to the negatively sloped locus XX in Figure 9.1.7 As 
long as no future shock is anticipated, the economy must lie on this sta- 
ble locus in order for the transversality condition to hold. Likewise, the 
solution for which A, = 0 implies a purely unstable trajectory, given by 


pa ha (4 Ja = (BoM Nai (9.13¢) 


2055 + Ho M43 
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This unstable locus, illustrated by YY in Figure 9.1, has a slope that 
is positive although smaller in absolute value than that of the stable 
trajectory.® 





9.3 Sustainability of Equilibrium 


Before analyzing the dynamic adjustment of the macroeconomic equilib- 
rium, it is important to determine whether or not it is economically sus- 
tainable. To do so, we need to analyze the government budget constraint 
(9.4). 

To begin, we write this equation as the following explicit function of 
time: 


b(t) = (Db + g(t) — T0) (9.14) 


where the interest rate r(t) = F,(k,1(2,k,g)); see (9.6c). Starting from an 
initially given stock of government bonds b(0) = bp, the solution to (9.14) 
is 


b(t) = ebro E + l y(t) — T(t) ]e 7hrs a| (9.15) 
0 


In order to be sustainable, this solution for b(t) must satisfy the consumer 
transversality condition (9.3f), and this will be so if and only if the limit, 
as £ > œ, of the term in parenthesis in (9.15) is zero, that is, 


by + | | Lgo) — T(r)Je~ fos dz = 0. (9.16) 
0 


This equation is precisely the intertemporal government budget constraint 
and requires that the initial stock of government bonds bo, plus the pre- 
sent value of subsequent fiscal deficits g(t) — T(t), discounted at the ap- 
propriate interest rate r(s}, must sum to zero. Provided that (9.16) is met, 
the stock of bonds will follow the stable adjustment path 


bit) = -f [g(t) — T(r) Je! dr. (9.17) 


It is clear that, starting from an initial nonnegative stock of bonds 
by = 0, (9.16) cannot be met if the fiscal deficit g(t) — T(t) is sustained at a 
positive level indefinitely. This point was made by McCallum (1984) in 
discussing the feasibility of bond financing. On the other hand, a fixed 
specified time path of government expenditures can be sustained by any 
combination of bond financing and lump-sum tax financing that satisfies 
the constraint 
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| e fers dy = | Tie k drt — by. (9.18) 
0 Q 

Clearly there are an infinite number of possible time paths for lump-sum 
taxes T(t) that will enable (9.18) to be met. But at some point on each of 
them, the government must run a surplus in order to pay for previous 
deficits as well as the interest on its initial outstanding stock of govern- 
ment debt, by. 

Alternative forms of fiscal policy are sustainable. For example, suppose 
the government maintains g(t) — T(t) + r(t)b(t) = d. This involves con- 
tinuously adjusting g(t) or T(t) in order to accomodate the changing in- 
terest payments.’ In this case the stock of bonds increases at the linear 
rate b(t) = by + dt, and the transverality condition (9.3f is certainly met. 

Equation (9.18) can also be viewed as a statement of Ricardian Equiv- 
alence. The macrodynamic equilibrium summarized in Section 9.2 de- 
pends upon the time path of government expenditure g(t) but is 
independent of the time path of lump-sum taxes or the initial stock of 
government debt. It therefore follows that for a given time path of gov- 
ernment spending, the real macroeconomic equilibrium is independent of 
whether the expenditure is financed through lump-sum taxation or by 
debt. This is because debt financing merely postpones taxes, and the tim- 
ing of taxes does not affect the individual’s lifetime budget constraint, on 
which these decisions are based. The private agent knows that if, having 
chosen a time path for expenditures, the government decides to reduce 
taxes today, thereby increasing its current deficit, it will have to raise 
taxes at some later date in order to meet its intertemporal budget con- 
straint. Thus, for example, a decrease in taxes equal to dT, say, will re- 
quire an increase equal to d Ty elores at time t in the future in order for 
(9.18) to hold. In present value terms these are exactly offsetting, leaving 
the behavior of the private agent completely unaffected. 

The Ricardian Equivalence proposition is a striking one and has gen- 
erated a great deal of analysis, both theoretical and empirical, over the 
years, see Barro (1974, 1989), Bernheim (1987), and others. The condi- 
tions under which it holds are stringent, though they are satisfied in the 
present analysis. They include the following: (i) the economy consists of 
an infinitely lived representative agent; (11) perfect capital markets exist; 
(iii) taxes are nondistortionary; (iv) future taxes are foreseen; (v) the time 
path of government purchases is given. It is well known that if any of 
these conditions ceases to hold, the indifference between debt and taxes 
no longer applies. For example, by impacting on incentives, the timing of 
distortionary taxes is important. The robustness of the proposition has 
been investigated at length and is discussed by Barro (1989). 
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The important aspect of the intertemporal budget constraint from the 
present point of view is that it emphasizes the intertemporal constraints 
on a feasible fiscal policy. This was not an aspect that was addressed in 
the earlier models, which were not based on intertemporal optimization. 
For the remainder of this chapter, we shall not concern ourselves with 
the financing side of the government’s expenditures, aside from requiring 
it to be intertemporally feasible and achieved through the appropriate 
choice of lump-sum taxes. 

It is also possible and instructive to view the intertemporal budget 
constraint from the viewpoint of the representative agent. To do this, we 
consider the flow budget constraint (9.1b). Applying Euler’s theorem to 
the production function, we may write 


F(k,1) = wl + rk, (9.19) 


which simply expresses the standard proposition that under constant 
returns to scale the value of output equals the value of income, where 
w= k = real wage and r = F, = returns to capital. Substituting (9.19) 
into (9.1b) and defining real wealth W =k + b, the agent’s flow budget 
constraint becomes 


W(t) = (OWO + wO — C(t) — TO. (9.1b’) 


Integrating this equation and applying the transversality conditions (9.3e), 
(9.3f) leads to the agent’s intertemporal budget constraint 


by + ky + | [w(r)(t) — T(t) Je Hrd dr = | c(tje S45 dt, (9.20) 
0 o 

which is analogous to the government’s intertemporal budget constraint 
(9.18). The initial stocks of assets by + ky are his initial nonhuman wealth, 
and the integral of discounted future earnings from labor less taxes 
measures his human wealth. Thus, we observe that the present discounted 
value of consumption is constrained by the sum of the agent’s human 
and nonhuman wealth. 

In the case where utility is represented by an additively separable loga- 
rithmic utility function in consumption and labor, [y(c) = — 1], (9.8) can 


be solved to yield 
c(t) = Cyelorsids Br 


Substituting this expression into the right-hand side of (9.20) yields 


Co = s| ho + ko + | à [willt — roe Bde | (9.21) 
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This relationship, which in fact holds at all points of time, asserts that for 
the logarithmic utility function, current consumption is proportional to 
the sum of nonhuman and human wealth, with the proportionality factor 
being the agent’s rate of time preference. This equation makes clear from 
the viewpoint of the representative agent how it is the present discounted 
value of lump-sum taxes that is relevant to his consumption decision and 
how any changing in the timing of taxes, which leaves the present value 
of his tax liabilities unchanged, has no impact on his behavior. 





9.4 Unanticipated Permanent Increase in Government Expenditure 


To illustrate the behavior of the model, the next two sections are devoted 
to the analysis of an increase in government expenditure. 


Steady-State Effects 


Since the analysis is based on the assumption of perfect foresight, the 
transitional adjustment is determined in part by expectations of the 
steady state. It is therefore convenient to begin with a consideration of 
the long-run equilibrium effects of a change in government expenditure. 
In describing such a policy change it is important to spell out whether 
it is permanent or temporary, on the one hand, and anticipated or 
unanticipated, on the other. This section is devoted to the most com- 
monly studied shock, namely an unanticipated permanent increase. The 
effects of such a change on k and / are obtained by differentiating the 
steady-state system (9.10a) and (9.10b) with respect to g. 

Performing this operation, the long-run effects on k and 4 can be ex- 
pressed in the form? 





dk _ w22 _ UEP Fy d | Ue) (9.22a) 
dg A DA dg| U, 
di 1 (5/D Fg (Ue cq Us U) Fa(Un Uo = U, U) 

EL ars A A ag ce : 9.22b 
ly goa DA + DA ( ) 


where D = U {Un + AF,,) — UZ > 0. The expressions in equations (9.22) 
have been broken down into two sets of effects. The first, given by the 
first term on the right-hand side of each equation, represents what we 
shall refer to as the resource withdrawal effect, or wealth effect, of an in- 
crease in g. This reflects the fact that resources expropriated by the gov- 
ernment are not available to the private sector. Secondly, the remaining 
terms represent the effect of an increase in g through its impact on the 
subjective evaluations of private consumption and work effort. 
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The resource withdrawal effect tends to raise both the long-run capital 
stock and the marginal utility of wealth. The intuition behind this result 
is that because government consumption expenditure is not directly pro- 
ductive and does not affect the marginal physical productivities of capital 
and labor, an increase in g, with its accompanying increase in taxes over 
time, leads to a fall in private wealth and consumption, and consequently 
to a less than proportional increase in output, d}/dg < 1. The marginal 
utility of wealth therefore rises, inducing agents to increase their supply 
of labor. During the transition to the new steady state, the increase in 
labor supply raises the marginal physical product of capital above its 
(unchanged) long-run equilibrium value, thereby encouraging capital ac- 
cumulation until the capital-labor ratio is restored to its original fixed 
equilibrium level, implied by (9.10b). 

The degree of capital accumulation is, however, also influenced by the 
effect that a long-run increase in government consumption expenditure 
has on the marginal rate of substitution between private consumption 
and work effort, U./U;. As is evident from equation (9.22a), a rise in g 
that lowers the marginal rate of substitution will reinforce the wealth 
effect just described and thus provide an extra impetus to capital accu- 
mulation. This is due to the fact that a decline in the marginal rate of 
substitution encourages greater employment, and therefore capital accu- 
mulation, by increasing the amount of private consumption that a repre- 
sentative agent is willing to forgo to obtain a reduction in work effort. By 
contrast, if a rise in g raises the marginal rate of substitution—that is, if 
it lowers the amount of private consumption that the agent is willing to 
forgo to obtain a reduction in work effort—then greater employment is 
discouraged and the positive impact of the resource withdrawal effect on 
capital accumulation ts lessened. 

Several special cases, in which the expressions in (9.22a) and (9.22b) 
simplify, should be noted. 


Additively Separable Utility Function 


If, as is commonly assumed, the utility function is additively separable in 
c, i on the one hand, and in g on the other (i.e., it is of the form U (c, H) + 
V(g)), there is no interaction between public consumption expenditure 
and private decisions, in which case these expressions reduce to just the 
resource withdrawal effect. 


Multiplicatively Separable Utility Function 


Second, the response of the capital stock continues to be given by the 
resource withdrawal effect if the utility function is multiplicatively sepa- 
rable in c,/, and in g (i.e. it is of the form U(c,!)V(g)); however, in this 
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case the response of the marginal utility of wealth will now depend upon 
the interaction of government consumption expenditure with the private 
consumption and labor supply decisions. 


Private and Public Goods Substitutes 


An important special case familiar from the work of Barro (1981), (1989), 
Aschauer (1988), Christiano and Eichenbaum (1992), and others, treats 
preferences over consumption as preferences over a composite of private 
and government consumption expenditures; that is, U(c,l,g) = U(c + 
ag, i, O<a< 1, where the parameter x measures the degree of sub- 
stitutability between private and public consumption. Under this formu- 
lation, equations (9.22) reduce to 


fo ae (9.23a) 
di eens!) (9.23b) 


dg A 
These expressions consist simply of the resource withdrawal effect scaled 
by (1 — a). Clearly, the more closely public expenditure substitutes for 
private (i.e. the greater is æ), the smaller is the decline in wealth and 
the increase in its marginal utility. As a result, the long-run increase in 
work effort and thus in the capital stock is mitigated. In the limiting case 
where x = 1, the agent views the public and private goods as perfect sub- 
stitutes. Any increase in the former leads to a one-for-one reduction in 
the latter; there is complete “crowding out,” and the increase in govern- 
ment expenditure has no effect on the accumulation of capital stock or 
growth. It merely leads to an instantaneous compensating switch in con- 
sumption, leaving everything else unchanged. 

Using (9.22), one can readily derive the following expressions for the 
long-run effects of the fiscal expansion on employment, output, and 
consumption: 


tdi 1dp 1dk 


ey cee nes (9.24a) 
idg dg kdg 

dé Fyr yp d [U 

ee Pee] ehh |, 9.24b 


The proportionality in the long-run adjustment of capital, employment, 
and output is a consequence of the linear homogeneity of the production 
function, together with the fact that the equilibrium capital-labor ratio 
is independent of g. Like the capital stock, the response in private 
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consumption reflects both the resource withdrawal effect and a substitu- 
tion effect. The former is negative, reflecting the fact that additional 
government expenditure crowds out private consumption. The latter is 
negative, reinforcing the former if the increase in government expenditure 
lowers the marginal rate of substitution between consumption and work 
effort U./U;. 


Dynamic Adjustment 


Figure 9.2 illustrates the transitional adjustment of k and å following a 
permanent increase in government consumption expenditure. We will 
describe the case in which both k and 2 rise in the steady state.'! Let 


A{O) 





Figure 9.2 
Increase in government consumption expenditure 


249 


The Representative Agent Model 


the economy begin at point P, which represents initial equilibrium. The 
stable, XX, and unstable, YY, adjustment loci, described by equations 
(9.13b) and (9.13c) respectively, intersect at this point. (To avoid clut- 
tering Figure 9.2, the unstable locus corresponding to the initial equilib- 
rium is not drawn.) A permanent increase in g will increase the long-run 
capital stock k, and marginal utility of wealth, 4, and cause the economy 
to settle eventually at a point such as Q, lying to the northeast of the 
initial equilibrium. The corresponding movement in the stable and unsta- 
ble adjustment paths are to X’X' and Y’Y’, respectively. Since the capital 
stock is constrained to adjust continuously, the entire burden of the ini- 
tial response to a permanent increase in g falls on the marginal utility of 
wealth, which jumps positively at t = 0. This movement in A(0) takes the 
economy immediately to point A on the new stable locus X’X". The rise 
in A(O) reflects the fall in private wealth that the increase in government 
consumption expenditure brings about. In the short run, the higher mar- 
ginal utility of wealth leads to a reduction in both consumption and lei- 
sure. The short-run increase in labor supply raises the marginal physical 
product of capital, thereby raising the interest rate. 

At the same time, when the marginal physical product of capital is 
raised above its (unchanged) steady-state equilibrium level, the rate of 
return on consumption must rise in order for the arbitrage condition 
(9.3c) to be met, and this requires Å < 0. In addition, the higher marginal 
utility generates additional positive savings equal to (F,l, — c,)dA(0). 
This exceeds the additional government expenditure so that the economy 
begins to accumulate capital.'? The declining marginal utility, accompanied 
by the accumulating capital stock along the transitional path, is repre- 
sented by a movement along the path AQ on the stable path X‘X’ to 
the new steady state at Q. These two effects together contribute to a 
declining marginal physical product, so that during the transition the 
short-term interest rate converges back to its long-run equilibrium. 

A more formal analysis of the short-run responses can be obtained 
by analyzing the initial adjustments of the short-run equilibrium, as de- 
scribed in Section 9.2. For example, the short-run responses of consump- 
tion and employment can be determined by differentiating (9.6a), (9.6b), 
and are given by the following expressions: 
de(0) ĉe eA) ĉe 


Za fe 9.25a 
dg OA Og Og l ) 





di(0) ooa al 
as | 2 
ge Oh ae og (ED 





These equations describe the two influences of the expansion in govern- 
ment expenditure that impact on the short-run response of consumption 
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and employment. The first are the direct effects, given by the partial de- 
rivatives reported in (9.7c). In addition, the initial increase in the mar- 
ginal utility of wealth leads to a substitution of labor for consumption 
given by the first terms on the right-hand side of these two equations. 
The formal expression for 04(0)/ég is obtained by differentiating (9.13b), 
namely, 


AAO) da A dk 
AO) +( i) 


= = 9.13b’ 
eg dg dg ( ) 


Ady + Hi 
where, in obtaining this expression, we are assuming that the capital 
stock remains fixed instantaneously. Combining (9.13b’) with (9.23) and 
the expressions in (9.7) enables us to derive the short-run responses 
appearing in (9.25), and also their effects on the short-run level of output, 
the rate of capital accumulation, and so on. The present circumstance is 
sufficiently straightforward that such a formal analysis is not really nec- 
essary, though we will have occasion to pursue this approach further in 
Chapter I 1. 

We have seen the crucial role played by the labor supply in the 
dynamic adjustment of the economy. We now consider what would 
happen if employment were held fixed. The steady-state optimality con- 
dition (9.10b) now implies that the steady-state capital stock, k, (rather 
than the capital-labor ratio), is determined by the fixed rate of time pref- 
erence, f, and is independent of g. It therefore follows from the dynamic 
solution (9.13a) that the capital stock and output remain constant at all 
points of time. There are no transitional dynamics. Instead, the economy 
moves instantaneously to its new steady state, in which g crowds out 
private consumption one for one.'* In terms of Figure 9.2, the economy 
immediately jumps from P on XX to A on X’X’ and stays there. The 
unstable locus Y’Y’ consequently passes through point A rather than 
point Q.'* The fall in private wealth is greater if employment is fixed, 
because the representative agent has no opportunity to offset through 
capital accumulation the impact of greater government expenditure. 


Welfare Effects 


Thus far, we have been describing the macroeconomic adjustments of 
the economy to a fiscal expansion. These operate in a variety of direc- 
tions and are obviously important. But what is ultimately of overriding 
significance is the effect on economic welfare. To address this question, 
we must introduce some welfare criterion. One of the attractive aspects 
of the intertemporal optimizing framework we are currently employing is 
that the welfare of the representative agent serves as a natural criterion 
for this purpose. With all agents being assumed to be identical, the wel- 
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fare implications for the individuals are then extrapolated to represent 
those of the aggregate economy. In this section, therefore, we shall con- 
sider the effects of fiscal policy from this standpoint. However, welfare (as 
measured by utility) changes over time, as the capital stock accumulates. 
Indeed, we shail see how an increase in government expenditure involves 
an intertemporal trade-off in welfare. We will therefore consider both the 
time path of the instantaneous utility level of the representative agent, 
as well as the overall accumulated welfare over his infinite planning 
horizon. 

The instantaneous level of utility of the representative agent at time 
t, Z(t), is specified to be 


Z(t) = Ule(t), lO, g) (9.26) 


with the overall level of utility over the agent’s infinite planning horizon 
being the discounted value of (9.26), namely 


W = | U(c, Lge" dt = | | Z(the "dt. (9.27) 
0 0 
We will analyze the effects of government expenditure on both Z(t) and 
W when c and / satisfy the equilibrium paths described by (9.6a), (9.6b), 
and k and 4 evolve in accordance with (9.13a), (9.13b). 
We begin by differentiating Z(t) with respect to g: 

dZ(t de(t dl(t 

Z(t) gu“ ) (t) 


E EN 
"dg g 


9.28 
ai a? (9.28) 


Using the optimality condition for work effort, (9.3b), (9.28) becomes 


dZ(t) r i aE 


See 
dy ' dg 


U 9.29 
X (9.29) 


g' 


Next, differentiating the product market equilibrium condition (9.5) with 
respect to g yields 





p KO plo) da dko 


2 l, 9.30 
ae a a cage a) 


enabling us to rewrite (9.30) as 


azo _ 


ee U,(c, I, g) E U.(c, I, g) ai U, E 


ae | (9.31) 


dg dg dg 


Using equation (9.!3a), describing the (linearized) equilibrium adjustment 
path followed by the capital stock, (9.31) can be linearly approximated by 
the expression! 5 
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aa) = U, — U, + UER {1 — e“) + mne. (9.31) 

dg ’ dg 

Examination of (9.31) or (9.31) reveals that the effect of an increase in 
either form of government expenditure on the level of instantaneous wel- 
fare consists of two distinct components. The first consists of what we 
shall call the direet crowding-out effect. This reflects the fact that as the 
government increases its expenditures, it takes away resources from the 
private sector, thereby reducing private consumption one for one. This is 
measured by the difference between the marginal utility of public con- 
sumption and that of the forgone private consumption.'® 

The second component of the effect of g on Z(t) consists of inter- 
temporal influences that operate through the response of the capital 
stock, which we shall term the intertemporal capital accumulation effect. 
From (9.31) this effect is seen to depend upon how the government ex- 
penditure influences the rate of capital accumulation, and how, in turn, 
the resulting change in the accumulated capital stock impacts on output 
and therefore on private consumption. It is important to observe that 
these two influences have conflicting effects on the agent’s instantaneous 
level of welfare. This is because, by taking away resources from current 
consumption, a given level of investment lowers instantaneous welfare, 
whereas accumulated capital raises output, thereby increasing consump- 
tion and welfare over time. The intertemporal trade-off can be demon- 
strated most easily by evaluating (9.31’), for the initial impacts, 7(0), and 
the steady-state impacts, Z, of government expenditure. The resulting 
expressions are 
=, E E a Z SU UT UR (9.32) 
Leaving aside the crowding-out terms, which scale the adjustment paths 
of welfare, equations (9.32) show that to the extent that government 
expenditure induces an instantaneous rise in investment, dk(O)/dg = 
—p,dk/dg , and consequently a reduction in private consumption, its 
short-run effect is welfare deteriorating. Such a deterioration in welfare 
is, however, eventually reversed as the accumulation of capital over time 
raises output, which makes possible greater private consumption, and 
this is welfare improving in the long run. Indeed, provided government 
expenditure raises the long-run capital stock, the time derivative of (9.31') 
shows that these fiscal policies lead to continuous improvements in wel- 
fare as the economy moves toward its steady state. 

A linear approximation to the overall level of welfare, represented by 
equation (9.27}, can be obtained by observing that along the equilibrium 
path, Z(t) can be approximated by 
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Z(t) = Z + (Z(0) — Ž)e”". (9.33) 
Substitution of (9.33) into (9.27), and integrating, yields 


Z „ (ZO) — Z) 
p oe 
The first term of (9.34) is the capitalized value of instantaneous welfare, 
Z(t), evaluated at the steady state. It is the level of welfare that would 
result if the steady state were attamed instantaneously. The remaining 
term reflects the adjustment to this, due to the fact that the steady state is 
reached only gradually along the transitional path. 

Differentiating (9.34) with respect to g and using equations (9.32), we 
derive the following expression: 


dw 1 dk H — 5) dk 
EE e E EE e E E cg 9.35) 
dg il : ( T) (£ — fj dg l 


Noting further that in the neighborhood of equilibrium F, = f, equation 
(9.35) reduces to 


W = (9.34) 





dW i 

n z% — U,). (9.36) 
Thus the net effect of a permanent increase in g on total welfare is simply 
the crowding-out effect. Since this lasts indefinitely, it is just equal to the 
instantaneous effect, capitalized, at f. Most importantly, the influence of 
the path of Z(t) on total welfare nets out to zero, with the capitalized 
gains to W stemming from the steady-state increase in the capital stock, 
U.dk/dg, precisely offsetting the discounted losses from the consumption 
forgone along the transitional path. 

It is important to stress that the essentially static relationship (9.36) 
represents the welfare effects both along the dynamic transitional path 
and in the new steady state. Indeed, the total negative effect of a perma- 
nent increase in government expenditure on private activity, — U./f, can 
be decomposed into — U, dk/dg and —(U,/B)(1 — B dk/dg), which repre- 
sent, respectively, these two phases. 

Setting equation (9.36) equal to zero enables us to find the conditions 
for which g is at its welfare-maximizing level. This is determined by 
we g) = ĉU le, I g) (9.37) 

Cg Oc 
In other words, the marginal utility of public consumption should be 
equated to the marginal utility of private consumption. The optimality 
condition (9.37) is precisely the same as that obtained previously in 
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Figure 9.3 
Time path for instantaneous utility permanent increase in government expenditure U, = U, 


models that abstract from capital accumulation (see, e.g., Turnovsky and 
Brock 1980). But there is a crucial difference. The Turnovsky-Brock 
analysis abstracts from capital accumulation so that there are no transi- 
tional dynamics; the economy is always in steady-state equilibrium. By 
contrast, in the present analysis, the dynamics are gradual, and although 
optimal levels of government expenditure are determined by similar stat- 
ic conditions, they nevertheless incorporate the welfare along the transi- 
tional path. 

The analysis of this section is summarized in Figure 9.3, which depicts 
the path for Z(t) generated by a permanent increase in g. We illustrate 
the case in which g is set optimally so that the crowding-out effect is set 
to zero, so that the overall intertemporal welfare effect is normalized to 
zero. 





9.5 Temporary Increase in Government Expenditure 


Dynamic Adjustment 


This section briefly discusses the dynamic adjustment to a temporary in- 
crease in government expenditure. Because the increase is temporary, in 
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an 


The Representative Agent Model 


the long run the economy returns to its initial steady state, so that what 
is of interest is the nature of the transitional adjustment path. In analyz- 
ing such a temporary increase, care must be taken to specify its nature 
precisely. Specifically, we assume that at time 0, say, the government in- 
creases its expenditure, which it maintains at the higher level until time 
T > 0, say, when it is restored to its original level. We assume that the 
agents understand at the outset (time 0) that the change is only for the 
duration of the period (0, T), so that at time T, when the expenditure is 
cut back, it has been fully anticipated, so that there is no surprise. The 
only new piece of information occurs at time 0, when the temporary in- 
crease 1s first put into effect, and this is the only time at which the shad- 
ow value of wealth undergoes a discrete jump. The fiscal expansion can 
thus be characterized as being a priori temporary. This is in contrast to a 
situation where what is initially considered to be a permanent increase at 
time 0 in fact turns out to be only temporary, when at time T, say, agents 
learn that government expenditure is being reduced to its initial level. 
This type of fiscal expansion can be characterized as being ex post 
temporary. There are two instances when new information is acquired, a 
time 0 and at time T, and each of these is associated with a jump in the 
shadow value of wealth, giving rise to a different transitional adjustment 
path. 

The formal solutions underlying this analysis are presented in the 
Appendix to this chapter. These solutions are, however, derived under 
the assumption of fixed employment. This restriction has been imposed 
primarily in order obtain tractable expressions for the solutions of k and 
4 for temporary increases in g, which—because of the generality of the 
steady-state responses, equations (9.22), derived under endogenous em- 
ployment—would otherwise be difficult to attain. 

The dynamic adjustment path is illustrated in Figure 9.2. When the 
temporary increase in g commences, the stable and unstable loci shift to 
X'X', Y' Y’, respectively. This system passes through point A, which de- 
notes the steady state the economy would attain, and would attain in- 
stantaneously, under fixed employment, if the rise in y were permanent. 
The stable and unstable loci remain in this position for the duration of 
this fiscal expansion, at the end of which they revert to their original 
locations, XX, YY, intersecting once again at point P. 

As in the case of a permanent increase in g, the adjustment begins 
with a positive jump in the marginal utility of wealth. However, because 
the economy discounts the effects of a temporary increase in g, the rise 
in A(Q) fails short of its response in the permanent case. This leaves the 
economy at some point, such as L, between P and A in Figure 9.2. The 
height of the jump in «(0) increases with duration T of the temporary 
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disturbance, reflecting the fact that the more prolonged is the increase in 
g the more closely its initial impact on the economy corresponds to that 
of a permanent increase. During the period that g is its higher level, the 
economy traverses the unstable path LM, reaches the original stable lo- 
cus XX at point M, and from there, after g has been restored to its initial 
level, moves down X X to its steady-state equilibrium at point P. 

For a temporary increase in g, the economy, in contrast to its response 
in the permanent case (with fixed employment), does not immediately 
reach its steady state, and thus its adjustment is characterized by transi- 
tional dynamics. The source of this distinction is the difference in the 
behavior of A(0) for the two cases. Since the increase in 4(0) in the tempo- 
rary case is less than its increase in the permanent case, the initial fall in 
private consumption is likewise less than its fall in the permanent case. 
Recalling that a permanent rise in g immediately crowds out an equal 
amount of private consumption, the fact that the initial decline in private 
consumption falls short of this in the temporary case implies that with 
the capital stock, and consequently output, given at t = 0, the initial re- 
sponse of the economy is disinvestment, k(0) <0. In other words, the 
agent, discounting the negative wealth effect of a temporary increase in g, 
but also lacking the opportunity to counteract it with greater work ef- 
fort, enjoys a greater level of private consumption by decumulating capi- 
tal. As long as g is at its higher level, the capital stock continues to de- 
cline. This raises its marginal physical product above its long-run value f 
and requires, consistent with the optimality condition (9.3c), that ,<0 
during this period. The return of g to its original level reverses the prior 
decumulation of capital. Investment is immediately crowded in at t = T 
and is followed by a rise in the capital stock. We illustrate this by the 
movement of the economy down the stable locus XX. Until k = kọ at 
P, the marginal physical product of capital remains above $, and hence 
4<Ofort > T. 


Welfare Effects 


As before, the agent’s welfare is evaluated both along the transitional 
path and over the agent’s infinite planning horizon, although the deriva- 
tions of Z(t) and W for temporary fiscal policies are relegated to the Ap- 
pendix. In Figure 9.4, the path RS-UV depicts the response of Z(t) to a 
temporary rise in g, and is drawn under the assumption of fixed employ- 
ment. In describing the evolution of Z(t), we also assume, as we did pre- 
viously in deriving Figure 9.3, that the fiscal policy authorities set g at its 
welfare-maximizing level. Notably, the same welfare-maximizing condi- 
tions apply for both temporary and permanent fiscal expansions, due to 
the fact (shown in the Appendix) that the effect on overall welfare of a 
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Figure 9.4 
Time path for instantaneous utility (for fixed employment) temporary increase in govern- 
ment expenditure U, = U, 


temporary increase in g is simply the crowding-out effect discounted over 
a finite, rather than an infinite, horizon. 

As is evident from Figure 9.4, a temporary increase in g leads to an 
initial rise in Z(Q), to a point such as R. This result occurs because a 
temporary increase in g leads to disinvestment, which, as noted above, 
prevents private consumption from being crowded out one for one with 
the increase in g. This means that, with g set optimally, the welfare loss 
associated with the lower private consumption is exceeded by the welfare 
gains associated with greater g, and consequently that Z(0) takes a posi- 
tive jump. Further welfare gains, illustrated by the movement of Z(t) 
along the locus RS, accrue to the agent while g remains temporarily at 
its higher level. Welfare continues to improve, due to the fact that the 
decumulation of capital that occurs during this period permits the agent 
to enjoy greater private consumption. 
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At time T, when government expenditure is restored to its original lev- 
el, Z(T) takes a discrete jump from a point such as S above its initial 
value, to a point such as U below its initial value. This is because govern- 
ment consumption expenditure generates direct welfare benefits for the 
household, so that its contraction at time T causes a fall in welfare—a 
fall, moreover, that takes Z(T} below its initial level, due to the fact that 
private consumption at the close of the fiscal expansion is less than its 
initial value.'’ After g returns to its original level, the agent receives the 
welfare benefits that accrue from the subsequent rise in the capital stock 
and output. We depict this by the movement of Z(t} along UV, the path 
that takes welfare back to its original steady-state level. 


9.6 Government Expenditure as a Productive Input 


Traditionally, macroeconomics has treated government expenditure as 
representing a demand shock. In the conventional Keynesian models this 
is done through an outward shift in the IS curve, without specifying what 
the nature of the public expenditure is. In the representative agent model, 
we have assumed that government expenditure is on a consumption 
good, which we have permitted to interact with the private consumption 
good in the utility of the agent. In practice, government expenditure is on 
a variety of goods, some of which are intended to enhance the productive 
capacity in the economy. Expenditures on such things as roads, bridges, 
education, and job training are of this type and can be broadly classified 
as expenditure on infrastructure. Recently, several economists have be- 
gun to recognize this and to incorporate this form of government expen- 
diture into their macro models. See, for example, Aschauer (1988, 1989), 
Barro {1989}, and Turnovsky and Fisher (1995). This section briefly de- 
scribes such an extension to the model. 

The modification this extension entails is to the production function, 
which we now write as 


y= F(k, Ih) (9.38) 


where h now denotes government expenditure on infrastructure. We now 
assume that output exhibits positive, but diminishing, marginal physical 
product in all three factors, so that F, > 0, F, > 0, F, > 0, Fa < 0, Fy, < 9, 
F,, < 9. In addition, it is assumed to be linearly homogeneous in the two 
private factors, so that FF, — Fg = 0; F,, > 0, as before. At this point, 
we do not impose restrictions on the cross partial derivatives F,,, Fin, SO 
that, in principle, government expenditure on infrastructure can be either 
a complement to or a substitute for capital or labor in production. How- 
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ever, we should observe that the assumption of the homogeneity of the 
production function in the two private factors of production implies the 
constraint F, = F,,k + F,/, so that the assumption F, > 0 implies that 
both F,, < Qand F,, < 0 cannot hold simultaneously. 

Differences in the specification of government expenditure on produc- 
tion can be found in the literature. For example, Aschauer (1988) does 
not restrict the sign of the marginal productivity of public inputs, with 
F, < 0 referring to productivity-inhibiting government regulations. This 
contrasts with our focus on F, as reflecting infrastructure, with its pre- 
sumed positive effects on total output. Second, our assumption of linear 
homogeneity in the two private factors views infrastructure as providing 
economies of scale in production. An alternative assumption, discussed 
by Aschauer (1989), is that the production function is linearly homoge- 
neous in all three factors of production. The choice between these two 
alternative specifications makes little difference, as long as one assumes 
FF, > 0 in the alternative specification. One further point is that almost 
all of the existing literature formulates government productive expendi- 
ture as a flow, paralleling the traditional treatment of government con- 
sumption expenditure. An alternative, and arguably more realistic, 
formulation would be to specify it as a capital stock, which accumulates 
along with the private productive capital stock. This would introduce an 
additional dynamically adjusting state variable into the analysis, thereby 
increasing the dimensionality of the dynamics correspondingly. 

The dynamic structure of this modified model as described in Section 
9.2 remains unchanged from before. The difference is that the expendi- 
ture on infrastructure represents a supply shock, rather than a demand 
shock, as before. Detailed analysis of the dynamic adjustments in re- 
sponse to both temporary and permanent changes tn infrastructure, as 
well as their effects on welfare, is provided by Turnovsky and Fisher 
(1995). To give some notion of the differences that arise, we shall focus on 
the steady-state responses of capital and the marginal utility of wealth. 
Parallel to (9.10), these are now determined by 


F(k UA, k, h) h) = cA, kh) + h, (9.39a) 
F (k, 10, k, A), h) = B. (9.39b) 


In writing these equations, we have assumed that government consump- 
tion expenditure g = 0. These two equations highlight the differences in 
how the two types of government expenditure impact on the economy. 
From the product market condition (9.39a) one observes that A has 
both a demand effect (like g) and a supply effect, through its impact on 
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production. One further important difference, apparent from (9.39b), is 
that the long-run capital-labor ratio does depend upon h. Thus, even if 
the labor supply is fixed, an increase in government expenditure on infra- 
structure will affect the long-run capital stock, and in so doing will gener- 
ate a nondegenerate dynamic adjustment path. 

Differentiating (9.39a), (9.39b) with respect to h, the following effects 
on the long-run capital stock and the marginal utility of wealth are 
obtained: 
dk wz l — Fh) Oia un y FaFa 


Ch) 9.40 
dh A A DA eee 





dA OF) (Ft Al Pa) Ein Usd 5/0 + Usd Fink 
dh A A DA l 





(9.40b) 


Parallel to (9.22), these expressions consist of two effects. The first is the 
net withdrawal effect, which is analogous to that in (9.22), though it is 
now scaled by the factor (1 — F,). Second, the remaining terms reflect the 
impact of directly productive government expenditure on the marginal 
physical products of capital and labor. 

An interesting feature of these expressions is that, to the extent that 
infrastructure contributes directly to the production of output (i.e., F, > 
0), it tends to have a contractionary effect on the long-run capital stock. 
This is because as long as expenditure on infrastructure contributes posi- 
tively to output, it provides resource augmentation rather than resource 
withdrawal. By the argument presented in Section 9.4, it therefore gener- 
ates a positive wealth effect, causing a decline in the marginal utility of 
wealth, thereby reducing the labor supply and the long-run stock of 
capital. Taking this into account, the factor (1 — F,), which measures the 
direct resource cost of a unit of infrastructure expenditure relative to 
its direct benefit, thus measures the net resource withdrawal effect. Com- 
paring this with the corresponding expression in (9.22a), it 1s seen that 
this component is less expansionary than in the case of a rise in g. In fact, 
it will be contractionary if F, > 1. 

In the borderline case where the marginal physical product of infra- 
structure just equals its resource cost F, = 1, the net resource withdrawal 
effect is zero. Infrastructure expenditure then affects k and 4 only through 
its influence on the marginal products of capital and labor. This is an 
interesting case, because if infrastructure expenditure is complementary 
to the private factors of production, F,, > 0, Fp > 0, then work effort and 
capital accumulation will be encouraged, despite the fact that this influ- 
ence also tends to raise private wealth and hence to lower 4. The fiscal 
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expenditure multiplier is now greater than unity, dy/dh > 1. Thus, under 
these circumstances, an increase in h raises private wealth and crowds in 
private consumption in the long run. Indeed, the rise in private wealth 
also tends to encourage the consumption of the other private good, 
leisure. This provides an offsetting influence to the effect of Fp, > 0 and 
implies that the long-run response of employment to a rise in h is ambig- 
uous. These effects, and other aspects of the model, including a detailed 
comparison with the effects of government consumption expenditure, are 
analyzed by Turnovsky and Fisher (1995). 


9.7 Term Structure of Interest Rates 


The government bonds we have introduced are short-term bonds, having 
a fixed price and being continually rolled over. The term structure of 
interest rates has long been of interest to macroeconomists, both as an 
empirical issue and a mechanism for the transmission of macroeconomic 
policy. Chapter 7 introduced the term structure into a simple IS-LM 
framework to illustrate the methods of saddlepoint analysis. It is straight- 
forward to introduce a term structure into the present tntertemporal 
optimizing framework. 

We now introduce a second bond, which is taken to be a perpetuity 
(consol) paying a constant real coupon of unity. We shall denote the 
price of the bonds by P and its yield by R, so that R = 1/P. In the ab- 
sence of risk and with efficient financial markets, the instantaneous rates 
of return on the short-term and long-term bonds must be equal, being 


related by 
1+P R 
r= = ee (9.41) 
P R 


While this equation is being posited directly, it can in fact be readily 
derived from the optimality conditions when the representative agent 
holds both long and short bonds. The main point is that the short-run 
rate of return on the long bond consists of the rate of capital gain P/P, in 
addition to the coupon 1/P. 

Combining (9.41) with (9.6c), the evolution of the long-term rate can be 
expressed in terms of k and 4, by the differential equation 


R=R[R— Fk 1U,k,g))]. (9.42) 


Solving (9.41) or, equivalently, (9.42), the long-term rate may be ex- 
pressed in the form 
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Re (9.43) 


x ; J i 
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This relationship expresses the current long-term rate in terms of fu- 
ture (expected) short-term rates, which themselves are dependent upon 
the future time paths of k and /. It is evident from (9.6d) and (9.42) that 
in long-run equilibirum, the short-term rate, the long-term rate, and the 
marginal physcial product of capital, all must converge to the (exoge- 
nously given) rate of time discount; that is, F = R = F, = B. By defining 


P(t, s) =e EnO (9.44) 


to be the price at time ¢ of a zero-coupon bond that matures at time s, 
the first equality in (9.43) may be written as 


Roa eee (9.43’) 


i Pi(t,s)ds 
t 


which can be readily transformed to'® 


| r(s) P(t, s) ds 

R(t) = “fag a. (9.43) 
| P(t,s)ds 
t 

Equation (9.43”) expresses the current long rate R(t) as a weighted aver- 
age of the correctly forecast future short-term rates, though the weights 
themselves depend upon the short-term rates through the pricing of the 
zero-coupon bonds. !? 

We have now provided the additional structure necessary to analyze 
the effects of various shocks on the both the short-term and long-term 
interest rates. Linear approximations to the dynamic time paths can be 
obtained by linearizing (9.6c) and (9.42) about the respective steady-state 
equilibria: 


r=Ftas(k — k) + oli — å) (9.45a) 
R = BER — R) — œk — À) — (2 — À)] (9.45b) 


By substituting the appropriate solutions for k and 4 into (9.45a), (9.45b), 
the solution for the short-term rate can be found directly, and the solu- 
tion for the long-term rate can be determined by solving the resulting 
first-order differential equation. Fisher and Turnovsky (1992) use this ap- 
proach to analyze the effects of various types of permanent, temporary, 
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Figure 9.5 
Time paths of interest rates following unanticipated permanent fiscal expansion 


and expected future fiscal shocks on the term structure. This is a direct 
application of the methods discussed in Sections 9.4 and 9.5. 

Figure 9.5 illustrates the responses of the short and long rates to the 
simplest shock, namely an unanticipated permanent increase in govern- 
ment expenditure. This is very straightforward. We have previously ob- 
served that a permanent expansion in government expenditure leads to 
an immediate increase in the short-term interest rate, which then declines 
continuously over time as it returns to its unchanged long-run equilib- 
rium. With the long-term rate R(t) being a discounted sum of uniformly 
declining future short-term rates, it must initially increase by some 
smaller amount than the initial increase in the short-term rate. And since 
this must be true at all points of time, the long rate must always lie below 
the short rates. With R(t) < r(t), the long rate must also decline over time 
in order to generate the capital gains, which will compensate for its lower 
yield and thus ensure that the arbitrage condition (9.41) is satisfied. 

The basic intertemporal macroeconomic equilibrium derived in Sec- 
tion 9.2 determines the time path for the short-term (instantaneous) inter- 
est rate. The long-term rate we have just introduced was not essential to 
the equilibrium, but is determined by it in accordance with the arbitrage 
condition (9.41). In fact, once the time path for the short-term interest 
rate is obtained, it is possible to derive the entire yield curve for bonds 
having arbitrary terms to maturity. This can be most conveniently done 
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Figure 9.6 
Response of yield curve to unanticipated permanent fiscal expansion 


in the case where the bonds are zero-coupon discount bonds paying a 
unit of output at their maturity date. 

Recalling the definition (9.44), the price of a discount bond at time t, 
maturing S periods in the future (at time t + S), is 

Te hanas i+s 
Perte k ne or In(P(t,t + S)) = -| r(t')dt’. 
t 

With the bond yielding no coupon, the instantaneous rate of return is 
just (6/er) In(P(t,t + S)) = r(t). The yield to maturity, R(t, S), is therefore 


t+5 
R(t, S) = A | r(t’) dt’ (9.46) 


where R(t,0) = r(t). The entire yield curve at time t is then described by 
R(t, S}, considered as a function of the term to maturity, S. 

Equation (9.46) indicates that the interest rate on a discount bond in a 
perfect foresight model such as this is simply the average of the time path 
of the short-term rate taken over the term of the bond. Having derived 
the time paths for the short-term rate in response to various types of 
fiscal expansions, we can use (9.46) to determine the corresponding be- 
havior of the yield curve over time. Explicit solutions for R(t, S) can be 
obtained by substituting the solutions for r(t) and integrating. However, 
this is not really necessary, because one can generally infer the shape 
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of the yield curve for a particular shock by “smoothing” the time path of 
the short-term rate over the appropriate time horizon; see Fisher and 
Turnovsky (1992). 

Figure 9.6 derives the response of the yield curve to the simplest case 
of an unanticipated permanent fiscal expansion. The line AA is the time 
path for the short-term rate and declines over time, as we have discussed. 
The locus AB is the yield curve R{0, S), at the initial time t = 0, when the 
fiscal expansion first occurs. Since R(0,0) = r(0), it starts out at the point 
A. Also, since at each term S it is an average of the future declining short- 
term rates, R(0, S} declines as the term to maturity increases, though at 
a slower rate than does r(t). The yield curve therefore lies everywhere 
above r(t). Over time, as r(t) declines, the yield curve R(t, S) shifts down. 
It is always downward sloping, although it flattens out as, over time, all 
rates converge to their common long-run equilibrium value £. 





9.8 Money in the Utility Function 


Several approaches can be found in the literature for introducing the 
role of money into the intertemporal optimizing framework. These are 
intended to capture, if only imperfectly, the three key roles of money in 
the economy: (i) its role as a store of wealth; (ii) its role as the medium of 
exchange; and (iii) its role as a unit of account. One of the important 
contributions of the overlapping generations model, which we are not 
discussing in this volume, was that it enabled money to be introduced in 
a fundamental way, as a means of transferring assets between genera- 
tions. This was the significance of Samuelson’s (1958) seminal contribu- 
tion, and a simple two-period model is discussed by Blanchard and 
Fischer (1989). 

Within the infinite horizon model two approaches have been adopted 
to incorporate the role of money. The first is to incorporate its role as a 
medium of exchange through the so-called cash-in-advance constraint, 
originally proposed by Clower (1967). The basic idea here is to formulate 
the role that money plays in carrying out transactions by the explicit 
introduction of a “transactions technology.” One difficulty with this 
approach is that the introduction of the various constraints, embodying 
the role played by money in transactions, can very quickly become 
intractable. Accordingly, a shorthand alternative to this, originally due to 
Sidrauski (1967b) is to introduce money directly into the utility function. 
By facilitating transactions, money is assumed to yield a direct utility to 
the representative agent that is not associated with other assets such as 
bonds, which yield only an indirect utility through the income they gen- 
erate and the consumption goods they enable the agent to purchase. 
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The introduction of money into the utility function has often been the 
subject of severe criticism by monetary economists, who have argued 
that one should model the process of transactions explicitly. Recently, 
however, this criticism appears to have been muted, at least in part 
because of an important paper by Feenstra (1986), who studied the 
relationship between the two approaches. He showed that under certain 
regularity conditions, the maximization problem with money, modeled 
by means of a cash-in-advance constraint, may be equivalent to a maxi- 
mization problem with money in the utility function. Thus the procedure 
of introducing money directly into the utility function seems to be gener- 
ally viewed as being an acceptable approximation. This is the approach 
we shall discuss in this section. 

The role of money in the portfolio allocation decision cannot really be 
dealt with adequately until risk is introduced, as we shall do in Part IV. 
However, we may observe that, by assigning it direct utility, we are 
ensuring that even though as an asset money is dominated by others in 
terms of the return it yields, it still performs a positive economic role. 


The Sidrauski Model 


We now augment the model of Section 9.2 by introducing money. The 
representative agent is thus assumed to maximize the utility function 


| U(c,l,g,me™ dt, (9.47a) 
0 
where m = M/P denotes real money balances, M denotes the nominal 
stock of money, and P denotes the price level. We assume that money 
balances yield positive marginal utility, though only up to some level m*, 
say, which denotes some “satiation level.” The idea is that although hold- 
ing money yields utility, it also involves costs, such as security precau- 
tions, which eventually dominate when balances held are too high. All 
other variables are as defined before, and the utility function remains 
concave in all of its arguments. 

The maximization is subject to the budget constraint, which it is con- 
venient to express initially in nominal terms in the form: 


Pce + Pk + M + B= PF(k,l) + iB — PT (9.47b) 


where B = nominal stock of government bonds, i = nominal interest 
rate. For simplicity we drop government expenditure on infrastructure 
and assume that the government bonds are short bonds, denominated in 
nominal terms. Differentiating the quantities m = M/P, b = B/P, with re- 
spect to time, the budget constraint can be transformed to real terms as 
follows: 
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ctkt+m+b= Fk) + rb — pm—T (9.47b') 


where now p = P/P = the rate of inflation, r = i — p is the real rate of 
interest. By writing the equation in this way, we see that inflation acts 
like a tax on those assets (money and bonds) that are denominated in 
nominal terms, and the quantity pm is frequently referred to as being the 
“inflation tax” on real money balances. The initial conditions are now 


k(0)= ko,  M(0)=Mo,  B(0)= Bo. (9.47c) 


The initial real stocks of money and bonds are endogenously determined 
through an initial jump in the price level, associated with the attainment 
of the equilibrium. 

Performing the optimization leads to the following equilibrium: 


U (c,d, gm) = 4 (9.48a) 
Uc, l, g,m) = —AF(k, t) (9.48b) 
U_(c,! 

er m) p=r = Fík, l) (9.48c) 
v) 
= B = Falk, D (9.48d) 


These conditions are analogous to (9.3a) (9.3d); the only difference is 
that we now have an additional static optimality condition, (9.48c), 
relating the real return on money to that on income-earning assets. It 
asserts that the real rate of return on money, which equals the utility 
from the consumption of money services less its real return as an income- 
earning asset (— p), must equal the real rate of return on bonds and capi- 
tal. In the absence of direct utility benefits, money would be dominated 
by the other assets and would not be held in equilibrium. There are also 
now three transversality conditions, one for each of the assets, k,b, and 
m. 

To complete the description of the system, we must specify product 
market equilibrium and make some assumption about government pol- 
icy. The former remains specified by (9.5). With respect to government 
policy, the Sidrauski model assumes that the monetary policy is specified 
by the constant nominal monetary growth rule 


implying that the real rate of monetary growth is 


ri = mlo — p). (9.48e) 
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Having specified monetary policy, we assume that the government’s 
intertemporal budget constraint is met through a combination of debt 
policy and lump-sum taxes, the details of which, given Ricardian Equiva- 
lence, need not concern us. 


Superneutrality of Money 


Much of the analysis of the Sidrauski model has revolved around the 
question of whether or not real variables such as the capital stock and 
consumption are dependent upon the rate of monetary growth. If they 
are independent, then money is said to be superneutral and the equilib- 
rium is essentially unchanged from the previous real model. Whether or 
not money is superneutral depends upon certain critical aspects of the 
model, and to address the issue further, it is convenient to write down the 
equilibrium structure. 

The three static equilibrium conditions (9.48a)—(9.48c) may in general 
be solved for c,/, p in the form 


c = c(h, k,m; g) (9.49a) 
l= Hå, k,m;g) (9.49b) 
p = p(4,k,m; g). (9.49c) 


Next, substituting these solutions into the product market equilibrium 
condition (9.5), the dynamic efficiency equation, (9.48d), and the mone- 
tary growth equation, (9.48e), lead to 


k = F(k,((A,k,mig)) — cA,k, mig) — g (9.50a) 
À = ACB — F,(k, I(å, k,m;,g))] (9.50b) 
m = m{ġ — p(2,k,m;g)]. (9.50c) 


This is a third-order system, which in general has one stable and two 
unstable roots, so that the stable path is described by a first-order 
system. One difference from the real model is that, in general, the trans- 
verality conditions do not suffice to rule out all unstable paths, as was 
the case previously. We do not propose to discuss the dynamics in any 
detail. This is straightforward to do, and the interested reader is referred 
to Fischer (1979b) and Turnovsky (1987a), where this is carried out for 
variants of the model. 

It is apparent that, in general, the rate of monetary growth ø will influ- 
ence both the time path of capital and its steady-state equilibrium level. 
The original Sidrauski model assumed that the supply of labor is inelas- 
tic. This means that the optimality condition (9.48b) does not apply, so 
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that labor is given exogenously rather than by (9.49b). This is one case in 
which money is superneutral with respect to the steady-state stock of 
capital and consumption. To see this, consider (9.50a) and (9.50b), which 
in steady state become 

F(k) -E—g =0 (9.50a’) 
F,(k) = B. (9.50b’) 


The marginal product of capital condition (9.50b’) determines the long- 
run capital stock, which with fixed labor determines output, and hence 
consumption; all are independent of the rate of monetary growth. How- 
ever, with the labor supply fixed, the moneiary growth rate will still have 
temporary effects on the rate of capital accumulation, as long as real 
money balances are not additively separable from consumption in utility; 
see Fischer (1979b). 

Superneutrality, both during the transition and in the long run, occurs 
if the utility function is additively separable in consumption and labor 
decisions, on the one hand, and real money balances, on the other, that 
is, if utility is of the form U(c,1,g) + W(m). In this case we can easily 
show c = c(4,k;g), 1 = 14, k:g), and p = p(A,k,m), and the dynamics of 
(9.50) become 


k = F(k, IU, ksg)) — cA, kg) — g (9.50a’) 
À = AB — E(k, 10, k; g))] (9.50b") 
m = mid — p(s, k,m)]. (9.50¢") 


The system essentially dichotomizes. The first two equations describe the 
real part of the system and are identical to (9.9a) and (9.9b) discussed 
previously. The behavior of real money balances is then given by (9.50c’”). 
The recursive structure implies that the third eigenvalue equals —mp,, > 0 
so that the system has two unstable eigenvalues. Following an initial jump 
in the price level, the real money stock converges along a stable locus to 
its steady state value, mī, which corresponds to the point where the infla- 
tion rate and monetary growth rate are equal. 

Under the weaker condition where the utility function is of the multi- 
plicatively separable form U(c,1,.g)W(m), one can show that money is 
again superneutral in the long run, though not during the transition. We 
should also observe that, using the cash-in-advance approach, Stockman 
(1981) has shown the long-run capital stock to be inversely related to 
the rate of monetary growth. This is perfectly consistent with the super- 
neutrality results we have been discussing. Indeed, the relationship be- 
tween the two approaches considered by Feenstra (1986) demonstrated 
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that the equivalent specification of money in the utility function generally 
implies nonseparability of money and consumption, when we have seen 
that money is nonsuperneutral. 


Optimal Monetary Growth Rate 


The question of the optimal monetary growth rate has been discussed 
at length in the literature from a variety of perspectives. Early authors 
such as Bailey (1956) and Friedman (1971) have analyzed the question 
from the viewpoint of the maximization of government revenue from the 
inflation tax and have shown how the optimal monetary growth rate 
depends upon the interest elasticity of the demand for money. Tobin 
(1968) focused on the consumption-maximizing monetary growth rate 
and showed that this involves driving the economy to the golden rule 
capital-labor ratio. Most important is the work that originated with 
Bailey (1956) and Friedman (1969), which examines the optimal growth 
of money within a utility-maximizing framework. The most significant 
proposition to emerge from this last approach is the so-called Friedman 
full liquidity rule, which concludes that the optimal rate of monetary 
growth is to contract the money supply at a rate equal to the rate of 
consumer time preference. 

The present analysis is identified most closely with this last approach. 
In the case that the utility function is additively separable in real money 
balances, so that the monetary growth rate is superneutral, the time path 
of consumption and labor is independent of the monetary growth rate. 
The only impact of ¢ on welfare is through its impact on real money 
balances. The utility of real money balances can therefore be maximized 
independently, and this is achieved by driving m to the satiation level m*, 
defined by U,,(m*) = 0. As we noted above, in the additively separable 
case this is attained instantaneously through an initial jump in the price 
level. From (9.48c) we see that this implies setting the nominal interest 
rate to zero. If, further, the real part of the system is in steady-state 
equilibrium, (9.48d) implies ¢ + f = 0, or, equivalently, that the mone- 
tary growth rate should be contracted a rate equal to the rate of time 
preference. This is precisely the Friedman rule. 

When the assumption of the additively separable utility function is 
relaxed, the monetary growth rate does impact on consumption and em- 
ployment and thus on the entire utility function. Turnovsky and Brock 
(1980) derived the optimal monetary growth rate in the case where labor 
is the only productive input and showed that in general the optimal 
monetary growth rate should be set in accordance with what they call a 
“distorted” Friedman rule, which takes into account the interaction be- 
tween real money balances and the marginal rate of substitution between 
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labor and consumption. They show that if ¢(U,/U,)/ém <0, then m 
should be set below the satiation level m*, so that U, > 0 and ¢ > —f. 
The marginal rate of substitution of labor for consumption will be in- 
creased: workers will be willing to supply more labor, output will in- 
crease, and the utility from consumption will rise correspondingly. The 
opposite is true if 0(U,/U.)/em > 0. In effect, the optimal monetary policy 
calls for balancing off the direct utility of money against its indirect 
effects, which result from its interaction with consumption and leisure. 
This type of analysis can be extended to the present framework, which 
includes capital, although the welfare analysis will involve an intertem- 
poral dimension along the lines discussed in Section 9.4.7° 





9.9 Population Growth 


Thus far, we have assumed that the population is fixed, although the 
supply of labor is elastic. This assumption will be maintained throughout 
the remainder of Part III. However, the original Ramsey model and 
much of the literature--in particular, the growth literature—that has 
evolved from it makes the assumption that the supply of labor grows 
inelastically over time. This section briefly discusses the consequences of 
that specification. 

Population—N, say—which with full employment is also labor sup- 
ply, is assumed to grow at a steady rate n, so that N/N =n. Assuming 
there is no government, the basic intertemporal optimization problem, 
analogous to (9.1), is to maximize 


| Ule Md  U.>0, U, <0 (9.51a) 


o 


subject to the budget constraint 

c+tk=f(ik)—-nk fl(k)>0, f"(k) <0 (9.51b) 
and initial conditions 

k(O) = ko (9.51c) 


where c is now per capita consumption and k denotes the capital-labor 
ratio. The dynamics of the model proceeds in per capita terms. Analyti- 
cally, this is reflected in the term nk appearing in the accumulation equa- 
tion, which describes the fact that part of the output produced at each 
instant of time must be devoted to equipping the growing labor force if 
the per capita stock of capital is to be maintained. This remains true in 
steady state, implying that steady-state output cannot all be consumed as 
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it was in (9.10a). In effect, all rates of return are now net of population 
growth, which plays much the same role as the rate of inflation or the 
rate of depreciation on capital (which has been taken to be zero). 

Two key concepts associated with this model are (i) the golden rule of 
capital accumulation and (ii) the modified golden rule. The first of these, 
described by the condition 


f(k) = 4, (9.52a) 


is the condition that maximizes the steady-state consumption per capita. 
It was originally introduced by Phelps (1961). Under the assumptions 
that we have introduced on the production function, this equality cannot 
be satisfied for a finite value of the capital-labor ratio in the absence of 
positive growth. 

The main welfare significance of the golden rule is that it defines a 
value of the capital-labor ratio beyond which it is not Pareto optimal to 
accumulate capital. That is, everyone could be made better off from the 
viewpoint of maximizing steady-state consumption by reducing the capi- 
tal stock. This is because the capital stock has become so large that its 
marginal productivity is outweighed by the amount of output necessary 
to provide the growing population with the existing capital-labor ratio. 
Such an economy has overaccumulated capital and is said to be dynami- 
cally inefficient. 

The modified golden rule is described by 


P(k) = B +n. (9.52b) 


This relationship asserts that the long-run capital-labor ratio—and hence 
the marginal physical product of capital, and the real interest rate—is 
determined by the sum of the rate of time preference plus the rate of 
population growth. This is the analogue to the steady-state condition 
(9.10b), to which it reduces, when the population is constant, and indeed 
it plays the same important role in the context of a growing population. 

For an extensive discussion of these models, the reader is referred to 
Blanchard and Fischer (1989, chapter 2). However, we should point out 
that with a steadily growing population, the constancy of the long-run 
equilibrium capital-labor ratio implies that the long-run equilibrium 
growth rate of the economy is tied to the growth rate of labor. In most 
cases this is taken to be exogenous, or determined by long-term demo- 
graphical or technological factors. It is clearly unlikely to be responsive 
to any of the conventional instruments of macroeconomic policy. 

The basic Ramsey model with growing population has the same 
characteristics with respect to issues such as Ricardian Equivalence as 
does the stationary population model exposited in previous sections. Re- 
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cently, Blanchard (1985) and Weil (1989) have developed alternative but 
not unrelated approaches aimed at breaking the neutrality of debt and 
lump-sum taxes. Blanchard does so by assuming that each agent faces a 
constant probability of death, independent of age, with the probability 
being described by an exponential distribution. This introduces a distinc- 
tion between the discount rate of the private agent, who takes account of 
his probability of death, and the social rate of discount, which, because 
the economy is ongoing and the assets of the deceased are redistributed 
to the living, does not take this into account. In the Blanchard model, 
each agent dies with probability one, and it is therefore often referred to 
as a finite horizon model. Weil introduces infinitely lived families, which 
are introduced over time and are therefore overlapping. Both models 
offer very elegant analyses, although in order to achieve this, the au- 
thors are forced to introduce special assumptions regarding the form of 
the utility function. 





9.10 The Representative Agent Model: Some Caveats 


This chapter has presented an exposition of the basic representative 
agent model and used it to derive a dynamic macroeconomic equilib- 
rium. To illustrate the behavior of the model, we have analyzed the 
effects of various kinds of government expenditure shocks, although the 
same analytical methods can be applied to other types of disturbances, 
and indeed will be in the chapters to follow. We have also introduced 
some simple extensions to the model, including the addition of a term 
structure of interest rates and the inclusion of money via the utility 
services it provides. 

The representative agent framework has many desirable features and 
for this reason has become the standard tool for modern macroeconomic 
dynamics. Apart from its tractability, it possesses two particularly attrac- 
tive attributes. First, it is based on rational behavior, embodying forward- 
looking agents, so that the full intertemporal dimensions of economic 
events, both inherited from the past and looking into the future, have an 
impact on the evolution of the economy. In particular, the intertemporal 
budget constraints confronting the agents in the economy are brought to 
the fore. Second, because it is based on utility maximization, it provides 
a natural framework for analyzing the welfare implications of macro- 
economic policy shocks or other structural changes, which many would 
argue are of ultimate concern. But despite its almost uniform adoption as 
the standard macroeconomic paradigm, it is viewed much more critically 
by economic theorists; see for example, Kirman (1992). 
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The conventional assumption made in macroeconomic theory is that 
there are many identical agents, whose behavior is summarized by that of 
the “representative agent.” Under certain conditions, such as homothetic 
utility functions and linearity, aggregation may well be possible and 
the representative agent may indeed be a reliable representation of the 
individuals (see, e.g., Lewbe! 1989). But such an ideal situation is not gen- 
erally the case, and Kirman has articulated the difficulties that may arise 
when those conditions are not met. For instance , he discusses a simple 
example where, even though the representative agent makes the same 
choices as the aggregate of choices of the individuals in the economy, the 
preferences of that agent may be opposite to those of the individuals he 
represents. In such a case, the representative agent model is a poor indi- 
cator for welfare analysis. 

A second line of criticism revolves around the empirical evidence 
supperting the representative agent approach. Empirical studies are fre- 
quently based upon the estimation of stochastic Euler equations, derived 
as first-order optimality conditions, which are the stochastic analogues to 
the arbitrage relationships such as (9.6d). These conditions are frequently 
rejected by the data. As Kirman points out, this raises the question of 
what is being rejected. Is it the particular relationship that is being tested, 
or the representation of the economy by a single optimizing agent? He 
argues that one should be focusing on heterogeneous agents and that 
some of the paradoxes identified in the data may be the result of the 
special framework and might be resolved by extending the economy to 
different agents with different preferences. The same observation has 
been made by others (see, e.g., Summers 1991; Lippi 1988). 

Do these criticisms mean that we should abandon the representative 
agent model? Kirman seems to suggest that we should, although that 
view seems extreme. There are several points in support of the represen- 
tative agent model. First, it is important to have some tightly structured 
framework to serve as a benchmark in order to avoid, or at least reduce, 
the arbitrariness of the earlier macroeconomic models. For this purpose, 
the representative agent model is the best available at the present time, 
although the extent to which it succeeds in eliminating the arbitrariness 
associated with macroeconomic modeling should be kept in perspective. 
A good deal of arbitrariness still remains and 1s inevitable in any theoriz- 
ing. The nature of the objective function, the range of decision variables, 
the specification of the constraints, the market structure—all are often 
taken for granted, yet all are typically subject to choice. Second, few 
could deny that by emphasizing the importance of intertemporal budget 
constraints the representative agent model has enhanced our understand- 
ing of intertemporal issues in macroeconomics. Furthermore, although 
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simple examples can be constructed wherein the preferences of the aggregate 
might misrepresent those of diverse agents, it has not been established 
that this is a significant problem in the analysis of macroeconomic shocks. 
Suppose. for example, that instead of one agent, we had introduced 
several heterogeneous agents, each having utility and production func- 
tions with the same qualitative properties as those we have assumed. 
Suppose also that the behavioral relationships for each agent were ob- 
tained by intertemporal optimization and all aggregate variables such as 
output, etc., were obtained by summing over the individuals. Unless the 
agents have very different characteristics, it seems reasonable to expect 
that each individual will respond to aggregate macroeconomic shocks 
hitting the general economy in more or less the same qualitative way, 
(though not necessarily identically), in which case the aggregate should 
behave in a qualitatively similar way as well. If the government increases 
national defense expenditure, say, raising taxes in general on all indivi- 
duals, then it seems reasonable that if they are all governed by the same 
general behavioral characteristics, they will all respond in the same quali- 
tative way, which will then be reflected in aggregate behavior. Simulation 
analysis by McKibbin (1991) using large econometric models based on 
intertemporal optimization of representative agents, supports this general 
view. He finds the differences in the aggregate response to macroeconomic 
disturbances to be rather small between the procedures of (i) having a 
single representative agent and (ii) aggregating over the responses of a 
number of individual agents from a disaggregated version of the model. 
Any model employed as widely as the representative agent model 
begins to take on a life of its own and to be accepted almost as an axiom. 
It is therefore useful to remind ourselves periodically of its limitations. 
Despite the criticisms that have been made, we feel that the representa- 
tive agent model provides a useful framework that offers a good deal of 
insight, and we shall continue to develop it further. It should be viewed 
as a step in the continuing development and understanding of macro- 
economic theory, just as the models discussed in Parts I and IT have 
been. Over time, models become superseded, and indeed the extension to 
heterogeneous agents seems like a promising avenue for future research. 





Appendix 


Solutions for the Capital Stock and the Marginal Utility of Wealth for Temporary 
Fiscal Shocks 


As noted in the text, temporary shocks are analyzed under the simpli- 
fying assumption of fixed employment. In this case, the linearized dy- 
namic system simplifies to 
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() ee 0 I = J ( A 1) 


We assume that the system starts at t = 0 in steady state with k = ko, 
À = 4,. For temporary fiscal expansions, the solutions for k and 4 are 
over two phases: (i) the initial phase of higher government expenditure; 
and (ii) and the subsequent phase in which government expenditure has 
returned to its original level. The shift in the steady state occurs at time 
T. The steady states corresponding to these two phases are (k,54,) and 
(ko, Žo), respectively. The general solution to (9.A.1) is 


O<r(<T: 

k=k, + A,e4 + Ane"! (9.A.2a) 
A=, + UA! + Up, Are". (9.A.2b) 
t= T: 

k = kọ + Aje*" + Aher” (9.A.3a) 
A=Ag + Un by A e + Une, Ager. (9.A.3b) 


where u, < 0, u > 0 are the eigenvalues. There are four arbitrary con- 
stants, A,,A,,A, and A, to be determined. These are evaluated as 
follows: 


i. In order for the transversality condition (9.3e) to be met, we require 

A, = 0. 

ii. We assume that the capital stock adjusts continuously from its initial 
given stock ko, that is, 

kak r Art: 


iii. The time paths for k and / are assumed to be continuous for t > 0. In 
particular, at time t = T, the solutions for (9.A.2) and (9.A.3) must coin- 
cide, yielding two more equations for A,,A,, and A‘, which together 
with (i) and (ii) uniquely determine the solution. 


We now use this method to determine the solutions for k and 4 for 
temporary increases in g. As discussed in Section 9.3, k; = ky for a tem- 
porary increase in g. The solutions are as follows: 


Cara T: 
e M2T [er — git] (A, A io) 


a ee l 
i Ueli — pi) 


(9.A 4a) 
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A= At Le (9.A.4b) 
PPD! allt 
r> E 
LSR fess —e eT eta, aa Ao) (9.A.5a) 
f Use — bs) he 
`] “HAIT _ o7kh:T]pH1t pi = A 
ea n Aa A (9.A.5b) 
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Solutions for Welfare for Temporary Fiscal Shocks 


For the fixed employment case, instantaneous welfare Z is given by 
Z = U(c(4,g), 9). (9.A.6) 


To obtain expressions for Z for temporary increases in government con- 
sumption and infrastructure expenditure, we take a first-order approxi- 
mation to (9.A.6): 
: UL -À 

Ze u(e(A, g), g) ag ae ad (9.A.7) 
and substitute the solution (A — À) for the appropriate phase. 

Using equations (9.A.4b) and (9.A.5b), we determine the following solu- 
tions for Z for a temporary increase in g,: 


O<t<T: 


U.[u e"* — H2€""'] (Ay = Ao), 








Z = U(e(41,9).9) + 7 (9.4.8) 
EST: 

x U [ue "T = we Tem, = Ag) 
Z = U(Ay,9),g) + — = — =. (9.4.9) 





Us. 2 — fy ) 


where g denotes the temporarily greater level of government consump- 
tion expenditure. 

To evaluate the impact of temporary fiscal policies on overall welfare 
W, we take the discounted value of the two phases of Z over an infinite 
horizon: 


T pS] 
W = | Z(the "dt + | Z(the Pde. (9.A.10) 
0 T 


Substituting (9.4.8) and (9.A.9) into (9.4.10) yields the overall welfare 
generated by a temporary increase in g: 
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U(c(4,, 9,9) [1 — eT] Ulea, g), gje ®T 
w — UCL AMO — e ie (c(Ao,g), g)e ” (9.A.11) 
B p 
Differentiating (9.A.11) with respect to ĝ yields 
dW U, ~ UJDI — eT] dW —(U,—U)f1i— eT 
WW = sO) a a e  a 
dg P dg. P 
from which we see that the condition for welfare maximization is identi- 
cal to that of a permanent fiscal expansion. 
Notes 


1. We adopt the following notation. Partial derivatives are indicated by corresponding sub- 
scripts. Time derivatives are denoted by dots. To conserve notation, we write the first, sec- 
ond, and cross partials of the utility function U with respect to g as U,,U,,, Usg and Uy. 
Similarly, we write the first, second, and cross partials of the production function F with 
respect to h as Fy, Faas Fans and Fip. 


2. Linear homogeneity in the private factors, k,l, implies the following relationships: 
Fitu = Få, Ferfi — Fufy = Fal y/i and FaF, — Fy Fy = Faly/D. 

3. We do, however, impose the constraint k > 0. 

4. This involves the use of a recursive utility function, specified by a difference equation. 


5. The signs of w,;,@,,, and «,, follow directly from the signs of the partial derivatives of 
the expressions appearing in (9.7a), (9.7b). The sign of w,, is determined by substituting 
l, and evaluating. 

6. These properties are obtained by studying the roots of the characteristic equation to 
(9.11), u? + {yy + 2022) — Ay 127 — Wy 2,) = O. 

7. Because u, is an eigenvalue of (9.11), —Jws,/a.. + u) = G4 —~ 1,)/@12, which 
implies that Aw,, + pw, < 0. 


8. This follows from the fact that (m, — 4.) ~ la — 011| = (uy + fy — 2H,,) = B- 
20,, <0. 


9. Tobin and Buiter (1976) analyze the effects of an increase in government expenditure 
specified as inclusive of interest payments. McCallum (1984) also discusses how this form of 
government expenditure is sustainable. 


10. In evaluating the following steady-state expressions, we make use of the constant 
returns to scale properties of the production function described in note 2. 


11. In other words, we assume that even if the increase in g raises the marginal rate of 
substitution between private consumption and work effort, this negative influence on long- 
run capital accumulation is dominated by the positive influence of the resource withdrawal 
effect of greater government expenditure. 


12. This can be shown as follows in the case where the utility function is additively separa- 
ble in government consumption expenditure. From (9.13b), 


[Ru —¢,]d4(0) = «,, [a 2 (= 4) a|, 


W2 


Recalling (9.22), this expression equals 


w fy —@ yo 
12 1 11 122 
oc ee | -oz = ( ) oaa! dg = í A zl dg > dg. 
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13. The fixed employment analogue to (9.22b) is given by 


ee O: 
dg a) 


To guarantee that dz/dg > 0, we assume that if Ug < 0, then | Uzel > |Ucgl- 


l4. Note that, because the stable and unstable loci for the fixed employment case possess 
the identical slope characteristics to their variable employment counterparts, Figure 9.1 can 
be used to trace out the dynamic effects of government expenditure under both fixed and 
variable employment; see the Appendix to this chapter for details. 


15. These expressions are only approximations in that all derivatives are evaluated at 
steady state. 


16. Because (9.31') is an approximation, (U, — U,) is a constant term, evaluated at the 
steady state. This is in contrast to the corresponding term in the exact expression (9.31), 
which varies as the economy adjusts toward its steady state. 


17. Private consumption itself takes a discrete jump at time T, because it too depends di- 
rectly on the level of g. However, we can show that the jump in private consumption, unlike 
that of instantaneous welfare, is ambiguous and equal to U,,/U,,. Thus the jump in private 
consumption is positive if U,, < 0 and negative if U,, > 0. (See also Djajic 1987 for this 
result.) Even if the jump in private consumption is positive, c(T) is still less than its value 
prior to the increase in g. This guarantees that the jump in Z(T) is negative. 


18. The equivalence between (9.43’) and (9.43”) can be obtained by integration by parts and 
utilizes the pricing relationship (9.44). 


19. Recall that capital can be adjusted costlessly. The same recursive relationship between 
the short and long rates applies if the accumulation of capital is subject to a convex cost of 
adjustment function, as will be introduced in Chapter 11. In this case, one can show that 
the short-term intcrest rate is now determined as a discounted sum of expected future mar- 
ginal physical products of capital. But once the short rates have been determined in this 
way, the long-term rate is then a discounted sum of all expected future short-term rates. 


20. The question of the optimal rate of monetary growth has continued to receive the 
attention of economists; see, e.g., Kimbrough (1986) and Abel (1987) for more recent 
discussions. 
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and Inflation 





10.1 Introduction 


Most macroeconomic models treat the corporate sector in an overly 
simplistic manner. This is true of most textbook models, which typically 
assume that all private investment is financed through borrowing. Au- 
thors such as Tobin (1969) and Mussa (1976) introduced very crude stock 
markets into their models, doing so by identifying one unit of equity with 
one unit of physical capital. But this is typically not how real-world stock 
markets operate. Physical capital on the one hand, and the financial 
claims to these physical assets on the other, are distinct entities, the 
relative prices of which are continually changing over time, thereby 
invalidating the one-to-one relationship frequently assumed. 

This criticism also applies to the models developed thus far in this 
volume. In some circumstances, the distinction between capital and the 
corresponding financial claims on that capital is not of great significance. 
Under the assumptions of a riskless world, freely adjustable capital, and 
the absence of distortionary taxes, equity claims can essentially be identi- 
fied with the underlying capital stock, and these are the assumptions that 
we have in fact adopted. 

But in the real world, agents are subject to various forms of distor- 
tionary taxes. Households pay personal income taxes, whereas firms pay 
corporate income taxes. Once this is recognized, a tax wedge is driven 
between the firms who produce the output and the households who own 
them, and it becomes necessary to distinguish between productive capital 
on the one hand, and the financial claims on the other. One can no 
longer consolidate the private sector into the “representative consumer- 
entrepreneur,” as we did in Chapter 9, but instead must decentralize the 
private sector of the economy. 

Accordingly, the objective of this chapter is to introduce a more com- 
plete corporate sector into the representative agent framework developed 
in the previous chapter. The approach we shall adopt draws upon the 
general equilibrium framework developed by Brock (1974, 1975) and 
extended by Brock and Turnovsky (1981). This approach includes the 
following key features: (i) All demand and supply functions of households 
and firms are derived from maximizing behavior as in Chapter 9; (ii) in 
a decentralized economy, expectations become important, and these are 
determined under the assumption of perfect foresight; (iii) all markets 
are continually cleared. Under these assumptions all expectations will be 
“self-fulfilling,” and for this reason an equilibrium characterized by (i), 
(ii), and (iii) has been termed a “perfect foresight equilibrium.” 
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The early Brock analysis essentially abstracted from the government 
and corporate seciors, and it is these aspects—particularly the latter — 
that we wish to emphasize in the present discussion. More specifically, 
we shall assume that the government can finance its deficits either by 
issuing bonds or by creating money. Likewise, firms can finance their 
investment plans cither by issuing debt, by issuing equities, or by using 
retained earnings. We consider a riskless world with perfect foresight, so 
that government bonds and both types of private securities are all as- 
sumed to be mutually perfect substitutes. We shall introduce corporate 
and personal taxes on various forms of income, and these will assume an 
important role in the determination of the resulting equilibrium condi- 
tions. In introducing these taxes, we shall specify tax rates so as to ap- 
proximate what one might consider to be a “real-world” tax structure 
(see, e.g, Feldstein, Green, and Sheshinski 1979; Auerbach 1979a). 

The question of the impact of various corporate and personal taxes 
on the real and financial decisions of the firm has been widely discussed 
in the literature (see, e.g, Stiglitz 1973, 1974; Feldstein, Green, and 
Sheshinski 1979; Auerbach 1979a; Summers 1981; Sinn 1987). These 
taxes impinge on the firm primarily through the cost of capital, and 
hence it is important to make sure that this is defined appropriately. The 
approach taken in this chapter is to derive the appropriate cost of capital 
facing firms, and hence determining their decisions, taking into account 
the optimizing decisions of households. 

The basic idea is that, beginning with the budget constraint for firms, a 
differential equation determining the market value of the firm may be 
derived. This equation is then solved to determine the cost of capital for 
firms, expressed in terms of market yields. Using the optimality condi- 
tions for consumers, these market yields can be translated to consumers’ 
rate of return on consumption and the various tax parameters. The 
resulting objective function for the firm separates into two parts. First, 
financial decisions are made to minimize the cost of capital; second, hav- 
ing determined the minimized cost of capital, real productive decisions 
may then be made. The implications of this approach turn out to be fully 
consistent with the standard treatments of taxes in the corporate finance 
literature; see, for example, Modigliani and Miller (1958) and Miller 
(1977). Except in special cases when the debt-to-equity ratio of firms 
turns out to be indeterminate, the optimal financial structure will be a 
corner solution, consisting either of all-debt financing or of all-equity 
financing. 

One of the important insights to emerge from this more complete 
macroeconomic model is that in the presence of taxes, when firms are 
faced with a well-defined choice of how to finance their investment, the 
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effect of government policy is highly dependent upon the financing mode 
chosen by firms. To take one example, in the presence of distortionary 
taxes monetary growth ceases to be superneutral. However, whether 
an increase in the monetary growth is expansionary or contractionary 
depends upon whether the firm finds it optimal to employ debt financing 
or equity financing. The reason is that the inflation rate resulting from 
this form of monetary policy impacts on the cost of debt capital on the 
one hand, and of equity capital on the other, in directly opposite ways. 
Thus the disaggregation we are about to undertake and the more com- 
plete specification of the corporate sector is extremely important in our 
analysis of macroeconomic policy. 

The careful construction of this decentralized intertemporal optimizing 
macroeconomic model involves a substantial amount of detail. Accord- 
ingly, we should indicate that our objective in this section is primarily to 
develop the framework, rather than to analyze the dynamics extensively . 
A brief outline of the dynamic properties is presented in Section 10.9, but 
a more detailed treatment will be undertaken in Chapter 11. 





10.2 The Macroeconomic Structure 


We consider a decentralized economy that contains three basic sectors— 
households, firms, and the government—all of which are interrelated 
through their respective budget constraints. We shall consider these sec- 
tors in turn, in all cases expressing their behavioral constraints directly in 
real terms. In so doing, we shall denote demand and supplies by appro- 
priate superscripts, although in equilibrium, when markets clear, these 
quantities coincide. 


Household Sector 


We assume that households can be aggregated into a single consolidated 
unit. The objective of this composite unit is to choose its consumption 
demand; its labor supply; and the rates at which it wishes to add to its 
real holdings of money balances, government bonds, corporate bonds, 
and equities; so as to maximize the intertemporal utility function 


| (UG mig "dt U, > 0, U; < 0, U, > 0 (10.1a) 


0 


subject to the budget constraint 
c+ b+ mit bo + sé 


= wit + r bf + rbi — p*(bf + bf + m’) + isE* — T, (10.1b) 
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and initial conditions 


M(0)=M,, B,(0) = B, B,(0)= Bp, E(0) = E, 
where: 
¢ = real private consumption plans by households, 


I = planned supply of labor by households, 

mê = M‘4/P = demand for real money balances, 

M = nominal stock of money, 

P = nominal price of output, 

g = real government expenditure, taken to be exogenous, 
b? = real demand for government bonds, 

B, = nominal stock of government bonds, 


b? = real demand for corporate bonds, 


B, = nominal stock of corporate bonds, 
E = number of shares outstanding, 
s = relative price of equities in terms of current output, 


(10.1c) 


i = D/sE = dividend yield, taken to be parametrically given to the 


household sector, 
D = real dividends, 


sE” = real demand for equities, 


w = real wage rate, 
r, = nominal interest rate on government bonds, 
r, = nominal interest rate on corporate bonds, 


p* = anticipated instantaneous rate of inflation, 


T, = personal income tax paid in real terms, specified more fully below, 


fp = consumers rate of time discount. 


The utility function has the same properties as those assumed in Chap- 
ter 9, and the rationale presented there applies here as well. The intro- 
duction of real money balances in the utility function is justified by the 
transactions costs arguments discussed in Section 9.8. As before, we shall 
assume that for given values of c,i,g, the marginal utility of money 
satisfies sgn(U,,) = sgn(m* — m), so that m* denotes the corresponding 
satiation level of real money balances, discussed in Chapter 9. For the 
real stock of money less than this level, the marginal utility of money is 
positive; for real stocks of money in excess of m*, the holding costs out- 
weigh the benefits and the net marginal utility of money becomes nega- 
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tive. Although most of our discussion will focus on the general utility 
function U, it is expositionally convenient at appropriate places below to 
assume that it is additively separable in m, enabling us to separate out 
the real part of the system from the monetary component. 

The household sector’s budget constraint expressed in (10.1b) is in real 
flow terms, At each instant of time the representative household is as- 
sumed to acquire resources from a variety of sources. Households supply 
labor to firms at a real wage w; they earn interest income on their hold- 
ings of government and corporate bonds; they experience instantaneous 
capital gains or losses on their holdings of financial assets denominated 
in nominal terms (money and bonds); they receive dividend payments at 
a rate on their holdings of equities. The dividend payout rate is taken to 
be parametrically given to households, but it is one of the financial deci- 
sions made by corporations. This income can be used in a variety of 
ways. Households may use it to purchase real consumption goods; to 
add to their holdings of money balances, government bonds, corporate 
bonds, and equities (the relative price of which in terms of real output 
is s); and to pay taxes to the government. It is important to observe 
that the decisions from this optimization procedure represent planned de- 
mands (or supply, in the case of labor). We have recorded this fact ex- 
plicitly by the inclusion of the superscript d(s). In making its decisions, 
the representative household takes all market-determined prices and 
rates of return as given. These will all ultimately be determined in the 
resulting macroeconomic equilibrium. 


Corporate Sector 


As noted previously, the corporate sector is “driven” by households in 
the sense that the optimizing decisions by the households determine the 
appropriate cost of capital facing the firms, which in turn governs their 
real and financial decisions. Thus, before the firm’s optimization problem 
can be explicitly formulated and solved, it is necessary to solve the 
optimization problem for the household sector. At this stage we will sim- 
ply report the financial and production constraints facing the firm and 
note the general form of the objective function we shall derive. 
The constraints facing the firm are summarized as follows: 


y? = F(k4,1°) (10.2a) 
IT = y — wl’ (10.2b) 
M =r,bi + D+ RE +T, (10.2c) 
kt = RE + sE* + b + p*bs (10.2d) 


k(0) = ko, E(0)= Eo, B,(0) = Byo (10.2e) 
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If = real demand for labor by firms, 

k? = real demand for physical capital by firms, 

yë = supply of real output, 

TI = real gross profit, 

b? = real supply of corporate bonds, 

E5 = quantity of equities, issued by corporations, 
RE = retained earnings, expressed in real terms, 


T, = corporate profit tax paid in real terms, specified more fully below, 


and all other symbols are as defined above. 

Equation (10.2a) describes the production function, which is assumed 
to have the usual neoclassical properties of positive but diminishing mar- 
ginal productivities, and constant returns to scale, as assumed in Chapter 
9. Equation (10.2b) is the conventional definition of gross profits in real 
terms as being gross revenue less payments to labor. Equation (10.2c) 
describes the allocation of gross profit. After paying corporate income 
taxes, this may be used to pay interest to bond holders, used to pay divi- 
dends to stockholders, or retained within the firm. Equation (10.2d) ex- 
presses the firm’s financial constraint. Any additions to its capital stock 
must be financed in one of three ways: either out of retained earnings, 
by issuing equities, or by issuing additional debt. The final term in this 
equation, p*b>, is the revenue on private bonds accruing to the firm by 
virtue of the fact that the bonds are denominated in nominal terms. It is 
precisely analogous to the inflation tax generated on financial wealth is- 
sued by the government, which is a source of real revenue for the govern- 
ment. Finally, equations (10.2e) specify initial conditions on the stocks 
of capital, the number of equities outstanding, and the nominal stock of 
corporate bonds. 

We shall define the market value of the firm’s securities outstanding at 
time t by 


V(t) = 5, (0) + s(t) E(t) (10.3) 


(where we suppress superscripts} and shall assume that the firm’s objec- 
tive is to maximize the initial real market value of its securities V(o). 
Given the constraints in (10.2a)—(10.2e) and the optimality conditions for 
households, we shall show in Section 10.5 that this objective leads to the 
following optimization for firms. Their problem is to choose production 
decisions (k7,/) and financial decisions (b, E°,i) to maximize the initial 
value of its outstanding securities. We shall demonstrate in Section 10.5 
that this objective function can be expressed as 
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v0) = l ye B ge (10.4) 


where 
v(t) = real net cash flow, 
0*(t) = instantaneous cost of capital at time t. 


Thus (10.4) expresses the objective function of the firm in terms of the 
future (expected) discounted flow of real earnings. The precise forms 
of y(t) and @*(t) depend crucially upon the firm’s chosen dividend 
policy. The specific case being assumed in the present analysis will be 
developed in Section 10.5. Alternative hypotheses will be considered in 
Chapter 11. The point to be emphasized at this juncture is that y(t) 
is a function of the real production variables; the financial variables 
are all embodied in the cost of capital #*(t). As a consequence of this, 
the two sets of decisions can be obtained in a convenient, sequential 
manner. 

One technical point should be noted. In general, the interests of bond- 
holders may conflict with those of stockholders, and if that is the case, 
maximizing the market value of all claims against the firm does not coin- 
cide with maximizing the market value of equity. As we will see in the 
equilibrium we obtain, the value-maximizing firm will specialize in either 
all-debt or all-equity financing, depending upon the tax structure. It will 
want to jump immediately to the optimal level of debt or equity at time 
0. There are two natural ways around this. One is to impose exogenous 
bounds on the rate of change of debt or equity. Then the equilibrium 
would involve eliminating the undesired security at the most rapid rate. 
This introduces a lot of messy detail. The second is to allow these vari- 
ables to undergo initial jumps. This latter method will be discussed fur- 
ther in Section 10.6. 

The choice of the maximization of the market value of the firm as the 
objective function requires further comment. Auerbach (1979a) has de- 
veloped a model in which this objective is inappropriate from the view- 
point of maximizing the welfare of existing stockholders. In fact, the 
appropriateness of the value maximization criterion depends upon the 
dividend policy adopted by the firm. In the Auerbach model, at the mar- 
gin all equity-based investment is financed through retained earnings. By 
contrast, in the present model, dividend policy is assumed to follow a 
fixed payout rule, so that at the margin all equities come through new 
issues. Under the present assumption it can be shown that value maxi- 
mization is indeed appropriate from the viewpoint of maximizing the 
welfare of existing stockholders. 
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The Government 


The government is assumed to provide real goods and services g, which 
it finances out of real tax receipts, or by issuing some form of govern- 
ment debt. Its budget constraint is described in real terms by:* 


m+ bs =g +r bi — T, — T, — (m° + bs)p* (10.5) 


where the superscript s denotes the planned supply by the government. 
This equation defines the real deficit net of the inflation tax by the right- 
hand side of (10.5) and asserts that this is financed either by increasing 
the real money supply or by increasing the real stock of government 
bonds. The choice between these two alternatives, or any other specifica- 
tion of monetary or debt policy for that matter, represents a policy deci- 
sion that we must specify in order to close the model. 
Finally, we specify the tax functions Tp, T; as follows: 


T, = t, (wis + r bf + rbi + isE*) + 7(3 + sp*)E (10.6a) 
T; = t,(y* — wi? — r b3) O0<1,<10<7,.<h0<1,<1  (10.6b) 


where all tax structures are assumed to be linear. According to (10.6a), 
ordinary personal income—that is, income from wages, interest, and 
dividends—is taxed at the same flat rate t,. Nominal capital gains on 
equities are assumed to be taxed at the rate t,, which in general is not 
equal to ie In most economies, t, < t,, and indeed, in many, t, = 0. For 
analytical convenience, the model assumes that capital gains are taxed on 
accrual. In practice they are taxed on realization. Thus, even if t, = t,— 
as is the case for certain tax brackets in the United States—because at 
any point of time only a fraction of capital gains are realized, the effective 
tax rate on capital gains t. < t,, further justifying this assumption. 
Turning to corporate income taxes, gross profit is assumed to be taxed 
at the proportionate rate t,, with the interest payments to bond holders 
being fully deductible. In all cases, full loss offset provisions are assumed. 
We should point out that the full deductibility of interest payments as- 
sumed in (10.6b) raises an analytical issue that must be addressed. As will 
become apparent in due course, with full deductibility of interest costs, 
an equilibrium having a positive inflation rate, such as would occur with 
a positive monetary growth rate, implies that the long-run taxable corpo- 
rate profits become negative (see note 8 to this chapter). Firms are, in 
effect, subsidized by the government indefinitely to issue debt. Not sur- 
prisingly, this encourages bond financing, but it is unrealistic because in- 
terest deductibility applies only against positive corporate profits. There 
are two ways around this problem. The first is simply to allow only 
partial deductibility of interest payments. The other is to allow full 
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deductibility of interest payments, but to add some fixed specific factor 
that adds to production, but the costs of which are not deductible. With 
these comments in mind, we shall continue to assume full deductibility 
without any real loss of generality. 

We have specified these tax functions as reasonable approximations 
to real-world tax structures. As we shall demonstrate below, this in gen- 
eral implies nonneutrality of the various tax rates. In order to restore 
neutrality it would be necessary to introduce appropriate tax deductions 
for the capital losses arising from inflation on the holdings of money and 
bonds as well as appropriate offset provisions for firms. Since such taxes 
are not in general characteristic of real-world tax structures, we do not 
incorporate them, although it would be straightforward to do so. 

One further institutional aspect should be noted. The formulations in 
(10.6a) and (10.6b) assume that households do not receive any credit for 
taxes paid by corporations on that portion of corporate profit which is 
paid out as dividends. This is the so-called double taxation of dividends. 
Although this is characteristic of the U.S. tax law and that of some other, 
smaller economies, it is not the case in most European countries, where 
households typically receive partial, and in some cases total, credit for 
such taxes paid by corporations; see Sinn (1987) for a comprehensive 
description. Under this “European” tax structure, the household would 
receive a tax credit zt,D, where z is the rate at which taxes paid by 
corporations on dividends are rebated to consumers. 


10.3 Perfect Foresight Equilibrium 


We shall consider a perfect foresight equilibrium (PFE) and define it 
as follows. First, consider the household sector’s maximization problem 
defined by (10.1a)-(10.1c), with T, defined by (10.6a). Carrying out this 
maximization yields a set of demand functions for consumption and the 
various securities, together with a labor supply function, in terms of p*, 
w, Fps Fa, Etc., and other parameters that consumers take as given. Like- 
wise, the corporate sector’s optimization problem, defined by (10.2a)—- 
(10.2e) and (10.4), with T, defined in (10.6b), yields a set of demand func- 
tions for capital and labor and a set of supply functions for the various 
securities together with output. These are also functions of p*,w,r,, and 
so forth, which firms also treat as parametrically given. Third, the gov- 
ernment policy decisions constrained by (10.5) generate supplies of mon- 
ey and government bonds and a demand for goods. 

The perfect foresight equilibrium is defined as a situation in which the 
planned demands for output, labor, and the various securities in the 
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economy all equal the corresponding real supplies, and in addition, all 
anticipated variables are correctly forecast. In this case m? = m‘, and so 
forth; thus where no confusion can arise, we shall simply drop the super- 
script. The quantity m, for example, will denote the real money supply in 
a perfect foresight equilibrium. Henceforth we shall focus on these equi- 
librium quantities. We shall assume that an equilibrium always exists, 
although in fact it may not under all tax structures. 


10.4 Determination of Optimality Conditions for Households 


As noted, the household sector’s optimization problem is to choose c, |, 
m, b, bp, E, subject to its budget constraint (10.1b), with 7, defined by 
(10.6a), and subject to the initial conditions (10.1c). Substituting for T, 
enables us to write the discounted Hamiltonian function: 


H =e *"U(c,h mg) + de Pt — t, (wl + 7,6, + r,b, + isk) 
— (b, + b, + m)p —1,(8 + sp)E — c — b, ~ b, — m— sÈ}. 


Since we are dealing with a perfect foresight equilibrium, we have set 
p* = p, the actual rate of inflation. Also, for notational convenience, all 
superscripts have been dropped. 

We shail assume that [c(z), m(t), I(t), b,(t), b(t), E(t)] = 0 for all ¢.° The 
Hamiltonian H is observed to be linear in the financial decision variables 
b(t), b,(t), E(t). In view of this, depending upon the precise tax structure 
assumed, some of these securities may or may not appear in strictly posi- 
tive quantities in the equilibrium demands of the household sector. To 
allow for the possibility that some may turn out to be zero in equilib- 
rium, it is necessary to solve the optimization by using Euler inequalities 
rather than in terms of the more familiar Euler equations.* These are 
simply analogues to the Kuhn-Tucker conditions in conventional non- 
linear programming. Performing the optimization yields the following 
conditions: 


Uai (10.7a) 
c(U, — 4) =0 (10.7b) 
U, < —Aw(t —1,) (10.8a) 
KU, + Aw(1 — 1,)) = 0 (10.8b) 


U À 
S ao o (10.9a} 
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mim- otp} (10.9b) 
A 
ia sap bas aS he eee 
b, fra — ty} —(p + B) + l =0 (10.10b) 
} 
b, trl —t,)—(p + B) + it = 0 (10.10c) 
§ A 
i(1 Sri eee Te) — TPB , (10.1 1a) 
$ A 
Edi =e (1 -i)z apf =0 (10.11b) 


where 4 > 0 is the Lagrange multiplier associated with the household 
sector budget constraint and measures the marginal utility of wealth. In 
addition, the following transversality conditions must hold: 

lim Ame~® = lim Ab,e* = lim Ab,e * = lim AsEe™ = 0. 

tu t> t LT too 

Inequalities (10.7a), (10.8a), (10.9a), (10.10a), and (10.1 1a) are the Euler 
inequalities with respect to c,/,m,b, and b, (which are identical), and E, 
respectively. If any of these inequalities are met strictly, then the corre- 
sponding activity is set equal to zero. Conversely, if any of the activities 
is strictly positive in equilibrium, the corresponding constraint ts satisfied 
with equality. These duality-type relationships are reflected in equations 
(10.7b), (10.8b), (10.9b), (10.10b), (10.10c}, and (10.11b). They are most 
relevant in the case of those assets that enter the Hamiltonian function 
linearly and which are the reason for introducing them. The conditions 
assert that the real rate of return on any asset cannot exceed the rate 
of return on consumption, given by the right-hand side of (10.9a), for 
example. In the event that the rate of return on an asset is strictly less 
than that of consumption, then that asset is dominated and its equilib- 
rium quantity is zero. 

Throughout the analysis we shall assume that consumption, employ- 
ment, and money are “essential,” so that in equilibrium these quantities 
exist in strictly positive amounts, that is, c > 0, I > 0, m > 0. Equations 
(10.7a), (10.8a), and (10.9a) thus all hold with equality. This assumption is 
plausible on economic grounds and can be ensured by imposing appro- 
priate curvature (Inada) conditions on the utility function of consumers. 
Introducing the above equalities, the optimality conditions (10.7)—-(10.11) 
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can be simplified and interpreted more readily. For this purpose, we shall 
let 


. 
G 


a ee (10.12) 


À 


denote the rate of return on consumption. The optimality conditions for 
consumers may thus be written as 


i. = —w(I — 1,) (10.1 3a) 
U 

= =pt+ 10.13b 
o rt (10.13b) 
nl —t}-p<0 i=pg (10.13c) 
bina — rt) p-0]=0 i=pg (10.13c’) 
iene =a) tp <0 (10.13d) 

4 5 
rfia yh d -= p= 0]=0 (10.13d’) 
S 


Equation (10.13a) asserts that the marginal rate of substitution between 
labor and consumption should equal the after-tax real wage, and (10.13b) 
states that the marginal rate of substitution between money and con- 
sumption is equal to the equilibrium nominal rate of return, which is 
given by @ + p. The after-tax return on both types of bonds reflects the 
assumption that only the nominal component of the return is subject to 
tax. The after-tax rate of return on equities contains two components. 
The first is the return on dividends, which is taxed at the “ordinary 
income” rate, t,. The other is the after-tax rate of capital gain. The 
quantity t.p is an adjustment for the fact that the quantity (S/s)(1 — t.) is 
the after-tax real capital gain, whereas the tax is being assumed to be 
levied on the nominal gain. These optimality conditions will now be used 
to derive an explicit objective function for the firm. 


10.5 Determination of Optimality Conditions for Firms 


To derive the objective function for firms, we begin by eliminating RE 
from the firms’ financial constraint (10.2c), (10.2d) to yield 


II + sÈ +b, + pb,=r,b,+D+T, +k 
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where, because we are dealing with PFE, the superscripts have been 
dropped. Adding sE to both sides of this equation and noting the defini- 
tion of V, given in (10.3), and hence V, we obtain 


V+N=(r,—p)b, + D+ 7, +k +8E. (10.14) 
We now define the firm’s real cash flow y(t) to be 
y(t) = (1 — 1,11 — k = (1 — 1, ) [F (kf) — wl] — k. (10.15) 


That is, y(t) equals gross after-tax profit less the cost of additional capital 
purchased. Now using the definition of T, together with (10.15), and 
recalling the definitional relationship D/sE = i, equation (10.14) becomes 


V +y = (r,l — tp) — p)b, + isE + SE. (10.16) 
We now define the firm’s debt-to-equity ratio as follows: 


b 
a ee 10.17 
sE ( ) 


enabling us to write (10.16) in the form 


, ô s\ 
V+y= tat -a aa (10.18) 


Next, letting 


ô el 
O*(5,i,7,, 8/8) = [r,(1 — t,) — ny sts ity 
5 


(10.18) can be written more conveniently as 


Vit) + y(t) = 0*(6,i,7,, 8/s)V (10.19) 


> p? 


where 0* is in general a function of t, but is independent of V. Equation 
(10.19) can now be integrated to yield a general solution, 


Vis ) = == lol) “(a a, | (De Tiedt it), 
0 


where A is an arbitrary constant. Suppose for the moment that 6* > 0 
(an assumption that will be justified below and certainly holds in steady 
state), then in order for V(s) to remain finite as s > 00, we require? 


es 
pes | (tje foods dt, 


o 


and hence the value of the firm at any arbitrary time s is 
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x 
Vis) = elo Pind | “(the - |, O*(a)dt dt. 
S 


The initial value of the firm, which we assume is what the firm seeks to 
maximize, 1s therefore 


V(0) = | {(1 — t,) LF (k 0) — wi] — kyeh Od gy (10.20) 
0 

where we have substituted for y(t). Thus we have derived the objective 

function (10.4) and shown that V(0) is an appropriately discounted inte- 

gral of the future net real cash flows. 

The fact that y(t) depends only upon the real production variables 
(k,l), whereas the discount rate depends upon the financial variables 
(0, i r, $/s), means that the firm’s optimization can be conducted sequen- 
tially. First it chooses its financial decisions to minimize @*, and then, 
having determined the optimal 6*, it chooses the optimal production de- 
cisions, 

The critical factor in the firm’s objective function is @*. Using the defini- 
tions of V and ô (see [10.3] and [10.17], respectively), it may be written as 


Of = [r,(1 — 7 EIGIN (10.21) 
“ of V s} V 

In other words, 0* is simply the weighted average of the real costs of debt 
capital and equity capital to the firm, and hence will surely be positive. 
The real cost of debt capital is the after-corporate income tax nominal 
interest rate less the rate of inflation; the real cost of equity capital to 
firms is the dividend payout rate plus the real rate of capital gains on 
equity. Hence (10.21) is an expression that turns out to be familiar from 
basic corporate finance theory. 

However, the expression for #* given in (10.21) is inappropriate from 
the viewpoint of determining the firm’s financial decisions. The reason 
is that these decisions are themselves constrained by the preferences of 
households. These preferences, which are embodied in the optimality 
conditions (10.13c’), (10.13d’), impose constraints on the components of 
the financial rates of return. To obtain an appropriate expression for @*, 
we invoke the optimality conditions (10.13c’), (10.13d’) for consumers to 
eliminate r, and SE: 


o (0+?) 


PP (1 = 1,) p> 


op (0 Eg Tep) 7 (1 = T,)i : n 
sE = ( floss ee ms. (10.13d”) 


(10.13c”) 
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Substituting these expressions into (10.21), we may express 0* as 


ae (t,-—Tt,}(@+p) ò (O + p)t.+i(t,-—1,) 1 
Oey ee ee RD oe BON ere 
ae ee E I [425 
(10.21') 


(1 — t.) 








It becomes evident from this expression how the cost of capital 0* 
provides the means whereby consumers “drive” the firms. From (10.21°), 
it is seen that the relevant cost of capital is equal to the consumer’s rate 
of return on consumption @, adjusted by the various corporate and per- 
sonal income tax rates, the adjustments themselves being weighted by the 
shares of bonds and equities in the firm’s financial structure. Equation 
(10.21’) may also be written as a weighted average in the form 


@*(5,i) = [ gece OEE d ò 





(ea to 
(0 + p)t. + i(t, — tA] ot 7 


which 1s the form in which it shall be used. 

The expressions (10.21) and (10.21”) are in terms of the firm’s financial 
decision variables, together with other variables parametric to the firm, 
and are therefore in a form suitable for determining the firm’s optimal 
financial policies. This is done by calculating the partial derivatives with 
respect to 6,2. It is straightforward to show 


C0* — T, 
sgn ee = sgn yes A (10.22a} 
Ci l= 


sgn (5) E E =O E E (10.22b) 


CÒ EE ker 











The optimal dividend policy and the optimal capital structure will there- 
fore involve corner solutions. Note that in the absence of taxes, 0* is 
independent of i. Dividend policy is therefore irrelevant, confirming the 
well-known Miller and Modigliani (1961) proposition. 

In light of the fact that the capital gains in the analysis really reflect 
accruals, whereas tax rates in reality apply to realized capital gains, it 
seems reasonable to assume t, < t,, a restriction we in fact suggested at 
the outset. Thus, if the firm is to minimize its cost of capital, it should 
minimize the dividend payout ratio i. In the absence of any constraints 
this would involve the repurchase of shares, as long as D remained posi- 
tive. In fact, such behavior is discouraged in the United States by Section 
302 of the Internal Revenue Code. To model fully the legal restrictions 
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included in this code would be extremely difficult, and we do not attempt 
to do so here. Rather, we shall simply argue that the firm minimizes 
its dividend payments by setting i = i, where i is some legal minimum 
payout rate (possibly zero), which we take to be exogenously given. Thus, 
setting i = i, the optimal financial mix (ô) is determined as follows: 


(t, ~ t,)(8 +p) 2 (0 + p)t, + i(t, =A) 


If: z: set 0 = 00; (10.23a) 





a t; 1 —t, 
that is, employ all-bond financing ( E = 0). 


(ty = ToO + P) (0 + pre + ity = t) 
= EEr 


If 





that is, employ all-equity financing (b, = 0). 

Defining the average tax rate on income from equities, say t,, to be a 
weighted average of the tax rates on income from dividend and from 
capital gains: 


= ity + (s/s + p)t, 
i+s/s+p 


e 


and using the optimality condition (10.13d’), the criterion for determining 
the optimal financial mix (6) can be rewritten as follows: 


(1 — z, > (1 — {1 — te) set ô= %0 (10.24a) 
(ht Ct he) set 0 = 0) (10.24b) 


By writing it in this way, we see that our criterion is identical to that of 
Miller (1977).’ In effect, (10.24a) asserts that if the net after-tax income 
exceeds the net after-tax income from equity, where the latter is taxed 
twice, first as corporate profit and then as personal income to stockhold- 
ers, no investors will wish to hold equities, and the firm must engage in 
all-bond financing. The opposite applies if the inequality is reversed as in 
(10.24b). A simple, sufficient condition for (10,24a} to hold, not uncharac- 
teristic of some real-world tax structures, is that the corporate profit tax 
rate t, exceed the personal income tax rate on ordinary income t,. No 
such simple condition for (10.24b) to hold exists. It simply requires t, to 
exceed t, by an amount that suffices to take account of the double taxa- 
tion of income from equity. Clearly, the tax structure considered here, 
which is not uncharacteristic of the United States, favors bond financing 
and likely explains at least in part the massive corporate debt that exists 
there. Granting a tax credit to households for the corporate tax already 
paid on the dividends they receive would clearly make equity financing 
more attractive. 
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If(1 —t,)=(1 —t,)(1 —1,), the optimal debt-to-equity ratio is inde- 
terminate. One special case of this arises if all tax rates are zero, when the 
conditions (10.23) simply reduce to a statement of the famous Modigliani 
and Miller (1958) theorem, namely that in the absence of taxes the 
firm’s financial decision is irrelevant. Our results are also consistent with 
Miller’s (1977) extension of this proposition, again in the case of a single 
agent. He shows that the value of the firm in equilibrium will be indepen- 
dent of the amount of debt in its capital structure, provided the marginal 
rate of tax payable by stockholders on income from shares is sufficiently 
far below the marginal rate of tax on personal income. This result 
immediately follows from the equality (1 — t,) = (1 — t,)(1 —1,). Thus, 
although our conclusions for the firm’s financial policy turn out to be 
familiar from corporate finance theory, we believe that the derivation we 
have given for the cost of capital, in terms of the underlying optimality 
condition for consumers, has the merit in that it makes explicit the role 
played by consumers in determining the optimality conditions for value- 
maximizing firms. 

Thus using (10.23), the firm’s minimum cost of capital may be ex- 
pressed as 











= 8 8 ilt — 
A = 0 + min ie paola eld a al (10.25) 
hoz l= 
With all-bond financing, this reduces to 
a1 — — 
ae rer ae e ap, (10.25') 
dre 
whereas with all-equity financing it becomes 
0) ae Shes 
a we + it, — T.) an z (10.25”) 
— t, Ñ 


In deriving the second equalities in these two equations, use has been 
made of (10.13c") and (10.13d”). We should emphasize that the expres- 
sion for the cost of equity financing depends upon our chosen assump- 
tion regarding dividend policy. In the presence of differential taxes on 
dividend income and capital gains, alternative assumptions lead to alter- 
native costs of equity financing; some alternatives will be discussed in 
Chapter 11. 

We are now finally in a position to state and solve the real part of the 
firm’s optimization problem. Having chosen iô to minimize the cost 
of capital and thus determined 0%,,, the firm must next choose k,l, to 
maximize 
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V(0) = | | H — ty) [E(k, 1) — wh] — bye lo de dy (10.26) 
0 

subject to the initial condition k(Q) = kọ. The optimality conditions to 

this production decision are 


(1 — 1.) F(k.1) = 0% 


min? 


(10.27a) 
Fík, = w. (10.27b) 


That is, the after-tax marginal physical product of capital should be 
equated to the minimized cost of capital, and the marginal physical prod- 
uct of labor should be equated to the real wage. 

Moreover, substituting (10.27a), (10.27b} back into (10.26), we are able 
to use the transversality condition for the above optimization problem, 


lim k(ne heds — 9, 

7m 

to establish the identity between the value of the firm’s capital stock and 
the value of the financial claims, namely 


V(t) = b(t) + s(E(t) = klt). (10.28) 


This transversality condition requires that the capitalized value of the 
state variables be zero in the limit, which in effect rules out the possibility 
of the values of the claims becoming divorced from the underlying 
sources of earnings. 

The result is obtained as follows. For ease of notation we shall denote 
by @*. From the solution for V(s) and the expression for y(t), we may 
write 


Ox 


min 


T 
V(t) = lim jeer | (A — Tp) EF (k, 1) — wh] — kpe foe is. 


fou 


Using the linear homogeneity of the production function and the opti- 
mality conditions (10.27a), (10.27b}, this expression may be simplified to 
yleld 


T 
Vip = lim jeter | [e*k ae Je Podr is. 
Tox t 
Now integrating by parts and canceling, we obtain 
V(t) = k(t) = eloM(r)dr lim (elo Pride (TY), 
Tox 


But the limit of the second term is zero, by the necessity of the transver- 
sality condition at infinity. Hence we conclude that V(t) = k(t). 
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In effect, this relationship asserts that the Tobin q = 1. As Hayashi 
(1982) has demonstrated, the average g can be defined by the ratio g(t) = 
V(t)/k(t). The fact that with this definition q = 1 is a consequence of the 
assumption that capital can be installed without adjustment costs. In 
Chapter 11, where convex adjustment costs are introduced, q will in gen- 
eral be found to evolve over time in such a way as to reflect the changing 
market value of the firm. 


10.6 Equilibrium Structure and Dynamics of the System 


The optimality conditions for the households and firms, together with 
the government budget constraint, can now be combined to describe the 
perfect foresight equilibrium of the decentralized economy and to deter- 
mine its dynamic evolution. 

Combining the optimality conditions in (10.13), (10.27), we may write 





Ul(e,lm,g) = 4 (10.29a) 
Uc, l, M, g) 

N E i 
U.(c, I, m, g) if „D Ty) (10 29b) 
Unle, l,m, g) 

=0 10.29 
U.(c,l,m,g) E l J 
(1 — 7, ) RAK, D = Okin (10,.29d) 
—t,)(0 0 + i(t, — 1. 
@*, = 0+ min i T E E N J (10.29e) 
E br, 

k = F(k, l) -c — g (10.30a) 
A= A(B — 0) (10.30b) 
mh +b, =g + 0b, —1,F —mp + [6 — (1 —1,) Rk. (10.30c) 


Equations (10.29a)-(10.29e) repeat (10.7a), (10.13a), (10.13b), (10.27a), and 
(10.25), with (10.27b) substituted into (10.13a). These five equations may 
be used to obtain the short-run solutions for the five variables consump- 
tion c, employment /, the rate of inflation p, the rate of return on con- 
sumption 0, and the minimized cost of capital 0*,,, in terms of the 
dynamically evolving variables, the marginal utility of wealth 4, the capi- 
tal stock k, the real stock of money m, and the real stock of government 
bonds b,. The dynamics governing these latter variables are expressed in 
equations (10.30a)—(10.30c). The first of these describes the rate of capital 
accumulation required to maintain product market equilibrium, and 
(10.30b) is a restatement of (10.12). 
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The final equation is the government budget constraint. The deriva- 
tion of this equation involves several steps. Essentially it is obtained by 
first substituting the tax functions (10.6a), (10.6b) into (10.5), then using 
the optimality conditions for consumers (10.13c’), (10.13d’), the optimality 
conditions for firms (10.27a), (10.27b), together with the linear homogene- 
ity of the production function and the identity between the value of the 
firm’s capital and the financial claims (10.28), to simplify the resulting 
expression for the real deficit. The end product of this process is (10.30c). 
The following interpretation to the terms in this equation may be given. 
The first two terms on the right-hand side denote real government expen- 
ditures and the real interest payments owed on the outstanding govern- 
ment debt, the net of tax real interest rate on which is equal to the rate of 
return on consumption @. The third term is the tax collected on personal 
income. Because income generated by the economy is ultimately accrued 
by households, it is taxed at the personal rate t,. The final term is a 
complex one. Because (1 — t,)F,(k,/) = 6%,,, it reflects the differential tax 
rates between firms and households. Also, to the extent that firms employ 
equity financing, it reflects the fact that income from shares is taxed 
twice, first as profit, when it is taxed at the corporate profit rate t,, then 
as personal income when it is included in y and taxed at the rate t,. To 
the extent that these sources of revenue and finance do not balance, the 
resulting deficit must be financed either by issuing real bonds or by in- 
creasing real money balances. 

As part of the specification of the dynamics of the system, something 
must be said about government financial policy. There are various policies 
that are traditionally chosen in dynamic models of this kind, some of 
which were discussed in Chapter 2. These policies included pegging the 
real stock of money, pegging the real stock of bonds, pegging the rate of 
nominal monetary growth, and so forth. Once such a policy is chosen, 
the dynamics are fully determined. 

To complete the description of the system, we must consider the initial 
conditions, k(0), E(0), m(0), b,(0), and b,(0). The first two of these are exog- 
enously given, by k(0) = kọ, E(0) = Ey. In the case of money and bonds, 
the initial nominal stocks are assumed to be given, with the initial real 
stocks being endogenously determined by an initial jump in the price 
level. The size of this jump and therefore the initial values for m(O), b,(0), 
and 6,(0) are obtained from the transversality conditions. 

Before concluding the present discussion, we should also explain how 
the equilibrium stocks of bonds and equities and their respective rates of 
return are determined. In the case where firms find it optimal to engage 
in all-bond financing, the constraint (10.28) implies that b, = kë. Note 
that with the nominal stock of bonds given, a jump may occur at time 
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zero, through the price level, so that ko = 5,(0) = B,o/P(0). The nominal 
rate of interest can then be determined by inserting the known values 
into the consumer optimality condition (10.13c), which holds as an equal- 
ity. Obviously this implies that the rate of interest on private and public 
bonds must be equal, that is r, = r,. Similarly, with all-equity financing, 
the price of equities can be obtained by substituting known values into 
(10.13d) and integrating. Again, an initial jump in s(0) will be required to 
ensure that (10.28), which now becomes k = sE, is met. With both the 
value of equities and their price determined, the quantity of shares out- 
standing can be inferred.” In this case, the rate of interest on government 
bonds will again be given by (10.13c), with their after-tax rate of return 
now equaling that on equities, but exceeding that on corporate bonds. 


10.7 Steady State 


The steady state of the system is attained when 





k=i=m=b,=0. (10.31) 


The fact that the steady state requires k = 2 = m = 0 is readily apparent 
from (10.29) and (10.30a)—(10.30c). The requirement that b, = 0 is less im- 
mediate, because b, is determined residually from the government budget 
constraint. Nevertheless, the need for bond accumulation to cease in 
steady state can be established by integrating the government budget 
constraint and imposing the transversality condition for consumers: 
lim U,(t)b,(t)e * = 0 
to 

The argument may be sketched as follows. First, integrate (10.12) to 
yield 


U(t} = U.(O)eF! Lorde 
Next, integrate the government budget constraint (10.30c) to obtain 
K “fe f ‘ 
b,(t) = eho Als)ds fc ne | x(sje ford as 
0 


where x(s) = g — 1,F — mp + [0 — (1 — t,)F,]k — m and is independent 
of b,, and C is an arbitrary constant. Inserting these solutions for U,(t), 
b,(t) and taking the limit, we require (assuming U,(0) to be finite) 


I 
C= -| x(sje PIO ds, 


0 
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so that the implied time path for real government bonds is 


b,(t) = — glosds | x(sje Bdr ds, 
t 
which converges to (10.32d), below, in steady state. 

The implied endogenous initial value },(0) is not necessarily equal to 
B,,/P(0), even after allowing for the initial jump in the price level. There 
are three possible resolutions to this problem, which we view as a techni- 
cal detail. The first is that the monetary authorities undertake an initial 
open-market exchange of money for bonds in order to ensure that the 
solution for 6,(t) is consistent with the consumer's transversality condi- 
tion. The second is that the government make any necessary adjustments 
through an appropriate choice of lump-sum taxes.'° The third is that the 
government bonds be long bonds having an endogenous nominal price, 
which does the necessary adjusting. 

From (10.31), together with (10.30a), and (10.30b), we obtain F(k,/) = 
c + g and 0 = $. Accordingly, the long-run equilibrium of the system can 
be reduced to the following four equations: 


CLES hma] 
UDF (k, l) =g, l, m, g] 
ULF (A, l) =g, L mM, g] 


A a E 10.32b 


— Fk, DU — r) (10.32a) 


(1 = t,) Fk.) = B+ min ie eG ee) 


(10.32c) 
g + Bh, + 1,F — mp + [B—(1 —1,)R]k =0 (10.32d) 


The first three equations involve the four variables k,/,m, and p. Thus, if 
for given exogenous values of g and the tax rates, one specifies an inde- 
pendent government financial policy in terms of the real stock of money 
or the inflation rate, then these three equations, together with the policy 
specification, will determine the four variables k,/,m, and p. Inserting 
these stationary values into the steady-state government budget con- 
straint determines the required real stock of bonds to maintain the 
budget in balance. On the other hand, if the policy is specified in terms 
of the real stock of government bonds, then, for given g and tax rates, the 
four equations determine the equilibrium values of k, l, m, and p. 

It is of interest to note that in general, the systems summarized by 
(10.32a)-(10.32d) are interdependent: real production decisions and fi- 
nancial decisions are jointly determined. Money is neither neutral nor 
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superneutral. This is in part a consequence of the fact that only the nomi- 
nal component of the real interest rate is being taxed, and of the tax 
deductibility provisions assumed. It is also in part a consequence of the 
interdependence between real money balances m on the one hand, and 
consumption and labor, on the other, in the consumer’s utility function. 
Under certain conditions, however, the system dichotomizes into two 
recursive subsystems. The first determines the real decisions k,l, and c, 
while the second determines the financial variables m and p, conditional 
on these initially chosen real variables. Finally, the equilibrium rates of 
return on the financtal securities can be obtained by substituting from 
(10.32a)—(10.32d) into the appropriate arbitrage conditions for consumers, 
(10.13¢’), (10.13d’). 


10.8 Characterization of Alternative Steady States 


In order to discuss the steady state of the system in further detail, it is 
necessary to introduce some form of government financial policy. We 
shall restrict most of our attention to the familiar case where the 
monetary authorities maintain the constant rate of nominal monetary 


growth: 

M 

eee, i 10.33 
ee (10.33) 


The real money supply m = M/P therefore evolves in accordance with 
m= m(@ — p), (10.37) 
so that in steady state we have 

p= ¢. 


It is evident from previous sections that the steady state will be depen- 
dent upon the capital structure employed by firms. This is determined by 
the inequality condition (10.23) and the corresponding minimized cost of 
capital. Thus for the government monetary policy specified by (10.33), the 
following steady states may be characterized. 


All-Bond Financing by Firms 


In the case of all-bond financing, inequality (10.23a) holds and the steady 
state reduces to the following: 
UILE (k, l) =g, I, m, g] — 


ULF | ri en: (10.34a 
Ck ang a) 
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ULE (A, l) Fg g, L, m, g] 
ULF(KD — g,l,m,g] 


(eee = oat (10.34c) 


=fp+¢ (10.34b) 








g + Bb, —t,F — mọ + [B — (1 — 1,)F,]k = 0. (10.34d) 


Thus the steady state attained when the government fixes an exogenous 
monetary growth rate and where firms engage in all-bond financing can 
be obtained in the following recursive manner. First, given the parame- 
ters P, Ø, Tp, Tp, (10.34c} yields the marginal physical product of capital. 
With the linear homogeneity of the production function, this establishes 
the equilibrium capital-labor ratio, which in turn determines the equilib- 
rium real wage F(k, 1). Once we have determined 4//, the two marginal 
rate of substitution conditions (10.34a), (10.34b) together determine the 
employment of labor J, and the real stock of money balances m. With k/l 
and | now fixed, the real stock of capital k is known, and the level of 
output y immediately follows from the production function. The govern- 
ment budget then determines the real stock of government bonds neces- 
sary to maintain the budget. 

Being a perfect foresight equilibrium, equations (10.34a—10.34d) have 
important implications for the debate concerning the effectiveness of fully 
anticipated government policies, which accompanied the development of 
rational expectations. It is seen from these equations that the real pro- 
ductive decisions, k,l, are in general dependent upon the rate of growth 
of the nominal money supply, as well as upon both the corporate and 
personal income tax rates. Also, to the extent that public and private 
goods are viewed as imperfect substitutes by households, so that c and g 
enter as separate arguments in the utility function, an expansion in real 
government expenditure will have real effects insofar as output and em- 
ployment are concerned. In the polar case that public and private goods 
are perfect substitutes, so that c and g enter additively in U, it is easily 
seen that an increase in government expenditure will cease to have any 
effect on the real part of the system. It will simply “crowd out” an equal 
quantity of private consumption. These properties also apphed in the 
real model of Chapter 9. In general, then, these results confirm the view 
put forward by Fair (1978) in his critique of rational expectations models 
asserting that in a fully rational expectations model, generated from un- 
derlying optimizing behavior, anticipated government policies are indeed 
able to have real effects. 

The presence of distortionary taxes in general renders money to be 
nonsuperneutral. In order for real activity to be independent of the mone- 
tary growth rate, the following two conditions must hold: 
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(i) the corporate and personal income tax rates must be equal: 


(ii) the utility function must be separable in real money balances, so 
that the marginal rate of substitution U,/U, is independent of m. 


We shail restrict the present analysis of the comparative static pro- 
perties of (10.34) to the effects of taxes and the monetary growth on the 
capital-labor ratio. Both tax policy and monetary policy have been dis- 
cussed extensively over the years and have generated a substantial litera- 
ture. An extensive discussion of the effects of changes in the tax rates is 
presented in Chapter 11. Some further discussion of the impact of mone- 
tary growth in this model is presented in Section 10.9, and a more de- 
tailed analysis is provided by Turnovsky (1987a). The key observation 
is that these effects operate through the cost of capital, which therefore 
provides the critical channel through which these forms of government 
policy impinge on the economy. Also, when these results are compared 
to those we shall derive in the next subsection, where the firm employs 
all-equity financing, we see very clearly how the effects of government 
policy depend crucially upon the equilibrium financial structure em- 
ployed by firms, and the need to derive macroequilibria from underlying 
optimizing behavior is emphasized once again. 

From (10.34c) we can easily derive the following: 
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where [f(k/l) = F(k,1), so that f’(k/l) = F,(k,1). To understand these re- 
sults it is useful to recall the expression for the nominal rate of interest 
(10.13c"), which in steady state is r, =(f + Øl — 1,). An increase in the 
rate of nominal monetary growth raises the nominal before-tax interest 
rate by 1/(1 — t,). The effect on the after-tax real rate of interest to firms, 
which with all-bond financing is their effective cost of capital, is thus 
equal to [(1 — t A1 — 1,) — 1], so that the overall effect, and therefore 
the effect on the capital-labor ratio, depends upon (t, — t,). In order for 
bond financing to be optimal, (10.23a} imposes a lower bound on this 
quantity. Thus, for example, if the rate of taxation on capital gains and 
the required minimum rate of dividend payments are both zero, then 
t, > t, and the capital-labor ratio will rise. Although this is the more 
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likely scenario, the reverse cannot be ruled out. An increase in the per- 
sonal income tax rate t, raises the nominal interest rate and hence the 
after-tax interest rate to firms, thereby inducing them to lower their 
capital-labor ratio. On the other hand, an increase in the corporate tax 
rate t, has no effect on the nominal interest rate. It therefore leads to a 
reduction in the after-tax real interest rate for firms, inducing them to 
increase their capital-labor ratio. Given the effects summarized in (10.35), 
the implications for the other endogenous variables can be obtained by 
taking the appropriate differentials of (10.34). This will be pursued in the 
case of taxes in Chapter 11. 


All-Equity Financing by Firms 


With all-equity financing, (10.23b) applies and the steady state now 
becomes 
ULF (k, l) =g, l, m, g] 

a es Fe ea, 10.36 
ULF (KI) — g,l,m,g] oe ere a 
UmlEF(k. I) =g, l, m,g] 


uea es (10.36b) 
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g + Bb, —1,F — mo + [B — (1 —1,)R Jk = 0. (10.36d) 


The steady state is obtained in much the same way as it was for bond 
financing in the previous subsection. The only difference is in the cost 
of capital determining the capital-labor ratio, which is now given by 
(10.36c) The government policy parameters ¢,1,,t,,t,, all have real 
effects, as before. In this case, superneutrality with respect to the mone- 
tary growth rate will obtain if and only if (i) t, = 0, and (ii) the utility 
function is separable in m. Finally, the previous comments made with 
respect to the “crowding-out” effects of an increase in government expen- 
diture continue to hold. 

The effects of change in the monetary growth rate and the various tax 
rates on the capital-labor ratio are obtained from (10.36c} and have the 
following general chacteristics: 
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OR) ff 
Se 0 (10.37c) 


ewe ee eee 
It will be observed that the effects of a change in the corporate profit tax 
rate, and probably the monetary growth rate, are opposite to what would 
obtain under bond financing. The reason for these results can be under- 
stood by considering the expressions for the equilibrium rate of capital 
gains, which, from (10.13d”), is 


S P T Tep — i(1 S 


S 1 ~ 1, 





Thus an increase in either the rate of monetary growth ¢, or the rate 
of personal income tax rate t,, will raise the equilibrium rate of capital 
gains on equities and hence the equilibrium rate of equity costs (i + §/s), 
inducing firms to reduce their capital-labor ratio. By contrast, an in- 
crease in the corporate profit tax rate t, leaves equity costs unchanged. 
The after-tax marginal physical product of capital must remain fixed, so 
that as t, increases, the capital-labor ratio must fall. The effect of an 
increase in the rate of capital gains tax t, depends upon sgn[i(1 — l= 
(£ + @)]. This term can be shown to be inversely related to the nominal 
rate of capital gain, upon which z, is levied.'' Thus an increase in the 
rate of capital gains tax will reduce the capital-labor ratio, as long as 
such gains are positive, and increase the ratio otherwise, when it is off- 
setting losses. 





10.9 Dynamic Response to Monetary Expansion 


Some of the important earlier work analyzing the effects of inflation 
(monetary growth) on real after-tax asset returns, was by Feldstein (1976, 
1980), and Feldstein, Green, and Sheshinski (1978). In the latter, more 
general analysis, the authors show that if one abstracts from the induced 
changes in the debt-to-equity ratio and assumes that the rate of deprecia- 
tion is zero (the assumption being made here), then the effects of an 
increase in the inflation rate upon the steady-state net yield on bonds 
equals dp = (tp —t,)/(1 —t,), whereas that on equities is —t,. In our 
analysis, on the other hand, we find that under both modes of corporate 
financing, these two rates of return equal $ in steady state and are there- 
fore independent of the inflation rate. The difference in the result stems 
from the fact that the Feldstein, Green, and Sheshinski result abstracts 
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from changes in the capital-labor ratio and is therefore associated with a 
much shorter time horizon. In fact it corresponds to our short-run value 
of 8. With the capital-labor ratio, and therefore Ož; fixed in the short 
run (or at least independent of the inflation rate), it follows from (10.29e) 
that under bond financing d@/dp = (t, — t,)/(1 — t,), whereas with equity 
financing d@/dp = —t,, precisely the result obtained by Feldstein, Green, 
and Sheshinski. 

As we have noted previously, Turnovsky (1987a) presents a detailed 
analytical treatment of the effects of an increase in the monetary growth 
rate using this model. His analysis is based on the assumption that the 
utility function is additively separable in m, so that in the absence of 
distortionary taxes, money will be superneutral. In order to see the role 
of corporate financing in the presence of tax incentives, when superneu- 
trality breaks down, we shall briefly discuss the dynamic structure he 
obtains. 

First, we solve equations (10.29a)—(10.29e) for c, l, p, and @ in the form 


c= c(A,k) (10.38) 
l= 1(A,k) (10.38b) 
p = pd, k,m) (10.38c) 
ØO = O(A,k,m) (10.38d) 


where for notational simplicity g and the relevant tax rates are sup- 
pressed from the functions. The fact that c and l are independent of m is a 
consequence of the assumed additive separability of the utility function. 
The forms of the solutions of p and 0 depend upon the mode of financing 
adopted by corporations, and details of the signs of these expressions are 
provided by Turnovsky. 

The next step is to substitute these expressions into the product mar- 
ket equilibrium condition (10.30a), the arbitrage condition (10.30b), and 
the real monetary growth relationship (10.33’), yielding an autonomous 
dynamic system analogous to (9.50a)—(9.50c). Linearizing this system, 
about steady-state equilibrium, enables the dynamics to be approximated 
by 


k EE ie E E kek 
A} = — io, —i0, —8, ee (10.39) 
m — Mp, Ape ID, m—m 


where tildes denote steady-state equilibrium values determined in Section 
10.7. The corporate finance decisions influence the dynamics through the 
effects on the inflation rate and on the rate of return on consumption @. 
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It can be shown that under mild restrictions (though different in the 
two forms of corporate finance), the dynamics described by (10.39) in- 
cludes one negative (stable) root and two positive (unstable) roots.'* The 
stable adjustment paths for k, 4, and m are of the form 


k(t) =k + (ky — kje?" (10.40a) 
A(t) = 4 + (A0) — Ae*" (10.40b) 
m(t) = rh + (m(0) — mye*" (10.40c) 


where 4, < 0 denotes the stable eigenvalue and depends upon the mode 
of corporate finance. We assume that capital evolves continuously from 
its given initial stock kj, and that the initial values of 4(0), m(0), are deter- 
mined endogenously. The initial jump in the marginal utility 4(0) reflects 
the wealth effects of any change in policy. With the nominal supply of 
money being determined by the monetary growth rule (10.33), the initial 
nominal stock is predetermined, so that the initial real stock is deter- 
mined by an appropriate initial jump in the price level. 

Under the assumption of a separable utility function, everything is 
driven by the response of the long-run capital-labor ratio. Thus, as- 
suming that t, > t,, under bond financing, an increase in the monetary 
growth rate raises the long-run capital-labor ratio, having a generally 
expansionary effect on the economy, which is reflected in its transitional 
path. By contrast, under equity financing, an increase in the monetary 
growth rate reduces the long-run capital-labor ratio, thereby having a 
generally contractionary effect on the economy, which is reflected in the 
transitional path applicable in that case as well. 

One interesting feature of the dynamics is that in both cases, the imme- 
diate effect on the capital-labor ratio is in the opposite direction to its 
long-run adjustment. The following explanation for this may be given. In 
the case that firms employ bond financing, so that the long-run effect 
of the increase in the monetary growth rate 1s expansionary, agents are 
aware that their income will rise, and along with it, their taxes. They feel 
that these higher taxes will lead to a reduction in wealth, thereby raising 
their marginal utility of wealth and inducing them to increase their labor 
supply. With the capital stock fixed in the short run, this immediately 
lowers the capital-labor ratio, although the latter rises over time as capi- 
tal is accumulated at a faster rate than labor. The argument is reversed 
when firms employ equity financing, when the long-run effect of a higher 
monetary growth rate is generally contractionary. In this case agents 
anticipate a reduction in their taxes, leading to an increase in their 
wealth. This causes a short-run reduction in the marginal utility of 
wealth, leading to a reduction in the labor supply and a rise in the 
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short-run capital-labor ratio, which then declines over time. Further 
discussion of these adjustments is provided by Turnovsky (1987a). 


10.10 Interior Debt-to-Equity Ratio 


The model developed in this chapter leads to corner solutions for the 
debt-to-equity ratio. Depending upon the personal and corporate tax 
rates, the optimal] financial structure involves either all-debt financing, 
all-equity financing, or a knife-edge case in between, where the firm is 
indifferent between the two forms of financing and the debt-equity ratio 
is indeterminate. The model is incapable of yielding a well-defined inte- 
rior solution for the debt-to-equity ratio. 

This problem is an old one in corporate finance and is not new to 
this model. It is the cornerstone of the seminal Modigliani and Miller 
theorem and the literature it generated. It reflects the fact that all agents 
face perfect markets and that tax rates are linear. In practice, firms do 
engage in a mixture of debt and equity financing. The development of a 
model that yields an interior debt-equity ratio has occupied the attention 
of corporate finance theorists for a generation now, and no particularly 
satisfactory solution has been achieved. 

A recent paper by Osterberg (1989) derives a determinate debt-to- 
equity ratio in the Brock-Turnovsky model by introducing agency costs 
on debt. It is represented by a cost a(d)b, in equation (10.2c), describing 
the allocation of profits, which is now modified to 


H =r,b, + D+ RE +T, + alô)b, (10.2c’) 


and where the superscript s is omitted. This cost is assumed not to re- 
duce output by utilizing productive resources. Rather it is an agency cost 
associated with contractual restrictions intended to control the conflict 
between bondholders and equity holders. As discussed by Osterberg, the 
cost can be thought of as reflecting restrictions on debt issue found in 
bond covenants. Smith and Warner (1979) indicate how the existence of 
bond covenants can be viewed as a method of controlling the conflict 
between bondholders and stockholders. In the absence of such restric- 
tions, stockholders would issue more debt and incur greater agency costs. 
Barnea, Haugen, and Senbet (1985) argue that, as the face value of debt 
increases, it may be in the interest of stockholders to shift to riskier invest- 
ment projects. If bond holders anticipate that such a shift would decrease 
the total value of the firm, they would demand higher interest rates. We 
thus assume that the bond covenants are negotiated to restrict the level 
of debt for a given value of equity, implying that the cost of issuing b 
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units of debt increases with the debt-equity ratio. Specifically, Osterberg 
assumes the function a to be convex, that is, a(0) > 0, a’(6) > 0, a” (ô) > 0. 

With the addition of the agency cost of debt, the cost of capital (10.21') 
is now modified to`? 





6*(6,i) = 0+ (ao n (E P) ò 
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(e + pte + ilt, — 2 l (10.40) 
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where the debt component is modified by the inclusion of the per unit 
agency cost a(d). It is clear that, with this function being convex, (10.40) 
has a well-defined minimum. This is obtained by differentiating (10.40) 
with respect to 6 and setting the resulting expression to zero: 
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In economic terms, this equation determines the optimal debt-equity ra- 
tio to be where the marginal cost of debt capital inclusive of agency costs 
equals the (given) marginal cost of equity capital. 

Any policy change thus has now two effects that must be taken into 
account in assessing its macroeconomic consequences. First, it will have 
effects on the costs of debt and equity capital discussed previously. Sec- 
ond, it will now induce firms to change their debt-equity mix. The effect 
on the overall cost of capital, and therefore on the equilibrium capital- 
labor ratio, will be the result of these two responses. We shall focus on 
the steady-state effects, when 0 = f and p = ¢. 

Differentiating (10.41), the following responses of the steady-state debt- 
equity ratio can be derived: 
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Substituting (10.41) into (10.40) (at steady state), we find that the mini- 
mized overall cost of capital is given by the expression 

AA if i ‘r= x 
0% =p a'(d)o" sa ($ + Az. + it, Te) 


min 
1—t, 





(10.43) 


where 6 is the optimal debt-equity ratio determined by (10.41). The 
effects on the overall cost of capital are obtained by differentiating (10.43) 
and combining with (10.42). 

A higher monetary growth tends to lower the cost of debt capital (pro- 
vided t, < t,) and raise the cost of equity capital, so that both of these 
effects will tend to induce a switch toward debt financing. Whether this 
results in an overall decline in the cost of capital depends upon whether 
the switch toward the cheaper debt dominates the more expensive equity 
capital, as well as the relative importance of the two types of assets in the 
firm’s financial structure. A higher personal income tax rate raises the 
cost of both debt and equity capital. Whether this induces a switch to- 
ward bonds or toward equitie depends upon which is less adversely af- 
fected. Almost certainly, the overall cost of capital will rise, although this 
is not necessarily the case. Paradoxically, it is possible for a higher per- 
sonal income tax rate to actually lower the overall cost of capital. This 
possibility exists if the initial cost of equity capital is sufficiently higher 
than debt and the switch toward the latter is sufficiently strong. By con- 
trast, a corporate income tax rate induces a switch to debt, the cost of 
which is reduced while that of equity rises. This implies an unambiguous 
reduction in the overall cost of capital. 


A Final Comment 


This chapter has extended the intertemporal optimizing model to include 
a more complete corporate sector. Most of our attention has been 
devoted to developing the macroeconomic framework, and we have 
discussed its steady-state structure in detail for only one particular form 
of monetary policy. Other forms of policy can be analyzed using this 
approach. The most important general conclusion to emerge from this 
enriched model is that a more complete corporate sector must be inte- 
grated into a macroeconomic framework if the effects of macroeconomic 
policy-making are to be fully understood. The examples we have just 
been discussing illustrate that point very clearly. An increase in the mon- 
etary growth rate is likely to have one set of effects if firms finance with 
bonds, the opposite effects if they finance with equities, and to be even 
less clear if they adjust their financial mix. But the model developed in 
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the present chapter is hardly the final word, and subsequent chapters are 
devoted to further developments. 

Notes 


1. This formulation of the government budget constraint parallels the treatment of the two 
private sectors’ budget constraints by assuming that government decisions are based on the 
anticipated rate of inflation. This is somewhat in contrast to the usual specification, which 
typically replaces p* in (10.5) with p, the actual rate of inflation. Since we are dealing with a 
perfect foresight equilibrium (defined below) where p* = p, these two formulations are iden- 
tical for our purposes. 


2. Let S denote the nominal price of equities, so that s = S/P. The real value of the nominal! 
value being taxed is S/P = $ + ps. 


3. The assumption that financial variables are nonnegative rules out short selling. 


4. The use of Euler inequalities is discussed in further detail in the appendix to Brock and 
Turnovsky (1981). 


5. Note that we are assuming that lim | OF dt = ©. 
0 


soe 


6. The derivation of (10.24) from (10.23) is rather complicated. The key step involves 
substituting for s/s from (10.13d’) into the definition of t,- 


7. This is true for the case of a single agent. See Miller (1977) and also Miller and Scholes 
(1978) for the multiple agent case. 


8. Real taxable income, with full deductibility of interest costs, is defined by TI = y — 
wi — rb,. Under all-bond financing and contant returns to scale, this implies TT = (F, — rk. 
Using the optimality conditions (10.29d), (10.29e), and (10.13c’), this reduces to IT = 
— pk/(1 — t,) < 0, implying that taxable income is negative in the presence of positive infla- 
tion. One way around this is to assume a production function of the form y = F(k,!) + h, 
where h decribes an inelastically supplied specific factor, such as a patent, which adds 
to production but whose costs are not deductible. Taxable profits become nonegative 
provided h > pk/(t — t,). 


9. We should note that because @ and p appear in the cost of capital expression (10.29e), 
switching in the financial mode may occur during the transition to steady state. To incor- 
porate this will require us to permit jumps in bonds and equities, in order to satisfy the 
inequality condition (10.23). 

10. See the discussion of sustainability of equilibrium provided in Section 9.3. The constant 
C = bpo, in which case C = — fg x(sye7""" ds, is just a statement of the intertemporal gov- 
ernment budget constraint. 


11. Steady-state nominal capital gains are given by $/s + @. 


12. For simplicity, assume that the utility function is additively separable in real money 
balances, being of the form U(c,1,g) + V(m). The following mild restrictions suffice to en- 
sure that a single stable root to the dynamic system (10.39) obtains. For bond financing by 
firms, mV"/V" < — (t, —1,)/(1 — t,); for equity financing by firms, mV"/V" < —t,. 

13. Osterberg’s (1989) model actually employs somewhat different assumptions from those 
of Brock and Turnovsky (1981): (i) Investment is assumed to be subject to convex costs of 
adjustment; (ii) labor is fixed; (iii) the government issues no money or bonds; (iv) the only 
distortionary tax is t,, with the government budget being continually balanced through 
lump-sum taxes. 





1 1 A Dynamic Analysis of Taxes 





11.1 


Introduction 


This chapter extends the perfect foresight equilibrium framework devel- 
oped in Chapter 10 to analyze the macroeconomic effects of tax policy 
in greater detail. As in the previous chapter, three taxes are considered, 
namely, a personal income tax, a corporate income tax, and a capital 
gains tax. The chapter has two broad purposes. The first is to carry out a 
positive analysis, which examines the dynamic adjustment of the econ- 
omy to exogenous changes in the various tax rates. Both permanent and 
temporary tax changes are analyzed. The second is to address normative 
issues pertaining to tax policy, and in this respect two aspects, which 
have received attention in the literature, are considered. The first is the 
determination of the optimal taxation of capital and the discussion of a 
proposition due to Chamley (1986) that characterizes the dynamic ad- 
justment path corresponding to the optimal rate of taxation. The second 
is the issue of “time inconsistency,” which has been discussed extensively 
in conjunction with the issue of the optimal taxation of capital; see, for 
example, Kydland and Prescott (1977, 1980), Fischer (1980), Turnovsky 
and Brock (1980). 

The past two decades have seen a growing literature analyzing the dy- 
namic effects of changes in taxes. Early work on this topic was based on 
the neoclassical growth model (see, e.g., Feldstein 1974a, 1974b; Grierson 
1975; Boadway 1979; Auerbach 1979b; Atkinson and Stiglitz 1980, lec- 
ture 8; Bernheim 1981). More recent work, however, has been conducted 
within the context of the intertemporal optimizing representative agent 
model, such as that developed in Chapters 9 and 10 (see, e.g., Brock 
and Turnovsky 1981; Turnovsky 1982, 1990; Judd 1985, 1987a, 1987b; 
Auerbach and Kotlikoff 1987; Frenkel and Razin 1987; Sinn 1987). Pro- 
ponents of this approach find it to be attractive in that, being based on 
optimizing behavior, it provides a natural framework for studying ratio- 
nal responses to tax changes. One issue that arises in this framework is 
the intertemporal viability of a specified policy change. That is, any tax 
change undertaken at some instant of time will in general require com- 
pensating action at some later date, in order to maintain consistency 
with the intertemporal government budget constraint. This aspect, which 
we noted in Chapter 9, has been emphasized in particular by Frenkel and 
Razin (1987), using primarily a two-period horizon, as well as by Judd 
(1985, 1987a, 1987b). 

As we discussed in Chapter 10, the key way in which taxes impact on 
the economy is through the cost of capital facing firms. This chapter 
builds on the previous one and the existing literature in several ways, 
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costs, and the question of how the private agents respond in these 
circumstances becomes important. Reputational equilibria have been 
analyzed by several authors; see, for example, Lucas and Stokey (1983), 
Persson, Persson, and Svensson (1987). Much of this literature was de- 
veloped in the analysis of monetary policy within the context of an 
expectations-augmented Phillips curve and focused on the relative merits 
of policy rules versus policy discretion; see, for example, Kydland and 
Prescott (1977), Backus and Driffill (1985a, 1985b) Barro and Gordon 
(1983a, 1983b). A review of the relevant arguments is provided by 
Blanchard and Fischer (1989, chapter 11). 

Other authors have extended the dynamic programming solution dis- 
cussed in the two-period example of Fischer. One problem with extending 
this to an infinite horizon is that the backward induction may not cap- 
ture all of the solutions; see Chari and Kehoe (1990), Stokey (1991). 

Chari and Kehoe propose what they define to be a sustainable equilib- 
rium, characterized as follows. Consider a government policy plan 
starting at some initial time 0 proceeding over an infinite horizon, to- 
gether with the corresponding set of decision rules by private agents 
(consumers). An equilibrium is sustainable if (i) the continuation of the 
decision rule solves the consumer’s problem at the first stage for every 
history, at time t — 1, say, and the continuation of this allocation rule 
solves the consumer’s problem at the second stage for every history, one 
period later, at time ¢; and (ii) given the decision rule by the private 
sector, the continuation of the government plan solves the government’s 
problem for every history at time t — 1. As Chari and Kehoe discuss, this 
is an equilibrium in which private agents behave competitively while the 
government behaves strategically. They characterize their equilibrium by 
adapting some results from repeated game theory due to Abreu (1988). 
The approach by Stokey (1991) is analogous. She characterizes a credible 
policy to be one where the government has no incentive to change its 
strategy and also characterizes a credible outcome equilibrium using 
results from game theory. These contributions are right at the frontier of 
current research and suggest an important role to be played by modern 
game theory in modeling the interaction between the private and public 
sectors. 





Notes 


t. By abstracting from money, our analysis fails to capture the distortions arising from the 
interaction of inflation and taxes, though for present purposes little is lost by doing so. 


2. In previous chapters we have included government in the utility function. Since the pre- 
sent analysis teats government expenditure as fixed, its exclusion from U involves no loss. 
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in particular by developing a more comprehensive treatment of the dy- 
namics. This was not dealt with in the discussion of taxes presented in 
Chapter 10, where the analysis was restricted to steady-state adjustments. 
Judd (1985, 1987a) does consider the dynamics, but his analysis is based 
on fixed employment, which for some purposes is restrictive. A more 
extensive discussion of the dynamics is provided by Turnovsky (1990), 
upon which the first part of this chapter draws. 

In discussing the dynamics, the present analysis emphasizes aspects 
not previously addressed, but which nevertheless are important in study- 
ing the dynamic impact of tax policy. The first is the role of dividend 
policy adopted by firms. Chapter 10 was based on the assumption that 
dividend policy was specified in terms of a fixed dividend yield rule. Al- 
though this is reasonable, it is also special. Authors such as Auerbach 
(1979a, 1979b) and Poterba and Summers (1985) have stressed the impor- 
tance of dividend policy on the cost of capital facing firms, although they 
do not address the corresponding macrodynamic implications. Auerbach 
considers the impact of dividend policy on the steady-state valuation of 
shares and the capital stock. The Poterba and Summers analysis is re- 
stricted to the behavior of the firm and is intended to serve as a basis 
for their empirical tests of alternative hypotheses regarding dividend 
behavior. 

A second important component of the present model is the introduc- 
tion of a convex cost-of-adjustment function constraining the rate of in- 
vestment. This has a long history in economics, although its introduction 
into macroeconomics is relatively recent. Micro analyses of investment 
behavior based on this approach date back to the seminal work of Eisner 
and Strotz (1963), Lucas (1967), Gould (1968), and Treadway (1969). The 
implications of this cost of adjustment approach for macroeconomics, 
and in particular its link to the Tobin-q were first developed by Summers 
(1981) and Hayashi (1982) and were further explored within more specific 
macroeconomic models by Abel (1982) and Abel and Blanchard (1983). 
One area where the convex cost of adjustment function has played a cen- 
tral role is in the development of international models based on inter- 
temporal optimization. Indeed, as we will see in Chapter 12, as long as 
the investment good is tradable, the convex cost of adjustment is neces- 
sary in order for there to be nontrivial dynamics. In the absence of 
such costs, by importing from abroad, a small open economy can ad- 
just its capital stock instantaneously to any shock, and the dynamics 
degenerates. 

The third issue we shall emphasize is the contrast between the short- 
run and the long-run effects of tax changes. In this respect, the results are 
often quite striking. For example, in general, an increase in any of the 
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three tax rates will lead to an immediate reduction in employment, 
which, with the capital stock being predetermined, raises the capital- 
labor ratio in the short run. Over time, however, as the higher tax 
impacts on the cost of capital, the capital stock is reduced, ultimately 
lowering the capital-labor ratio in the new steady state. Since the capital- 
labor ratio is a critical element determining the distribution of income, 
this has an important bearing on the relative burdens of the tax borne by 
capital and labor over time. This question is pursued in Section 11.8. 





11.2 The Framework 


The structure of the economy parallels that developed in Chapter 10, 
consisting of households, firms, and the government. Although we choose 
to enrich the model in some dimensions in order to highlight the new 
aspects, we simplify it in others. Specifically, we shall abstract from mon- 
ey and thus focus on a real economy.' Also, in order to focus on the 
dividend aspect of the firm’s financial decisions, we shall abstract from 
corporate bonds. Both these simplifications are made for expository pur- 
poses and can be relaxed in a straightforward manner. 


Household Sector 


The representative consumer chooses his level of consumption, supply of 
labor, and the rates at which he wishes to accumulate his holdings of 
government bonds and equities issued by firms, so as to maximize the 
following intertemporal utility function? 


| Ule, De" dt U, >0,U, <0;  U.<0,U<0, U<0 (Illa) 


Q 


subject to the budget constraint 

b +sE +c = (l — tr )Ewl + rb + D]—1,8E+R (11.1b) 
and initial conditions 

h(0) = b,; E(0) = E, (11.1c) 


where all terms remain as defined in Chapter 10, with the following 
changes: r now refers to the real interest rate on government bonds, and 
R is the lump-sum tax rebate to consumers. The utility function is as- 
sumed to be concave in ¢ and /. In addition, we assume that the marginal 
utility of consumption increases with leisure, and for simplicity we as- 
sume that government expenditure has no direct impact on the welfare of 
private agents. 
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Following the procedure of Chapter 10, the consumer optimality 
conditions are 


Ue) =A (11.2a) 
Uc, 1) = —wl —t,)4 (11.2b) 
r(l—t,)=6 (11.2c) 
(1 re: +(1 ee: (11.2d) 
SE S 
A 
g=. (11.2e) 
A 


where, as before, À is the marginal utility of wealth, and @ is the rate of 
return on consumption. These equations are analogous to (10.13) and 
require little further comment. We assume that bonds and equities exist 
in strictly positive quantities in equilibrium so that their respective after- 
tax rates of return equal the rate of return on consumption. With the 
model being in purely real terms, (11.2d) defines the after-tax rate of re- 
turn on equities to be the after-tax rate of return on dividends plus the 
after-tax rate of return on the (real) capital gains, whereas before, capital 
gains were assumed to be taxed on accrual. The optimality conditions 
for the consumers are completed with the addition of the transversality 
conditions 

lim Abe~®! = lim åEe™ = 0. (11.2f) 


>W t> ù 


Firms employ labor and capital to produce output in accordance with 
a neoclassical production function having the usual properties of positive 
but diminishing marginal physical product and constant returns to scale. 
We assume that firms finance their capital expenditures out of retained 
earnings or by issuing new equities. 

Gross profit IT is defined by 


I = F(k,) — wl (11.3a) 


where k is the stock of capital and the production function F(-, -) has the 
usual neoclassical properties. Corporate profit is taxed at the rate t,, and 
the remainder is either paid out as dividends to stockholders or retained 
as earnings (RE) to finance further investment: 


(1 — tI =D + RE. (11.3b) 
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A critical new feature of the model is the assumption that investment 
involves installation costs. Expenditure on a given increase in capital k = 
I involves adjustment costs specified by the function 


tr uiny=(t+0(f1))e=a(Z)e W>0 (11.3c) 


where the addition of / units of capital requires the use of W(I,k) units of 
output. The function Ņ(I, k) is specified to be a nonnegative, linearly ho- 
mogeneous, convex function of the rate of investment and the capital 
stock. The convexity of the cost-of-adjustment component implies H’ > 
0; H” > 0. The homogeneity property of the installation cost function 
ensures that the market value of the capital stock is invariant with re- 
spect to changes in the scale of the economy.* By choice of units we may 
set 


W(O, k) = 0; Ww (0,k)=0; ie, H(O0) = 0; A’(0) = 1, 


so that adjustment costs are minimized at a zero level of investment. 

The cost of adjustment function has played a prominent role in recent 
macrodynamic models, and many variants of its specification can be 
found in the literature. It therefore merits further comment. First, the 
assumption of nonnegativity implies that disinvestment at the rate J < 0 
involves positive dismantling costs also represented by y. Second, the 
homogeneity assumption is made largely for convenience, and much of 
the literature, including the early contributions by Eisner and Strotz 
(1963), Lucas (1967), and Gould (1968), assumes that y is a convex func- 
tion of I alone. In many cases, little is lost by introducing this simpler 
assumption. Third, in models that include the depreciation of existing 
capital (taken to be zero here), the question arises of whether y should be 
specified to be a function of gross or net investment.* Both specifications 
can be found in the literature, and the latter is closer to the treatment 
here.° Further discussion of the cost of adjustment function is provided 
by Hayashi (1982). 

At the same time, we should point out that the cost of adjustment 
approach is not without its critics. For example, Kydland and Prescott 
(1982) argue that when an adjustment cost function having plausible 
values of the adjustment cost parameter (at least for the absolute rather 
than the proportionate form of the cost function) is introduced into a 
small macro model, the implied covariance properties of that model are 
grossly at variance with the U.S. data over the postwar period. Thus the 
approach should be accepted with some caution insofar as its empirical 
relevance is concerned. 
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Noting (11.3c), the financing constraint facing firms is given by 


RE + sË = (5) k, (11.3d) 


and eliminating RE between (11.3b) and (11.3d) yields 


D=(I -ep A()k r sË (11.4) 


Now define the value of outstanding equities to be 
V = sE, (11.5) 


differentiate this equation with respect to t, and combine with the con- 
sumer optimality condition (11.2d) and (11.4). This leads to the following 
differential equation in V: 


: 0) I one 
Seis adel E ae 


This equation is the analogue to (10.18), though it displays the interde- 
pendence between dividend policy and taxes much more prominently. As 
long as t, # Tẹ, dividend policy is important in determining the value of 
the firm. In this equation, the coefficient of V is the rate at which firms 
discount their after-corporate-profit cash flow. If the dividend payout 
rate is related to V, the value of equity, then it will affect this discount 
rate and therefore the cost of capital faced by the firm. If, on the other 
hand, it is specified in terms of the flow of earnings, then it has no effect 
on the cost of capital, but instead impacts on the flows being 
accumulated. 

We remarked in Chapter 10 that as long as 1, > T, as is being as- 
sumed here, it is not optimal for firms to pay dividends. Despite this, 
firms do in fact pay dividends, and payments generally are fairly stable. 
In view of this, we shall consider three rules governing dividend policy: 


I. D/V =i 
I. D=(1—1,)M 


I 
HI. RE = H(i )k p=- tn- H(;)k 


Rule I is the policy assumed in Chapter 10, where firms offer a fixed 
dividend yield to stockholders on their equity. In the light of the non- 
optimality of dividend payments, firms will set i to some acceptable mini- 
mum level. This rule therefore represents a form of constrained optimal 
dividend policy. The overall optimal policy of paying no dividends is 
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obtained by setting i = 0. Rules H and III are polar extremes of meeting 
the financial constraint (11.3d). The former implies that the marginal 
source of financing consists solely of new equities. Rule III implies that 
the marginal source of financing is through retained earnings, with divi- 
dends being determined residually (see, e.g, Summers 1981).’ The prob- 
lem with this latter rule is that it implies more volatile behavior on the 
part of dividends than in practice is observed. At the same time, the rea- 
son for focusing on polar extremes as in the case of I and II is to high- 
hight the differences between the alternative marginal sources of finance 
available to the firm. 

Substituting these rules into (11.6) leads to the corresponding differen- 
tial equations determining the evolution of V: 


v= E slv a-n- af] (11.7a) 
LS: TET: k 


ee a i - a a (p) | (11.7b) 


Ge S eee cea 11.7 
Sie AE | Cae! 


While these rules share many similarities, as we shall see below they also 
imply important differences.” For example, we shall see that with all in- 
vestment financed out of retained earnings, the rate of personal income 
tax t, has no effect on the long-run capital-labor ratio. If, further, em- 
ployment is always fixed, then the long-run stock of capital itself is inde- 
pendent of t,, and this implies that there is no dynamic adjustment to 
this tax. By contrast, if all profits are paid out as dividends, so that in- 
vestment is financed by issuing new equities, it is the rate of capital gains 
tax t, that becomes irrelevant. Indeed, we shall show it has no effect in 
either the long run or the short run, irrespective of whether employment 
is fixed or not. Finally, we shall show that while Rule IH is known to 
lead to the long-run undervaluation of equities (which depends upon t,, 





Te), for the other two rules, the long-run value of equities equals that of 
the underlying physical capital stock.’ 

Whatever dividend rule is assumed, the firm’s objective is to choose 
I,l, and k, to maximize the initial value of equity V(0). Writing the typical 
equation of (11.7) in the form 


V = 8*V — y(k, LD) 


where 6* represents the required rate of return on capital, and integrating 
this equation, the firm’s optimization problem can be expressed 
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max V(0) = l »(k, l, Dew PO" dt (11.8a) 
kil 0 

subject to 

k=l (11.8b) 


and the given initial capital stock 
k(O) = Ko. (11.8c) 


This is analogous to the problem as specified in Chapter 10, though 
the firm’s range of financial decisions are now more restricted. 

Focusing on the fixed dividend payout Rule I, the optimality condi- 
tions can be expressed as 








E(k, 1) =w (11.9a) 
H’ ay (11.9b) 
a i 

1 — t,)F,(k,! j I — Hk 

( A Tp) id 2 yes q + q = 0* (11.9c) 
q q qk 

where, in this case, 

pec eee (11.9d) 
eee lee; 


and q is the costate variable associated with the accumulation equation 
(11.8b). Equation (11.9a) is the familiar marginal product of labor condi- 
tion, while equation (11.9b} equates the marginal cost of investment to 
the shadow price q. This equation may be solved for I/k in the form 


T=@(qgk (gq) >09, 


which is essentially a Tobin-q theory of investment. The higher the shad- 
ow value of capital, the faster is the optimal rate of capital accumulation. 
Equation (11.9c) is an arbitrage condition linking the rate of return on a 
unit of capital to the cost of capital. The latter, given by the right-hand 
side of this equation, is precisely the expression for the cost of equity 
financing (in the absence of inflation), given by (10.25”), The rate of re- 
turn on a unit of capital, given by the left-hand side, consists of several 
components. First, there is the physical after-tax return on the underlying 
capital per unit of capital, valued at its shadow price, and given by the 
first expression. Second, there is the rate of change in the value of capital. 
Third, there is the return arising from the difference in the valuation of 
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the new capital qI created and the value of the resources it utilizes Hk, 
again normalized by the value of capital. Seen another way, this third 
component reflects the fact that an additional source of benefits of a 
higher & is to reduce the installation costs (which depend upon I/k) asso- 
ciated with new investment. In the absence of adjustment costs, g = 1, 
and (11.9c) simplifies to the familiar expression (1 — t,)F, = 0*. 

For the all profit payout Rule II, the optimality conditions (11.9a), 
(11.9b) again obtain. The third equation is now modified to the following: 


re ea ae 


0*, (11.9c’) 
ql — Te) q qk 
whereas (11.9d) becomes 
0 
GE SEEN, (11.9d’) 
l—t 


There are two differences from Rule 1. As long as t, >t, the cost of 
capital is now cheaper than before, and with all income earned by the 
firm being paid out at as dividends and therefore taxed at the higher rate, 
the net after-tax flow of income from capital, reflected by the first term in 
(11.9c’), is thus reduced from before. 

In the case where all investment is financed out of retained earnings, 
the marginal condition determining investment (11.9b) is amended to 


eg: 7 I S t 
(eefi) -a (11.9b’) 


It is cheaper to finance new investment using retained earnings than by 
issuing new equitites. This is because the capital gains generated by the 
retained earnings are taxed at a lower rate than would be the corre- 
sponding dividends if these earning were instead paid out and new 
equitites used to finance the investment. In addition, (11.9c) now becomes 


= 2 j — Hk 
Bos OV US eta) eae teed eC 2 (11.9¢") 
1-1, q q qk 


where 0* is also given by (11.9d’). 

At this point it is desirable to clarify our use of terminology. The quan- 
tity @* represents the required rate of return on capital after corporate 
income tax but before personal income taxes. For convenience we refer 
to this as the cost of capital. We should note, however, that the cost 
of capital is sometimes defined as being the value of the marginal physi- 
cal product of capital, which satisfies an optimality condition such as 
(11.9c). In the absence of adjustment costs (and therefore in steady-state 
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equilibrium) these two definitions differ by only the corporate tax factor 
(1 — t,). However, in the presence of adjustment costs, which prevent 
the marginal physical product of capital from being set at its optimum 
instantaneously, these two measures differ in more substantive ways; this 
should be kept in mind in the subsequent discussion. 

Substituting the optimality conditions (11.9a) and (11.9b) into (11.6) 
yields the time path for the optimized value of equities V. Focusing on 
Rule I and using the linear homogeneity of the production function, we 
have 


V = 0*0 — (1 —2,) Fk, Dk + H[ġla)]k. (11.10) 


We can now establish that along such an optimized path V = qk. To do 
this, let 


o q k 
Substituting for (11.10), (11.9c), (/k), and (11.8b) into this equation leads 
to the differential equation 


b= k F n (w — 1). 
q 


It is clear that, in general, the only stable solution to this equation, one 
that ties the value of equities to the underlying capital stock, is v = 1; 
that is, V = gk. Hence, we have established the links 
V sE 

E EN 1t.11 
aaa (11.11) 
so that g measures the ratio of the current value of equities to the under- 
lying stock of capital. It is essentially the price of equities, and henceforth 
we shall refer to it as being the value of the stock market (see also 
Hayashi 1982). 


The Government 


The final agent in the economy is the government, which operates in 
accordance with its flow budget constraint, 


b=g+7ro =—t,[wl +rb+ D] —1sE — 7,11 + R, (11.12) 
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where g denotes real government expenditure, which is assumed to re- 
main constant over time. This relationship is straightforward and requires 
no further comment. We shall assume that whenever the government 
changes a tax rate, it adjusts the time path of debt and/or lump-sum 
rebates R in order to satisfy its intertemporal budget constraint. The 
specifics of how this is done are unimportant, and as long as this is un- 
dertaken, (11.12) need be considered no further. 


11.3 Macroeconomic Equilibrium 


The macroeconomic equilibrium is obtained by combining the optimality 
conditions for households and firms, together with the market-clearing 
conditions, and insofar as it is relevant, the government budget constraint. 
Since the general characteristics are the same for all dividend policies, we 
shall focus on the fixed dividend yield policy (Rule I) and comment on 
the others only with respect to aspects where they differ in significant 
ways. 
The macroeconomic equilibrium includes the three static conditions: 


GAGE Nee (11.13a) 
Ule, I) = — Fk, DO — 1,)4 (11.13b) 
I = d(q)k. (11.13c) 


The first two equations are identical to (10.29a) and (10.29b}), and (11.13c) 
is the Tobin q investment function, as noted. The first two equations may 
be solved for consumption and employment: 


c = c(4,k,t,) ca <0, ck <0, c, >0 (11.14a) 
l= I(4,k,t,) l> 0, h Ost <0 (11.14b) 


having the partial derivatives as indicated. Intuitively, an increase in the 
marginal utility of wealth leads to more saving and less consumption, as 
well as a greater willingness to work. An increase in the capital stock 
tends to raise the real wage, causing consumers to substitute labor for 
consumption. Finally, the partial effect of an increase in the personal 
income tax is to lower the after-tax wage rate, causing consumers to sub- 
stitute away from labor to more consumption. However, we must em- 
phasize that this is only a partial effect, since t, (and indeed the entire 
future time path of all tax rates) will also impact on the marginal utility 
4, having further effects on both these variables; see Section 11.7. 

Equations (11.13c), (11.14a), and (11.14b) express /,c, and / in terms of 
k,q, and À, the dynamics of which are described by 
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k = (qk, (11.15a) 
å = OF q — (1 — t,)F, LK, U4, k,t,)] — o(gg + H[¢ġl)], (11.15b) 
i= — 9), (11.15) 


where for Rule I, @* is defined by (11.9d). Note that this equilibrium dy- 
namic system depends upon the rate of return on consumption @. This 
too needs to be determined, and to do so we consider the product market 
equilibrium condition expressed in the form 


PLURK, MA,K,t,)] = cA, kt) + HL@(Q kK + g- (11.16) 


This equation asserts that, in equilibrium, output must be allocated ei- 
ther to consumption, to government expenditure, or to capital fermation, 
where the latter involves adjustment costs reflected in the function H. 
Differentiating this equation with respect to t yields 


LF, + Fil, — ck — HIP (Qk + TAL — ca ]4 = H'¢'(a)kå, (11.16’) 
and substituting for k,g, and Å from (11.15a)-(11.15c), noting (11.9b), 


leads to 


Foe + it = en ayo 


1—t, 
= [K + Fh — ce — Higa] elk + (Fil, — ¢,)4p 


qilt, a Ti) 
Ca 


which may be solved in the form 





= woal (1 —1,)F, + ALA(q)] — aa (11.17) 


0 = OA, k, q, Ty, Tes Tp). (11.18) 


The partial derivatives of this function are important for our subsequent 
analysis of the dynamics and will be noted at the appropriate place below. 

Finally, the equilibrium government budget constraint is obtained 
by substituting the optimality conditions into (11.12) As noted, the 
dynamics of bond accumulation do not affect the dynamics of the system 
as described by (11.15a)—(11.15c). All we require is that, through a combi- 
nation of lump-sum rebates and bond accumulation, the government’s 
intertemporal budget constraint be met. 


11.4 Steady-State Effects 


Because of the forward-looking characteristic of the economy, the transi- 
tional dynamics are determined to an important degree by the expecta- 
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tions of the long-run steady state. The long-run effects of various tax 
changes essentially drive the short-term dynamics, and it is therefore con- 
venient to begin with the former. Again, we shall focus primarily on pol- 
icy Rule I, commenting only on differences in the other cases. 

The steady state of the system (11.15) is reached when k=ġ=À=0. 
With no depreciation of capital, steady-state investment J = 0, implying 
that Gg = 1, (where tildes denote steady state), so that in the long run the 
value of equity equals that of the underlying stock of capital. The rate of 
return on consumption 0 equals the consumer rate of time discount $. 
The steady-state solutions for k,l, and ĉ are obtained from the following: 





UE D + Fk, DO — 2,)U Ae) = 0, (11.19a) 

(ss oe) (11.196) 
| — Tt, [ie 

Fk, =@ +g. (11.19c) 


The analogy between (11.19) and (10.36) should be clear. As in Chapter 
10, the long-run equilibrium is obtained recursively. The right-hand side 
of (11.19b) specifies the long-run required rate of return on capital, which 
in equilibrium is equated to the after-tax marginal physical product of 
capital.1° Given the linear homogeneity of the production function, this 
establishes the capital-labor ratio, which in turn determines the real wage 
rate. Having determined k/i, the marginal rate of substitution condition 
(11.19a) and the product market equilibrium condition (11.19c) jointly 
determine the equilibrium level of employment and consumption. With 
kj and / determined, the real stock of capital is now fixed, and the level 
of output follows from the production function. 

It is apparent from this equilibrium that the two tax rates t,,t, both 
operate entirely through their effects on the required rate of return on 
capital and hence on the equilibrium capital-labor ratio. In addition to 
having a similar effect, the personal income tax rate t, has a further im- 
pact on the supply of labor through the consumption-leisure trade-off. 

The expressions for the long-run responses to changes in the various 
tax rates are reported in Table 11.1. The qualitative responses for the 
three dividend policies are summarized in Table 11.2. These will be dis- 
cussed in turn. 


Increase in Personal Income Tax Rate 


An increase in the personal income tax rate raises both the long-run in- 
terest rate and the long-run required rate of return on capital, thereby 
reducing the capital-labor ratio. This reduces the before-tax real wage, 
causing the after-tax real wage to fall by an even greater amount. The 
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Table 11.1 
Long-run effects of various tax increases 
X B — il — 
fo a Dividend Rule I 
Testi e (I — rz. SNe 
dé* = - £ : Dividend Rules II, III 
(1 aw Te)? 
; ! i —i(l — 
d(k/l) = ———~ oe dt, + LB i au dr, + F,dt, Dividend Rule I 
p F, | dg dt, No 
EM) ao ee Dividend Rule II 
7 Mee Vie, 
dt, dt, uf 
dkh = — Lee it ee Dividend Rule IT] 
F. Veta Wet, 
k À dki U, 
= uf [Ure + FA = Ty) UL] an (l Ra TUCKS" } D oe Biz D dr, 
pni T 4 iy HY dikh 
dë = (Uy + RA — tp) Ua] +U = US a ids 
: : ee SU 
dy = -{Y' [Un + RO — t) Ua] +S — UAD Rd, 


; l : au) U. 
dk = — {IF [Up + FL — ty) Uee] + DUn + EO = t) Uall + EPA = US EDR dr, 


3 F dlk) U. ; 
= {lf (Ue Uy aa Uj) + (l oy Ty MA/D US [U + Uef] X “p T F, D lUet + Ua] dt, 


where 
f= FADE = —f ORL —1,)U.. + Ur] — (Un + RU — 1) Un] > 0 


























Table 11.2 
Long-run qualitative effects of tax increases 
Dividend Rule | Dividend Rule II Dividend Rule IH 
DiV =i D=(1—1,)x RE = H(I/k)k 
Increase in 
Ty Tp Ti T Ty te i tp T, 
Cost of capital 0* + 0) + 0 0 + 0 0 + 
Interest rate F + 0 0 + 0 0 + 0 0 
Capital-labor ratio k/l — — — — -— 0 0 — — 
After-tax wage rate = — 0 — — — 
Marginal utility of wealth À + + + + + + + + + 
Stock value ġ 0 0 0 0 0 0 — 0 + 
Capita! stock k = — — — — 0 — — — 
Consumption č _ — = = = 0 
Employment | ? 9 ? 2 2 0 2 ? ? 
Output F — — 5 = 0 
Note: for Rule I: O* = Bi — vee + i(t, — 1, — t). 


for Rules Hand II: 0* = ae Te) 
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increase in t, leads to two effects on both consumption and employment. 
The fall in the capital-labor ratio stemming from the higher cost of capi- 
tal leads to a fall in consumption. In addition, consumption is reduced 
further by the fall in the after-tax real wage that results directly from the 
rise in t,. By contrast, the fall in the capital-labor ratio has an ambiguous 
effect on equilibrium employment. On the one hand, the resulting fall 
in the real wage decreases the supply of labor, while at the same time 
inducing firms to employ additional labor. In addition, the increase in 
t,, by lowering the after-tax real wage, has a further contractionary effect 
on labor supply. But, irrespective of the response of Ì, the decrease in the 
capital-labor ratio is sufficient to ensure that both the stock of capital 
and output fall. 

In order to analyze the dynamics of employment and consumption, we 
need to know the response of the long-run marginal utility of wealth A. 
This is given by 


di = U,,.dé + U, dl. 


The fall in the steady-state consumption raises the marginal utility of 
consumption and therefore the equilibrium marginal utility of wealth, 
while the effects due to employment are unclear. Nevertheless, by direct 
evaluation of the expressions in Table 11.2, we can show that the con- 
sumption effect dominates, so that overall, an increase in t, leads to a 
long-run increase in the marginal utility of wealth. More intuitively, the 
higher distortionary tax rate lowers the wealth of the agent, thereby 
raising its marginal utility. 


Increase in Corporate Profit Tax Rate 


The effects of an increase in the corporate profit tax rate are straightfor- 
ward. Both the interest rate and the required rate of return on capital 
remain unchanged. In order for the after-tax marginal physical product 
of capital to remain fixed, the capital-labor ratio must fall. The subse- 
quent responses are analogous to those stemming from the fall in the 
capital-labor ratio resulting from the increase in T,. 


Increase in Capital Gains Tax Rate 


All responses depend upon the quantity $ — i(1 — t,), with the exception 
of the interest rate, which remains unchanged. From (11.2d) we see that, 
in steady-state equilibrium, $ — i(1 — t,) = (s/s)(1 — t,), which is the af- 
ter-tax rate of capital gains on equities earned by households. Taking 
this to be positive, the required rate of return on capital (i.e., the right- 
hand side of [11.19b]) increases with t,, and the responses are the same 
as those stemming from an increase in T,,. 
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The effects of the tax increase under the other two forms of dividend 
policy are shown in columns 2 and 3 of Table 11.2. The following differ- 
ences are worth noting: 


i. When all profits are paid out, the capital gains tax has no effect. This 
can easily be seen from the optimality conditions (11.9c’) and (11.9d’), 
which in steady state become 

(I~ t,)(1 — 2) (kK, 1) = 8. 

The long-run capital-labor ratio is therefore independent of t,, and so, 
therefore, are all other effects; see also Sinn (1987). 


ii. When all investment is financed by retained earnings, the equilibrium 
marginal product of capital condition becomes 

(baz, E= 4) EK Dp, 

so that the equilibrium capital-labor ratio is independent of t,; see also 
Auerbach (1979b), Summers (1981), and Sinn (1987). Furthermore, if 
labor is assumed to be fixed, the long-run stock of capital itself, and 
therefore consumption, is also independent of t,. On the other hand, 
with endogenous employment, the substitution effect between consump- 
tion and labor still exists, and both fall. This result also holds in the 
overall optimal case where no dividends are paid out. It is also worth 
noting that the statements being made in (i) and (ii) depend in part upon 
the assumption that the consumer rate of time preference f remains 
fixed. 


iii. Also, when all investment is financed out of retained earnings, the 
equilibrium value of equities is 





which, with t, > t., is less than unity. This result follows directly from 
(11.9b’) and the fact that, by choice of units, H’(0) = 1. The long-run val- 
ue of equity is therefore less than that of the underlying capital stock; it is 
increasing with the capital gains tax but declining with the personal in- 
come tax rate. This result is a familiar one from the literature (see, e.g., 
Auerbach 1979a, 1979b; Summers 1981; Poterba and Summers 1985; and 
Sinn 1987). The following simple intuitive explanation for this result may 
be given. Firms invest until owners are indifferent at the margin between 
having an additional unit of profit paid out as dividends and having the 
returns reinvested within the firm. In the former case, for every unit of 
dividend income received, the shareholder receives (1 — t,) of after-tax 
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income. In the latter case, the firm retains the output and purchases a 
new unit of capital. Its share value will appreciate by q, yielding (1 — 1,)q 
units of after-tax income. In order for the shareholder to be indifferent 
between these two sources of income, the equilibrium value of q must 
satisfy q = (1 — t,)/(t — 1,). 





11.5 Transitional Dynamics 


We now turn to the more interesting aspect, namely the transitional 
adjustment of the economy to the various tax disturbances. We begin 
by linearizing the dynamic equations (11.15a)-(11.15c) about the steady- 
state equilibrium, enabling the dynamics to be expressed in the linearized 
form 


k 
4 
À 
(+) 

(+) (+) -) 3 
= | OF ~(— 1.) Fa t+ Fal] OF + OF OF —(1 —t)) Fala | | a—4 

{-) {-) {7) ae 

=O: ~ 16, a5 
(11.20) 


where all terms and partial derivatives appearing in the matrix are evalu- 
ated at steady state. By direct evaluation, the elements can be shown to 
have the signs indicated. 

The partial derivatives of 0 are obtained by taking the differentials of 
(11.16) evaluated at steady state. (Away from steady state they are much 
more complicated). Intuitively, an increase in capital lowers the marginal 
physical product of capital, reducing the interest rate and the rate of re- 
turn on consumption (4, < 0). An increase in A increases employment, 
thereby raising the marginal physical product of capital, the interest rate, 
and the rate of return on consumption (@, > 0). An increase in q raises 
investment, and in order to generate a higher rate of savings, the interest 
rate and the rate of return on consumption must rise (0, > 0). 

The eigenvalues of the linearized system (11.20), 4,, 42,43, have the 
properties u, < 0, u, > 0, uw, = 0, the zero value stemming from the fact 
that the dynamics are linked by the product market equilibrium condi- 
tion (11.16’). Of the dynamic variables, the capital stock is constrained to 
move continuously at all times, whereas the marginal utility of wealth 
and the stock price may both jump instantaneously in response to new 
information. 
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We shall consider stable adjustment paths beginning from an initial 
given capital stock kọ and satisfying the consumer transversality condi- 
tions. The solutions for k, q, and 4 along such paths are given by 











k= k + (kọ — kje”" (11.21a) 
E lee b) (11.21b) 
pk 
ER E (a3; + (832/412)1) = k) (11.210) 
Hi — 33 


where the terms a; can be identified as being the appropriate elements of 
the matrix appearing in (11.20). Note that (11.21b) describes a linear rela- 
tionship between q and k that is negatively sloped. Equation (11.21c) is 
also linear and negative, although the latter fact is a little less obvious.!! 

Equations (11.13a)—(11.13c), (11.19a)-(11.19c), and (11.21a)—(11.21c) 
describe the dynamics of the economy. Starting from an initial capital 
stock kọ, (11.21b) and (11.21c) determine the initial stock price and the 
marginal utility of wealth, respectively. Equations (11.13a)—(11.13c) then 
determine the initial levels of investment, employment, and consumption. 
With the long-run steady state being determined by (11.19a)—(11.19c) and 
with g = 1, equations (11.21a)-(11.21c) determine the evolution of capi- 
tal, the stock price, and the marginal utility of wealth, consistent with the 
ultimate attainment of steady state. Again, we should point out that in 
order for such an equilibrium to be sustainable, we require that the gov- 
ernment adjust its debt and lump-sum financing to ensure that its inter- 
temporal budget constraint is met. 


11.6 The Dynamics of Policy Shocks 


In Section 11.7 we will analyze the dynamic effects of changes in the 
three tax rates. We will do so by means of two sets of phase diagrams. 
The first, in 4—k space, describes the employment-consumption dy- 
namics; the second, in g-k space, describes the investment and stock 
market effects. All policy shocks are offset by lump-sum taxes, so that 
only the distortionary effects are being analyzed. 

As long as no future shock is anticipated, the system must lie on a 
stable locus. Thus the initial adjustment in the marginal utility 4(0} fol- 
lowing some unanticipated permanent shock must satisfy (see [11.21c]} 


di(0) = a [a3, + (432/412) J ag 
Hy — 433 





(11.22) 
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This equation relates the instantaneous jump in A(0) to the respective 
steady-state changes in 4,k and embodies the forward-looking behavior 
of the system. 

In general, the steady-state market-clearing condition may be written 
as 


F(k,1(A,k,t,)] — cl, k, ty) — g = 0, 


which, taking differentials, yields 


w, dk +œ, då + w13d1, =0 (11.23) 
where 
O,, = F + Fil — c > 0; 1, = Fli — c, > 0; 


Ope Fl, — c, <O. 


Ty 


Combining (11.22) and (11.23) implies 


dA(0) = -|5 + (432/Gy2) iy i ou lag = [2e] dt,, (11.24) 


Hy — 433 C12 iz 





which expresses the initial jump in 4(0) resulting from an unanticipated 
permanent policy change in terms of two components: (i) the response of 
the equilibrium capital stock; (ii) in the case of t,, a shift resulting from 
the effects on the consumption-leisure trade-off. By using the fact that p 
is an eigenvalue of (11.21) one can establish (tediousiy) that the coefficient 
of dk in (11.24) is positive, and —w,3/@,, is also obviously positive. !? 
The initial jump is in turn transmitted via equations (11.14a) and 
(11.14b) to initial changes in consumption and employment. But in addi- 
tion to these, the complete short-run adjustment incorporates any direct 
impact that a change in policy may have on these variables (the imple- 
mentation effect of Chapter 6). For example, the complete short-run re- 
sponse in employment to a change in the personal income tax rate is 


di(0) _ el(0) dA(0) i ôl 
dz GA de: On 


y 


(11.25) 








Analogous relationships hold for other variables. 
The response of the value of the stock market and investment is 
simpler to establish. From (11.21b) we have 


dq(0) = dg — yr 


For dividend payout Rules I and II, dg = 0, so that the short-run re- 
sponse of the stock market follows the long-run response of the capital 
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stock. When ail investment is financed from retained earnings, the short- 
run response in q is a little more complex, although it too can be shown 
to follow k. 


11.7 Short-Run Effects of Increases in Tax Rates 


Personal Income Tax Rate 


As noted in Table 11.2, a permanent increase in the personal income 
tax rate leads to a decrease in the steady-state stock of capital k, accom- 
panied by an increase in the steady-state marginal utility of wealth 2. 
From (11.24), the initial response of the marginal utility of wealth d/(0) is 
ambiguous. On the one hand, the decrease in k implies a transitional 
decumulation of capital. There is an initial fall in investment, lowering 
aggregate demand. In order to maintain product market equilibrium 
with the capital stock fixed instantaneously, employment must fall or 
consumption must rise, and this is brought about by a decrease in 4(0); 
see (11.16). We cail this the intertemporal decumulation effect. On the oth- 
er hand, the higher tax rate, by reducing the wage rate, causes a substitu- 
tion from work to consumption, thereby generating an excess demand 
for output, which, in order to maintain product market equilibrium, is 
offset in the short run by an increase in A(0). We call this the direct wage 
effect. The overall response depends upon which dominates. Figure 11.1A 
illustrates the case where the intertemporal decumulation effect domi- 
nates. Figure 11.1B illustrates the dynamics in q — k, and in both cases 
the response to both a permanent and a temporary tax increase are 
considered. 


Permanent Tax Increase 


Suppose that the economy is initially in steady state at the point P on the 
stable arm XX and that there is a permanent increase in t,. The equilib- 
rium shifts to the point Q, with a lower capital stock, coupled with an 
increase in A. With the intertemporal accumulation effect being domi- 
nant, A(O) drops, so that the stable locus shifts down to X'X’. The mar- 
ginal utility of wealth jumps from P to A on the new stable locus X’X’, 
which is then followed continuously to the new steady-state equilibrium 
Q. 

Turning to Figure 11.1B, starting from the initial equilibrium at L, on 
the stable locus ZZ,q drops immediately to H on Z'Z', investment de- 
clines, and g and k follow this locus to the new steady state. For dividend 
Rules I or II, where the steady-state ĝ is independent of Ty, the new 
equilibrium will be at M. If all investment is financed out of retained 
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Figure 11.1 
Transitional dynamics: intertemporal decumulation effect dominant 
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earnings, when g is reduced permanently, it will be at a point such as 
M’ (with Q also being adjusted correspondingly). 

The case where the direct wage effect dominates is illustrated in Figure 
11.2. The difference here is that the locus XX is shifted up to X’X’, so 
that the initial jump in marginal utility is up, rather than down. This 
turns out to have relatively little bearing on the behavior of the system. 

The short-run effects of an increase in t, on the key economic variables 
are summarized in Table 11.3. They consist of the direct effects as well as 
the indirect effects generated by the induced jumps in A(0), q(0). Consider, 
first, employment. The direct effect of the higher personal income tax is 
to reduce the labor supply and hence employment. In addition, as noted 
in (11.25), there is the indirect effect brought about by the initial jump in 
A(0). Irrespective of whether 4(0) rises or falls, we can show that the direct 
effect always dominates, so that in the short run, employment is reduced. 
With the stock of capital fixed in the short run, the capital-labor ratio 
initially rises; the before-tax wage therefore rises, though the after-tax 
wage may either rise or fall. The fall in employment leads to an immedi- 
ate decline in output. The fall in the stock price leads to an initial decline 
in investment. 

The response of the short-run rate of return on consumption (the after- 
tax interest rate) is critical and depends upon several factors, that 1s, 


d0(0) 29 dA(O) AA dg(0) 20 
de, Oe d grat. hon 


y y 








First, the direct effect, c@/0t,, is negative. This is because, by reducing 
employment, the higher tax rate lowers the initial marginal physical 
product of capital, leading to downward pressure on the interest rate. 
Second, the initial fall in the stock price also has a negative effect, as 
noted earlier. Third, the effect due to 4(0) depends upon whether it rises 
or falls. Even if 4(0) rises, however, we can establish that its impact is 
dominated by the direct effect, so that overall, the higher personal in- 
come tax rate lowers the after-tax rate of interest in the short run. This 
discourages savings and stimulates current consumption. The before-tax 
interest rate, r, by contrast, may either rise or fall. 

These responses persist with only one minor difference across the three 
dividend policies. The only difference occurs in the response of the cost of 
capital 0*. For Rules II and III this falis, whereas for Rule I, the fall in 
this component is offset by a rise of i/(1 — t,). But the striking feature is 
the contrast between the short run and the long run. With k being prede- 
termined, the initial contraction in employment raises the capital-labor 
ratio. Over time, the decumulation of capital leads to an eventual decline 
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Table 11.3 
Short-run qualitative effects of tax increases 
Dividend Rule I Dividend Rule II Dividend Rule III 
DIV =i D=(1—1,)x RE = H{I/k)k 
Increase in 
Ty Ty Te Tr te le a T Ñ; 
Cost of capital 0* ? — ? = z + — — 2 
Interest rate r ? = 7 = 0 ? — — 
Rate of return on consumption 0 — — — — — 0 
Capital-labor ratio k/l + + + + + 0 + + + 
After-tax wage rate ? + + a + 0 ? + + 
Marginal utility of wealth 4 ? — — ? — 0 ? — — 
Stock value q 0 
Rate of investment / — — — -— — 0 — — — 
Consumption c + + + + + 0 + + + 
Employment / — - 0 
Output y = = T 5 = 0 = — — 
Note: for Rule I: ğ* = pl — te) + itt, — tl — t.) 


for Rules I and II: 0* = BA — 7,). 


in the capital-labor ratio. The increase in consumption is also only tem- 
porary; in the long run it declines as part of the overall contraction in the 
economy. 


Temporary Tax Increase 


We now consider a temporary tax increase. Specifically, assume that at 
time 0, the tax rate is increased, but also that it is expected to be restored 
at its original level at time T.'* The steady-state equilibrium remains at P 
on XX. The stable arm will shift temporarily to X’X’ for the duration of 
the tax increase. Focusing on the case where the intertemporal decumula- 
tion effect dominates, the behavior of the system is as follows. As soon 
as the tax increase is put into effect, 4(0) drops instantaneously to B in 
Figure 11.1A. The qualitative responses of the other key macro variables 
are as in Table 11.3, although with the initial smaller drop in the marginal 
utility of wealth, the responses are qualitatively smaller than those for a 
permanent increase. Subsequent to the initial tax increase, A and k follow 
the path BC until time T when the tax increase is discontinued. At that 
time, the point C on the original stable locus is reached, and this path is 
then followed back to the original equilibrium P. The initial period of 
capital decumulation is followed by a period of accumulation, which ac- 
tually begins before the point C is reached. The corresponding behavior 
of the stock market is illustrated in Figure 11.1B. During the transition, 
following its initial fall, the stock market overshoots its long-run equilib- 
rium level. The knowledge that the tax is only temporary and that firms 
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will eventually wish to restore their declining capital stock to its original 
level will drive up q in the interim, in order to create the incentive for the 
subsequent investment to take place. 

Finally, we comment briefly on the case where all investment is fi- 
nanced out of retained earnings, but labor is fixed in supply. As already 
observed, this implies that the steady-state stock of capital k remains 
fixed, and as a consequence a permanent increase in T, leads to no short- 
run dynamics. All that happens is that the stock price falls appropriately 
once and for all, and everything else remains unchanged. In terms of 
Figure 11.1B, the system will simply jump instantaneously from L to H. 
A temporary increase in t,, however, will lead to transitional dynamics, 
similar to those illustrated in the figure. 


Corporate Income Tax Rate 


The effects of an increase in t, are simpler than those we have just been 
discussing. This is because of the fact that the initial response of 4(0), 
given by (11.24), now depends only upon dk, so that the fall in the steady- 
state stock of capital resulting from the higher corporate profit tax leads 
to an unambiguous reduction in the initial marginal utility of wealth. 
The dynamics of the economy can again be illustrated in Figure 11.1, 
with the stable paths XX,ZZ being shifted down to X’X’ and 2’Z’, 
respectively, for the duration of the tax increase. 

The impact effects of the higher corporate profit tax rate are reported 
in Table 11.3 and are qualitatively the same across dividend policies. 
This is because the influence of dividend pclicy on the value of the firm 
depends little upon t,.'* The responses are, for the most part, the same 
as those resulting from the higher personal income tax rate, and the rea- 
soning is virtually identical. The main difference worth noting is that 
now both the before- (personal income) tax and after-tax interest rate 
must fall in the short run (the latter being the source of the short-run 
stimulus in consumption). The contrast between the short-run and long- 
run responses also continues to hold, for essentially the same reasons as 
before. 


Capital Gains Tax Rate 


The response of the economy to an increase in the capital gains tax rate 
is more sensitive to dividend policy. In the case of the fixed dividend 
yield policy, Rule I, the effects are qualitatively almost identical to those 
obtained for t,. An increase in t, raises the long-run cost of capital, 
lowering the long-run capital stock, thereby reducing both A(0) and q(0), 
giving rise to short-run dynamics in much the same way as in Figure 
11.1. The same is true when all investment is financed out of retained 
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earnings, the only difference being that after an initial fall, the stock mar- 
ket will eventually rise to a higher level than where it began (the point 
M”, say). In these two cases, the dynamics can be explained in essentially 
the same way as before. 

By contrast, when all profit is paid out, an increase in the capital gains 
tax has no effect either in the short run or in the long run. This follows 
from the fact that in this case, the steady-state required rate of return on 
capital, and therefore the stock of capital, is independent of 1,; see Sec- 
tion 11.4.1© As a consequence there is no effect on either 4(0) or q(0), 
and so consumption, employment, and investment all remain unchanged. 
There are no dynamics. The reason why the capital gains tax has no 
effect is that, in contrast to the other two forms of dividend policy, there 
are no capital gains being earned in the neighborhood of the steady state 
being considered. To see this, recall the consumer arbitrage condition 
(11.2d), which for this form of dividend policy may be written as 

§ 
(1 — Te) = 0 — (1 — z (1 —1,)F. 
Since in the neighborhood of steady-state equilibrium for this policy, 
d= B = (1 —1,)(1 — tp) Fy, it follows that in the neighborhood of steady 
state, $ = 0, and so obviously t, does not matter. 


11.8 Tax Incidence 


A central topic in the analysis of taxation concerns the incidence of the 
tax. This issue arises because of fact that the agent upon whom the tax is 
levied is not necessarily the person who ultimately pays the tax. There 
are many dimensions to this question, depending upon how one wishes 
to distinguish between different groups in the economy; for example, 
consumers versus producers, rich versus poor, old versus young, domes- 
tic residents versus foreigners, and so on; see Atkinson and Stiglitz (1980, 
chapter 6). An important distinction, and probably the most widely ana- 
lyzed, at least in the theoretical literature, is the functional distribution 
between income going to labor and that going to capital. The present 
framework is convenient to address this aspect, emphasizing the time 
dimension involved. 

Even focusing on the impact of taxes on labor and capital, there is 
no unique measure of tax incidence. Several can be found in the litera- 
ture, and we shall consider just two. Also, in order to focus more sharply, 
we shall cut through the corporate structure and postulate directly a tax 
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on wage income, t,,, say, and a tax on capital, t}. One measure of inci- 
dence, proposed by Feldstein (1974a), is 
dw* ld[(1 — 1) Fi] 


aw* + dtl* ~ AUU — t, )F,] + kal — Rl ae 








This quantity measures the incidence of a tax as the ratio of the loss of 
net labor income to the loss of total income. The measure is net in that it 
subtracts out quantity changes, such as a withdrawal of labor supply, 
because these losses are offset by gains elsewhere (increased leisure in the 
case of labor). Evaluating the differential in (11.26) we may write 


dw* 
dw* + dii* 
[0 —1,)f"Kde + (f — Kf) dt] 





(11.27) 
where, for convenience,’’ 


k. _ Fk) 
f, a 


ME 
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Equation (11.27) provides an expression for assessing the short-run and 
long-run effects of the alternative tax changes on the relative net incomes 
of the two factors of production, 

Consider, first, an increase in the tax on labor income. In the short 
run, when capital is fixed, this raises the capital-labor ratio x, thereby 
lowering the net income of capital I*. Although the higher capital-labor 
ratio raises the before-tax wage rate, this is offset by a higher tax on 
labor income, so that W* may either rise or fall in the short run, de- 
pending upon the response of the labor supply and its effect on the 
wage rate. In the long run, the capital-labor ratio adjusts to equate 
(1—1,)f’ =f. Net profit is therefore independent of the higher tax 
on labor income, and consequently dII* = 0. The unchanged long-run 
capital-labor ratio also implies that the before-tax wage rate remains 
unchanged, so that the after-tax wage income is reduced by the higher 
tax on labor income. Therefore dW* < 0, and in the long run the full 
burden of the higher wage tax is borne by labor income. 

An increase in the tax on capital also initially raises the capital-labor 
ratio. Thus both the before-tax and after-tax income earned by capital 
are reduced in the short run. The higher short-run capital-labor ratio 
also raises the short-run real wage. Thus, initially, dW* > 0, dI1* < 0. In 
the long run, when the after-tax marginal physical product of capital is 
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equated to the rate of time preference, dI1* = 0, and there is no burden 
on capital. The higher long-run tax on capital reduces the long-run 
capital-labor ratio and therefore net income to labor. Thus, again dW* < 
0, and labor bears the full long-run burden of the tax on capital. 

An alternative measure of tax incidence, which Feldstein (1974a) ar- 
gues is convenient in a growing economy, is the after-tax wage-rental 
ratio 
z a LI) = of WI = 1) os 
FC — t) 


Taking differentials of this expression leads to 


dt = TOU = Hw) = th dk + OF — Pf PTO = ted — (1 — %)dty] 
A- f T 








(11.29) 


In the short run, an increase in the tax on labor has an ambiguous effect 
on the after-tax wage-rental ratio. The increase in the capital-labor ratio 
tends to raise it, but this is offset by the higher tax. In the long run, the 
capital-labor ratio is unchanged, and ¢ declines unambiguously. By con- 
trast, an increase in the tax on capital, by also initially raising the capital- 
labor ratio while reducing the net profit earned by capital, initially raises 
the after-tax wage to rental ratio. However, over time the decline in the 
capital-labor ratio more than offsets the effect on the net profit to capital, 
and the long-run after-tax wage to rental ratio declines, 

Other measures of tax incidence are possible, and a more complete 
analysis of the costs and benefits of the higher tax would have to take 
into account the distribution of the revenues and how they affect the 
relevant agents. It would take us too far afield to pursue these issues 
further, but they certainly could be addressed within the present frame- 
work. The main point is that the relative burdens of taxation may shift 
dramatically between the factors over time. Because capital is adjusted 
only gradually over time, it is forced to accept a disproportionate burden 
of the taxes in the short run, although the burden is shifted back to labor 
as the capital supply adjusts over time. 





11.9 Optimal Taxation 


The theory of optimal taxation is one of the central issues in public 
finance. The characterization of the time path of optimal taxes in an 
intertemporal macroeconomic framework was addressed in two impor- 
tant papers by Chamley (1985, 1986), although he used a simpler version 
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of the representative agent model than that developed in this chapter. 
Specifically, as in Section 11.8, Chamley abstracted from the corporate 
structure and focused on the taxation of capital and labor directly. 
Secondly, he abstracted from adjustment costs, allowing new output to 
be freely converted to additional capital. Our exposition will follow 
Chamley in both these respects, and we will only sketch the arguments, 
rather than presenting all the details. 

With this simplified structure, the firm and the household can be ag- 
gregated as in Chapter 9. The representative agent’s problem is now to 
maximize the concave utility function 


| Ule, De® dt (11.1a) 
0 


subject to the accumulation equation, now expressed as 
k + b= r(1 — r)ik + b)+ wl —1,)l—e (11.1b') 


and initial conditions k(0) = ky; b(0) = bọ. The optimality conditions are 


Ue 1) = 2 (11.2a) 
Uc, D) = —wU — 1,,)A (11.2b’) 
AUR al ar) (11.2e’) 


where in short-run equilibrium and in the absence of adjustment costs 
w= F; ema oe (11.9) 


The interpretation of this equilibrium is familiar and requires no further 
discussion. As before, (11.2a) and (11.2b) can be solved in the form 


c = elh, w(l —t,)), (11.14a’) 
I = Id, w(1 — t,,)). (11.14b’) 


Using (11.14a’) and (11.14b’), we may substitute for c and / into the util- 
ity function U to generate the indirect utility function 


U[e(A, wl — t) iA, wi — t,)] = VEAwl — tw), 


which expresses the optimized level of the representative agent’s utility in 
terms of the marginal utility and the after-tax real wage rate. 

The policymaker’s optimal tax problem is assumed to be to maximize 
the welfare of the representative agent, subject to (i) the economy-wide 
resource constraint, (ii) the government’s budget constraint, and (iii) the 
representative agent’s optimality conditions. Formaily, this is described 
by the following problem: 
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maximize | V(A,w(l — te? dt (11.30) 
L$) 

subject to 

k = F(k,Ì) — c — g, (11.31a) 

b=g+r(1 —1,)b —1,rk — t,wl, (11.31b) 


together with (11.2e’) and (11.9’). The following Lagrangean expression 


can be constructed: 


H = e” V[A,w(l — t„)}] + me LF(k,l) — ce —g —k] 
+ me! [g +r(1 —1,)b — tirk — t,wl — È] 
+ nye" [(B — r(1 — 1,))4 — A] + ve“*'r(1 — n) (11.32) 


where n; are the costate variables associated with the accompanying dy- 
namic constraints. The quantity v > 0 is a multiplier associated with the 
nonnegativity constraint r(1 — 1,) > 0; if v > 0, then the constraint is 
binding. 

The optimality conditions for this policy problem tnclude: 


Ni Fk — Nater = — Ñi + Bn, (11.33a) 

nar(l — t) = —ġ2 + Pnz (11.33b) 

aV 

ait m (Fil, — ca) — not, wl, = hy + all — t)r (11.33c) 
ôV 

a nihil, — E) + Natul = 0 (11.33d) 

—(b + k)n, + An, —v = 0. (11.33e) 


The first three equations are the dynamic efficiency conditions with re- 
spect to k, b, and 4, respectively; the last two equations are the optimality 
conditions with respect to the two tax rates 1,,,1,. In addition, the dy- 
namic constraints (11.31a), (L1.31b), (11.2e’) must continue to hold. 

At time zero, the initial value of the consumer’s marginal utility 4 
is unconstrained, so that the associated costate variable at that time 
43(0) = 0. The multiplier y, represents the marginal social value of public 
debt. It is also equal to the marginal value of replacing lump-sum taxa- 
tion by distortionary taxation, that is, the marginal excess burden of tax- 
ation. Atkinson and Stern (1974) show how in a second-best context such 
as this, this variable is negative. Equation (11.33e) then implies that 
v(0) > 0, so that the constraint r(1 — 1,) > 0 is initially binding. Thus, 
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at the first instant, capital should be taxed at its maximal feasible rate 
ee 

The next step is to take the time derivative of (11.33e). As an example, 
Chamley considers the case where the utility function is of the specific 
form 


1 
U (c, D) = —— ct + L(I — l) 
l-—o 
and shows that v satisfies a differential equation of the form 
c 
E A (11.34) 


where 

Z=Á— N + ony. 

He further establishes that the time derivative of Z is equal to 

Ż = Z(B — (1 — t)) +m — Nate (11.35) 


During an interval of time where the constraint r(1 — t,) > 0 is not bind- 
ing, then v = 0. From (11.34), this implies Z = 0. We have already noted 
that 4, < 0. It is further true that 4, measures the marginal social value 
of a unit of capital and in general is positive. Thus the condition Z = 0 in 
(11.35) implies t, = 0, so that when the constraint is not binding, capital 
should not be taxed. 

It is clear that the constraint r(1 — t,) > 0 cannot be binding forever, 
since otherwise the marginal utility of consumption would grow indefi- 
nitely; see (11.2e’). Chamley then establishes that the constraint is non- 
binding fort > T. 

He thus obtains two regimes for the tax rate on capital. Capital should 
be taxed either at its maximal rate or not at all. As Lucas (1990) argues, 
there are two conflicting principles at work, both stemming from Ramsey’s 
(1927) early work on optimal taxation. The first of these is that factors in 
inelastic supply should be taxed at confiscatory rates. The second princi- 
ple is that goods that appear symmetrically in consumer preferences 
should be taxed at the same rate; that is, taxes should be spread evenly 
over similar goods. As Lucas notes, in the capital context this implies 
that taxes should be spread evenly over consumption at different dates. 
Since capital taxation applied to new investment involves taxing later 
consumption at heavier rates than early consumption, the taxation of 
capital is not good. In the short run, capital is fixed in supply (being 
inherited from the past) and the first principle dominates, implying that 
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capital should be taxed at the maximal rate. Over time, the second prin- 
ciple takes over, and in the long run the tax on capital should eventually 
be eliminated. 

Chamley’s analysis characterizes the entire dynamic path for the opti- 
mal tax rate, at least in a specific example. In fact, the result that, in 
steady state, capital should be untaxed can be obtained by comparing 
the steady-state equilibrium in the present economy with what it would 
be in the centrally planned economy where the policymaker controls 
quantities directly and is able to attain a first-best solution. Focusing on 
(11.2e’), we see that in steady state it implies 


(1 — t,)F, = P. 


Comparing this to the corresponding condition for the centrally planned 
economy, equation (9.10b), 


F = B, 


we immediately infer that the decentalized equilibrium will converge to 
the first-best optimum if and only if t, = 0 in the new steady state. 


11.10 Time Inconsistency 


One further issue remains to be addressed. This concerns the dynamic 
consistency (or inconsistency) of the optimal tax policy. In terms of the 
Chamley model, we have made the assumption that the policymaker 
chooses his optimal path at the initial time zero and is fully and credibly 
committed to it over time. Part of the optimization involves setting the 
initial shadow value of the marginal utility of wealth 4,(0) = 0. Starting 
out from #,(0) = 0, equation (11.33c) determines a differential equation 
describing the evolution of 4,(t) over time, ultimately taking it to its new 
steady-state value, which, according to (11.33e), will be negative. Con- 
sider some time t during the transition at which 7,(t) < 0. At this time, if 
the policymaker were to reoptimize, he would wish to set y,(t) = 0, just 
as he chose to do initially. Thus the new optimal] path, starting from time 
t, would be different from the original optimal path, chosen at time 0. 
The optimal tax on capital is therefore said to be time inconsistent. 
Beginning with an important paper by Kydland and Prescott (1977), 
the issue of time inconsistency of optimal policy-making has attracted 
a great deal of attention in models of intertemporal optimization with 
forward-looking agents. In general, an economic policy is said to be time 
inconsistent when a future policy decision that forms part of an optimal 
plan formulated at some initial date is no longer optimal when considered 
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at some later date, even though no relevant information has changed 
in the meantime. These issues are particularly pertinent with respect to 
the optimal taxation of capital, and it is in that context that much of the 
discussion has taken place. Intuitively, the reason for the time inconsis- 
tency of the optimal tax on capital is that capital is fixed in the short run 
and variable in the long run. Over time, one wants to tax it differently. 

The basic issues can be conveniently laid out using an example due 
to Fischer (1980), based on the contributions of Kydland and Prescott 
(1977, 1980), and we shail follow his exposition closely, The problem is 
formulated in terms of a two-period discrete-time model. The agent starts 
period 1 with an initial endowment of capital k,. He consumes c,,c, in 
the two periods and works only during the second period, with the quan- 
tity of work being denoted by /,. The utility of the representative agent is 
described by the logarithmic function 


U=Inc, + d{Inc, + aln?@—1,)+yIing,] a>0,y>0 (11.36) 


where 0 < ô < 1 is the discount factor, Ì denotes the fixed labor supply in 
period 2, and g, is the government expenditure in period 2, the only pe- 
riod in which the government is assumed to spend. The production func- 
tion in each period is of the linear form, with the marginal product of 
labor being the constant a and the marginal physical product of capital 
equal to a constant b. The technological constraints facing the economy 
during the two periods are thus 


c, +k, =(1 + bk, = Rhy, (11.37a) 


First-Best Optimum 


Fischer begins by first solving the central planner’s problem, that is, 
determining the equilibrium that would be chosen by a government 
setting quantities directly to maximize the welfare of the representative 
agent (11.36), subject to the economy-wide resource constraints (11.37). 
In this case the decision variables are c,,¢3,1,,k2,g 2, leading to the first- 
best optimum 





I/R + Rk 
Ao Ree (11.38a) 
1+1 +a+y) 
e= d0Re, (11.38b) 
l — l, =ac,/a (11.38c) 


Ja = YC (11.38d) 
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with k, determined residuaily from the first-period resource constraint 
(11.37a). This central planner’s solution is time consistent. Given the 
choice of c, implied by the optimality condition (11.38a), and hence k3, 
the government will still choose the solutions for c,,/,,g2, implied by 
(11.38b)-(11.38d), when period two arrives. This solution is the best pos- 
sible, given the resource constraints facing the economy. 


Optimal Tax 


Consider now a decentralized economy in which the government finances 
its expenditures by imposing taxes. The representative agent will now 
choose ¢,,C3,/,,k, to optimize his utility function (11.36) subject to his 
budget constraints, which now reflect the future tax rate and are given 
by 


6 kG = RE, (11.37a) 
C= a 1G ORs ks, (11.37b’) 


where t, is the tax rate on labor income and R, is the after-tax rate of 
return on capital. In making his decisions, the private agent treats T3, R3, 
and g, as parametrically given. Carrying out the optimization for given 
expected values of these policy variables leads to the following solutions 
for €),€2,l5, ky: 


all — 1$)/RS + Rk, 





“1 1+6(1 +0) eee) 
ca = RSC} (11.39b) 
l — l, = ac,/a(1 — 15) (11.39c) 


where the superscript e denotes the expected value of the variable, and 
the corresponding solution for k, follows residually from (11.37a). The 
fact that these solutions are independent of g§ is a function of the addi- 
tive separability of the logarithmic utility function. 

The government’s optimal policy problem is now to choose the tax 
rates R3, T, and its expenditure g, to maximize the welfare of the private 
agent (11.36), subject to the private agent’s responses as described by 
solutions in (11.39a)—(11.39c) and the government budget constraint 


(R = R,)k, + Tal, =; Go. (11.40) 


In order to make its decisions, the government needs to know private 
expectations, R$,7§. We shall consider a rational expectations equilib- 
rium in which agents correctly predict the government’s behavior, that is, 
R$ = R,, t£ = ty. Carrying out the optimization under these conditions, 
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Fischer obtains the following optimality conditions determining the two 
tax rates: 


al(1 — R/R,)((1 — t,)/a6R,) + t,Rk,/1 — 1) =0 (11.41a) 
[R k (1 + æ) + al(1 + 6)] — RR k [l + afl —1,)4+ y] 
= al(1 — t,)[R/R, + (14+ yd]. (11.41b) 


In principle these two equations can be solved to yield the optimal tax 
rate on labor income tł and the after-tax rate of return on capital R¥, 
although in practice the equations are too complex to obtain closed-form 
solutions. Optimizing with respect to g, again leads to 


ga aad YC, (11.39d) 


so that it is optimal for the government to equate the marginal utility of 
government spending to that of private spending. Since the government 
can use only distortionary proportional taxation, then given rational 
expectations, the optimal tax rates t¥,R — R*¥ are both believed and 
carried out. Such a solution is often referred to the solution with commit- 
ment. 


Time Inconsistency of Optimal Tax Rates 


However, these optimal tax rates are not time consistent. This is because 
in period 2 it is no longer optimal for the government to use the optimal 
tax rates tf, R — R¥ derived in the first period. This arises because when 
it comes to the second period, the private sector takes the capital stock 
k, as given, having been determined in period 1 by that period’s con- 
sumption decision; see (11.37a). Thus in period 2 the private agent 
chooses c,,/, to maximize the static utility function 


U = Inc, + xln(l —1,) + ylng;, (11.42) 
subject to the one-period budget constraint 

c = (1 —1,)al, + R,k,, (11.43) 
again taking t,, R,,g, as given. The optimality conditions are now 


al(1 — t,) + R3k, 


11.44 
l+a ; ( 2) 





C2 = 


| —1, =ac,/a(1 — t3). (11.44b) 


The government now maximizes the same static utility function of the 
private agent, subject to (11.44a), (11.44b), and its budget constraint, 
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which remains specified by (11.40). The resulting optimality conditions 
are 


1, =0, (11.45a) 


Ree ee (11.45b) 
l+tat+y 

Clearly, this solution does not coincide with solution with commitment 
(11.41a), (11.41b). With the capital stock fixed, the tax on capital is now 
nondistortionary. Accordingly, the government should raise its entire 
revenue by taxing capital, leaving labor untaxed and thereby avoiding 
the adverse effects of reducing the equilibrium supply of labor. As Fischer 
notes, this equilibrium is identical to what would obtain in a centrally 
planned economy in which k, is taken as fixed. 

The time inconsistency of the optimal policy arises because the govern- 
ment has no nondistortionary taxes available. If, on the other hand, a 
lump-sum tax were available in the second period, the policymaker could 
simply announce in period 1 that a lump-sum tax equal to g,, as implied 
by (11.39d), will be levied in the second period. The resulting rational 
expectations equilibrium will then replicate the first-best allocation of the 
centrally planned economy. Alternatively, if the government could levy 
taxes in the first period, that might provide it with another instrument 
for achieving the first-best optimum. 


A Time-Consistent Solution 


A time-consistent solution can be obtained by applying the Principle of 
Optimality of dynamic programming. This involves solving backward 
from period 2. Taking k, as given, both the representative agent and the 
government optimize during the second period, yielding precisely the so- 
lution in (11.42)—(1 1.45), in which there is a zero tax on labor and a posi- 
tive tax on capital. Now go back to period 1. The private agent optimizes 
with respect to first-period consumption and savings, taking the govern- 
ment’s future tax rates and spending plans as given. 

To consider this further, the second period’s optimized utility of the 
private agent can be calculated by substituting (11.44a), (11.44b) into 
(11.42) for given values of t3, R3, and g3. The resulting level of second 
period utility is 


U, =(1 + a) Infal(1 — t2) + Rzk2] 
— (1 + aIn(l + x) + aln(a/a(] — t2)) + yin gz. (11.46) 


In period 1, the agent maximizes, 
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Ceo dier + 6U,, (11.47) 


taking t3, R2, and g, as given. The decision variables are c, and k3, 
which are now chosen to maximize (11.47), subject to the first-period 
budget constraint (11.37), again yielding the first-period consumption 
function (11.39a). 

This consumption function depends upon the agent’s expectations of 
government policy, and in the rational expectations equilibrium, where 
actual and expected tax rates coincide, actual consumption in period one 
is obtained by replacing the expected tax rates in (11.39a) with the corre- 
sponding actual rates, namely c4 = [1 + d(1 + «)]“'[al/R, + Rk,]. To 
solve for the equilibrium k,, we combine this solution for c, with the 
optimal tax rule (11.45b) and the budget constraint (11.37). This leads to 
a quadratic equation for R,. Once this equation is solved, the consistent 
optimal tax allocation can be calculated. Because 1, is being constrained 
to zero, the welfare associated with this solution is less than that of the 
time-inconsistent solution, which in turn is less than the welfare level of 
the first best optimum. 


Further Developments 


The two-period example of Fischer illustrates the problem of time incon- 
sistency in its simplest form. However, the phenomenon is not restricted 
to taxation on capital. Chamley (1985) addressed the time consistency of 
the wage tax and found that it too was time inconsistent, arguing that 
this is a consequence of the endogeneity of factor prices and the fact that 
the factor price frontier is downward sloping. As discussed in Chapter 8, 
Barro and Gordon (1983a, 1983b) developed models in which monetary 
policy may be time inconsistent, and government debt policy is another 
potential area of time inconsistency; see Chari (1988). In addition, further 
cases of time inconsistency may arise where the government does not feel 
bound by the previous government or does not act with the interests of 
the representative agent in mind. 

The issue of time inconsistency has presented a challenge to the theory 
of optimal policy-making, and it generated a lot of research during the 
1980s. One solution is simply to focus on the commitment solution and 
assume that the government is able to bind all future governments to the 
decision it has made. However, governments typically lack this ability. 
Thus, the private agent, knowing that the present government is unable 
to bind future governments by the decision it makes, and knowing that 
future governments will have an incentive to renege, may not find the 
present government’s decions to be credible. However, a government that 
continually breaks promises will lose its reputation, thereby incurring 
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costs, and the question of how the private agents respond in these 
circumstances becomes important. Reputational equilibria have been 
analyzed by several authors; see, for example, Lucas and Stokey (1983), 
Persson, Persson, and Svensson (1987). Much of this literature was de- 
veloped in the analysis of monetary policy within the context of an 
expectations-augmented Phillips curve and focused on the relative merits 
of policy rules versus policy discretion; see, for example, Kydland and 
Prescott (1977), Backus and Driffill (1985a, 1985b) Barro and Gordon 
(1983a, 1983b). A review of the relevant arguments is provided by 
Blanchard and Fischer (1989, chapter 11). 

Other authors have extended the dynamic programming solution dis- 
cussed in the two-period example of Fischer. One problem with extending 
this to an infinite horizon is that the backward induction may not cap- 
ture all of the solutions; see Chari and Kehoe (1990), Stokey (1991). 

Chari and Kehoe propose what they define to be a sustainable equilib- 
rium, characterized as follows. Consider a government policy plan 
starting at some initial time 0 proceeding over an infinite horizon, to- 
gether with the corresponding set of decision rules by private agents 
(consumers). An equilibrium is sustainable if (1) the continuation of the 
decision rule solves the consumer’s problem at the first stage for every 
history, at time t — 1, say, and the continuation of this allocation rule 
solves the consumer’s problem at the second stage for every history, one 
period later, at time t; and (ii) given the decision rule by the private 
sector, the continuation of the government plan solves the government's 
problem for every history at time t — 1. As Chari and Kehoe discuss, this 
is an equilibrium in which private agents behave competitively while the 
government behaves strategically. They characterize their equilibrium by 
adapting some results from repeated game theory due to Abreu (1988). 
The approach by Stokey (1991) is analogous. She characterizes a credible 
policy to be one where the government has no incentive to change its 
strategy and also characterizes a credible outcome equilibrium using 
results from game theory. These contributions are right at the frontier of 
current research and suggest an important role to be played by modern 
game theory in modeling the interaction between the private and public 
sectors. 





Notes 


1. By abstracting from money, our analysis fails to capture the distortions arising from the 
interaction of inflation and taxes, though for present purposes little is lost by doing so. 


2. In previous chapters we have included government in the utility function. Since the pre- 
sent analysis teats government expenditure as fixed, its exclusion from U involves no loss. 
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3. See Hayashi (1982). In his discussion he draws the distinction between the average q and 
the marginal q and shows how the relationship between them depends upon the linear 
homogeneity of the installation cost function. 


4. Because we abstract from physical depreciation, we are not able to consider issues 
pertaining to the tax treatment of depreciation. 


5. Abel and Blanchard (1983, 677). 


6. Early influential work by Lintner (1956) lent empirical support to the view that firms 
gradually adjust dividend payments in order to eventually pay out a desired fraction of 
after-tax profit to stockholders. For a comprehensive discussion explaining dividend behav- 
ior in the presence of taxes, see Poterba and Summers (1985). 


7. Summers (1981) and Auerbach (1979b) also consider models that include corporate 
bonds but in which no new equities are issued. Since bonds do not play a critical role, Rule 
IIT is essentially equivalent to these models. 

8. For key discussions of cost of capital and taxes, see King (1977) and Auerbach (1979a, 
1979b). 


9. The dividend rule suggested by Lintner, where firms choose to pay out a fixed fraction of 
after-tax profit D = a(1 — t,)IT, leads to the following differential equation in V: 


T. (S22) i 
ee a = fo = call Do |n = u({) e| 


The polar case, where « = 0 and all profits are retained, is identical to Rule I, with i = 0. 
The other polar case, « = 1, is Rute II. 





10. What is usually referred to as the cost of capital is just the right-hand side of (11.19b) 
divided by (1 — 1,). 

11. The numerator of (11.21c) is readily seen to be positive. Noting that p; < 0 is the nega- 
tive root of the characteristic equation, one can determine further that u; < a33, implying 
that the whole expression is negative. 


12. This can be established by noting the definitions of the elements a, and the partial 
derivatives appearing in (11.20), and manipulating the characteristic equation. 

13. The case where it is known at the outset that the tax cut will be only temporary is to be 
contrasted with a situation in which the tax cut is initially expected to be permanent but at 
time T, say, is learned to be only temporary. In this latter case, the response of the system 
can be determined by treating both disturbances at times 0 and T as being perceived as 
permanent at those respective times, 


14. The partial effect 00/ét, < 0. This is because an increase in t, lowers the after-tax mar- 
ginal physical product of capital, thereby lowering the interest rate. 

15. The only difference is in the response of §*. This arises primarily because of the fact 
that one effect of increasing t, is to raise 0* by an amount [0 — i(1 — 1,)]dt,/(1 — 1,)’, and 
this offsets the decline due to the lower @. 

16. Also in this case a temporary increase in t, will have no effect. 


17. Writing F(k, D = If(k/D, we have the well-known relationships 
Fak Fal 


3 „k 
l k = Fu =f T 
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1 ) The Representative Agent Model in the International Economy 


12.1 


Introduction and Overview 


Paralleling the developments in the macroeconomic modeling of the 
closed economy, the models used in international macroeconomics have 
undergone a similar evolution. The static Mundell-Fleming model of the 
1960s was the counterpart to the old IS-LM model, and the typical 1970s 
model emphasized the dynamic interaction between exchange rates, prices, 
and asset accumulation, very much in the spirit of the model developed 
in Part I. Likewise, the stochastic models of the period 1975-1985 were 
predominantly based on rational expectations and were extensions to the 
Sargent and Wallace type models that dominated that period and were 
reviewed in Part IT. In fact, the argument that exchange rate expectations 
be rational is probably much more compelling than the corresponding 
assumption for price expectations. Beginning in the early 1980s, inter- 
national macroeconomic models came to be routinely based on inter- 
temporal optimization, and just as in the closed economy, that too has 
become the dominant paradigm. 

This chapter extends the representative agent model we have been dis- 
cussing to an open economy and overviews the vast literature that has 
evolved over the past decade or so. In so doing, we wish to emphasize 
some of the additional features that the international economy intro- 
duces. In particular, three should be highlighted. First, most internation- 
al macroeconomic models are based on the assumption of perfect capital 
markets. This assumption, together with the assumption that the repre- 
sentative agent’s rate of time preference is constant, implies that the 
agent’s equilibrium marginal utility of wealth remains constant over 
time. This is shown to have important consequences for the dynamic ad- 
justment paths followed by such an economy. Second, if the investment 
good is tradable, then the convex cost of adjustment function, introduced 
in Chapter 11, is necessary in order for well-defined dynamics to exist. 
Third, the international trading of capital imposes an intertemporal bud- 
get constraint on the economy in its transactions with the rest of the 
world, and this must be met if the equilibrium is to be intertemporally 
viable. 

Section 12.2 begins with what would seem to be a natural extension of 
a simple, but standard, monetary model of the 1970s. It consists of a 
single good produced by a single factor of production, labor, and two 
assets, domestic money and traded bonds. The main point we make here 
is that in this simple model the dynamics degenerates unless some form 
of sluggishness is introduced into the evolution of the economy. There 
are various ways in which this may be accomplished. Some of these are 
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discussed, including (i) the introduction of a variable rate of time prefer- 
ence; (ii) the introduction of imperfections in the bond market; and (iii) a 
growing population of infinitely lived households. 

But the most important source of sluggishness introduced in the recent 
intertemporal optimizing models of the international economy is the ac- 
cumulation of physical capital, which in general is assumed to take place 
subject to convex costs of adjustment. Such a model is set out in detail 
in Section 12.3, which constitutes the core of this chapter. We illustrate 
the model by analyzing the dynamic adjustment to increases in govern- 
ment expenditure on both domestic and imported goods. Other types 
of shocks, such as the transmission of tax changes, productivity shocks, 
and others, have been extensively analyzed, as noted in the appropriate 
sections below. 

Section 12.4 indicates some of the directions in which the type of 
model exposited in Section 12.3 has been extended. These include (i) 
relaxing the assumption of perfect financial capital markets to allow for 
an upward supply curve for debt; (ii) introducing two or more produc- 
tion sectors; and (i11} multicountry models. Our objective here is modest: 
it is simply to point out some of the issues involved. The extension to 
two countries opens up a whole range of issues relating to strategic be- 
havior, the formation of unions between countries, and so forth, which 
are at the forefront of research in international macroeconomics. These 
aspects are not discussed at all, although they seem to be directions in 
which the representative agent model, in its application to the open econ- 
omy, 1s headed. 


12.2 Basic Monetary Model 


We begin with a monetary model of a small open economy operating in 
a world of ongoing inflation. The model has the same basic structure as 
in the previous two chapters, consisting of consumers, firms, and the gov- 
ernment. Perfect foresight is also assumed to hold. 


Structure of Economy 


The environment we consider is characteristic of those assumed in the 
standard monetary models of the 1970s (see, e.g., Dornbusch and Fischer 
1980). The domestic economy produces a single traded good, the foreign 
price of which is given in the world market. In the absence of any impedi- 
ments to trade, purchasing power parity (PPP) is assumed to hold, 
which, expressed in percentage change terms, is described by 


p=qte (12.1a) 
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where 


p = rate of inflation of the good in domestic currency, 


q = rate of inflation of the good in terms of foreign currency, assumed to 
be given to the small economy, 


e = rate of exchange depreciation of domestic currency. 


This equation asserts that under free trade the rate of inflation in the 
domestic economy must equal the exogenously given world rate of infla- 
tion, plus the rate of depreciation of the domestic currency. 

We assume that domestic residents may hold two assets. The first is 
domestic money, which is not held by foreigners. Second, we assume that 
there is a traded world bond, with uncovered interest parity (UIP) hold- 
ing at all times: 


ay eles (12.1b) 
where 


i = domestic nominal interest rate, 
i* = foreign nominal interest rate, assumed to be exogenously given, 


£ = expected rate of exchange depreciation, which, assuming perfect 
foresight, is equal to the actual rate of exchange depreciation, e. 


For the present, we abstract from physical capital. 

The assumptions we have made of PPP and UIP are standard bench- 
marks in the international macroeconomic literature. We do not pretend 
that they are good assumptions, empirically. They are not. They do, how- 
ever, serve as a starting point, from which the analysis can be extended. 

The representative consumer is assumed to choose his level of con- 
sumption, labor supply, real money balances, and his holdings of the 
traded bond, by solving the now familiar intertemporal optimization 
problem: 

x 


Maximize | U(c, Lm, ge * dt U.>0,U, <0 (12.2a) 


0 
subject to the budget constraint, expressed in real terms as 
c+m+h=wl +N + (i* — q)b —(q +e)m — T, (12.2b) 
and initial conditions 
_ Mo E(0)By _ Bo 


m0) => b(0)= 


T= 12.2 
P(0) PO Qo’ ae 
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where: 


¢ = real consumption; 


= real government expenditure; 


g 

m = real money balances, M = nominal money balances; 

b = real stock of traded bonds, B = nominal stock of traded bonds: 
l 


= supply of labor; 


w = real wage rate; 

IT = real profit, paid out to consumers; 

f = rate of time preference, taken to be constant; 

P = domestic price level; 

Q = foreign price level; 

E = nominal exchange rate; 

T = real lump-sum taxes. 

The utility function has the conventional concavity properties, and the 
budget constraint is standard as well. The only point requiring comment 
is that, given the assumptions of PPP and UIP, the real rates of return on 
holding bonds and money are (i — q) and — p = —(q + e), respectively. 


Taking all prices and rates of return as parametric, the optimality con- 
ditions for the agent are described by 


U(c,im,g) = A (12.3a) 
Uic, l,m, g) = — wa (12.3b) 
U_(c, l,m, g) = (i* + es (12.3c) 
À = ALB — (i* — q)] (12.3d) 
together with the transversality conditions 

lim åme™® = lim Abe * = 0 (12.3e) 
>a toe 


where À, the Lagrange multiplier associated with the accumulation equa- 
tion (12.2b}, is the shadow value of wealth. 

Equations (12.3a)—(12.3c) are familiar and need no further comment. 
Equation (12.3d), rewritten as 


faa SG. (12.3d’) 


is just the Keynes-Ramsey rule, describing the optimal intertemporal al- 
location of consumption. This relationship differs in one important re- 
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spect from the corresponding condition in the closed economy. With the 
rate of time preference f} and the real interest rate i* — q both being ex- 
ogenously given constants from the standpoint of the small open econ- 
omy, in order for (12.3d‘) to imply a nondegenerate steady-state value for 
the marginal utility 4, we require f = i* — q. That is, the rate of time 
preference must equal the given world real interest rate. But this further 
implies that å = 0, for all t, so that the marginal utility of wealth is con- 
stant over all time, that is, å = 7. As we will discuss in Section 12.3, this 
has important consequences for the dynamics. 

The assumption that the rate of time preference in the small economy 
equals the given world rate of interest is standard in virtually all of this 
literature of a small open economy, based on intertemporal optimization. 
Although it is a strong assumption and has been the source of much 
criticism of the representative agent model as applied to the small open 
economy, it 1s what ts required if an interior equilibrium is to be at- 
tained, when f and i* — q are both constant. One justification is that a 
small open economy, facing a perfect world capital market, must con- 
strain its rate of time preference by the investment opportunities avail- 
able to it, which are ultimately determined by the exogenously given rate 
of return in the world capital market. For if that were not the case, the 
domestic agent would end up either in infinite debt or in infinite credit 
to the rest of the world, and that would not represent a viable interior 
equilibrium. The economy would cease to be a small open economy. 

How acceptable this assumption is depends in part upon the specific 
shock one is analyzing. For demand and productivity shocks, that typi- 
cally leave f and i* — q both unchanged, it is adequate. However, it 
would be unsatisfactory if one wished to analyze changes in either f or 
i*, which would break the assumed equality between them. In this case, 
one alternative has been to allow the rate of time preferences to be vari- 
able. This approach was first adopted by Obstfeld (1981), who does so by 
endogenizing the consumer rate of time preference through the introduc- 
tion of Uzawa (1968) preferences, although this too is subject to criti- 
cisms, as we shall note. 

In the absence of physical capital, the firm’s optimization problem is 
simple. It is to hire labor so as to maximize real profit 


H = Fil) — wl F'>0,F”"<0 (12.4) 


where the production function F(/) has the property of positive but di- 
minishing marginal physical product of labor. The optimality condition 
is, as usual, 


F'(Ì) = w. (12.5) 
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The final agent, the government, operates in accordance with its flow 
budget constraint: 


ň +å =g + (i* — qa — (q + e)m-— T (12.6) 


where a = stock of traded bonds issued by the domestic government. In 
addition, government policy must be specified. As an example, we shall 
assume that the government allows the domestic nominal money supply 
to grow at the fixed rate ¢ and continually balances its budget with 
lump-sum taxes. These policies are specified by 


m = (ġ — q — e)m, (12.7a) 
T =g + (i* — q)ā — ọm (12.7b) 


where the bar denotes the fact that a remains fixed over time. Note that 
summing the constraints (12.2b), (12.4), and (12.6) leads to 


à = F()—ce—g4+(i* —q)n (12.8) 


where n = b — a is the net stock of traded bonds (Le., the net credit) of 
the domestic economy. This equation simply confirms that the balance of 
payments on current account equals the balance of trade (output less 
domestic absorption) plus the real interest earned on foreign bond hold- 
ings. There is nothing to rule out n < 0, in which case the country is a 
debtor nation rather than a creditor. 


Macroeconomic Equilibrium 


Combining the optimality conditions (12.3a)—(12.3d), (12.5), together with 
the accumulation equation (12.6), policy specifications (12.7a), (12.7b), 
and the current account relationship (12.8), the macroeconomic equilib- 
rium is described by the following set of relationships: 


UAc. l,m, g) = 4 (12.9a) 
Ue, l,m, g) = ~—F'(DA (12.9b) 
U„(c, l,m, g} = (i* + es (12.9c) 
m= ($ — q — e)m (12.9d) 
n= F(l)—c—g4+(i* —q)n (12.9e) 
T =g + (i* ~ ga — dm (12.9f) 


together with the transversality conditions. 
Unfortunately, the dynamics of this macroeconomic equilibrium de- 
generate. This can be seen most clearly by considering the case where the 
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utility function is additively separable in m, though it extends to the gen- 
eral case as well. With the shadow value of wealth remaining constant 
over time, the marginal conditions (12.9a), (12.9b) imply that both c and | 
must remain constant over time. Extreme consumption smoothing is op- 
timal, Next, (12.9c) can be solved for the rate of exchange depreciation as 
a function e = e(m), with e’(m) < 0. Substituting this into (12.9d) yields 
the following differential equation in m: 


m =(~ — q — e(m))m. 


This is an unstable equation and implies a finite steady-state stock of real 
money balances if and only if* 


ý =q + e(m), (12.10) 


which implies that both m and e remain constant over time. With c and 
|l being constant, the equation (12.9e), describing the accumulation of 
bonds, can easily be solved. It can be verified that the economy’s inter- 
temporal budget constraint will be met if and only if 


Fil) —ce — g + (i* —q)ng = 0 (12.11) 


where n, is the initial stock of bonds held by the economy. No accumula- 
tion of bonds in fact occurs. The economy is always in steady state. 
Equations (12.9a)—(12.9c), (12.10), and (12.11) determine these stationary 
solutions for c, l, e,m, and å. Once these are known, (12.9f ) determines the 
lump-sum taxes necessary to maintain the government budget balance. 

Despite the rigor with which the underlying equilibrium is derived, it is 
not very interesting. Basically what happens is that any shock to the sys- 
tem generates an instantaneous jump in the nominal exchange rate E, 
causing the real money balances to jump, such that (12.10) holds. The 
fundamental problem is that there is no sluggishness in the system. Noth- 
ing prevents it from fully adjusting to any shock instantaneously. Slug- 
gish adjustment can be introduced in various ways. One key way is 
through the accumulation of physical capital, and this will be discussed 
at length in Section 12.3. Within the context of as simple a model as this, 
sluggishness can be conveniently introduced by modifying the assump- 
tions relating to time preference and capital mobility. These are briefly 
discussed in the following. 


Sluggish Adjustment in Basic Monetary Model 


The key feature of the model giving rise to the degeneracy of the dy- 
namics is the condition 


Bait —g. (12.12) 
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The earliest monetary models restored nondegenerate dynamics to this 
model by in effect modifying this relationship. Obstfeld (1981) does so by 
endogenizing the consumer rate of time preference f, through the intro- 
duction of Uzawa (1968) preferences, postulating for his chosen specifica- 
tion of the utility function 


Bit) = | B{s)ds, B(s} = BLU (e(s), m(s))]. 
0 


The instantaneous rate of time preference is thus a function of the level of 
utility at time t. The marginal utility of wealth is no longer constant over 
time, and the condition 


BLU(c,m)] = i* — q 


now holds only in steady-state equilibrium. In effect, the exogenously 
given world real interest rate i* — q now determines the equilibrium level 
of instantaneous utility, which will equilibrate the domestic rate of time 
preference to the world real interest rate. By assuming that the function £ 
is positive and satisfies 


B(U)>0,  p"(U)>0, (U) - UB(U) > 0 


one can show that the dynamics of 4 and m will have a saddlepoint prop- 
erty, thereby giving rise to nondegenerate dynamics. The problem with 
this approach is that the rationale for the restrictions on the function £ 
are not particularly compelling and have also been subject to criticism. 
In particular, the requirement that the rate of time discount $ must in- 
crease with the level of utility, and therefore with consumption, is not 
particularly appealing. It implies that as agents become richer and in- 
crease their consumption levels, their preference for current consumption 
over future consumption increases, whereas intuitively one would expect 
the opposite to be more likely. 

Turnovsky (1985) adopts a somewhat different approach. He intro- 
duces nontraded bonds, which are imperfect substitutes for traded bonds. 
He does so by introducing quadratic costs on holding foreign bonds. 
This is meant to capture, in a certainty-equivalent framework, the imper- 
fect substitutability between domestic and foreign bonds. In a stochastic 
model, such as the one we shall develop in Part IV, the cost parameter 
would be a function of the degree of exchange risk and the degree of risk 
aversion of the domestic investors. This procedure also gives rise to a 
saddlepoint property, but it suffers from two drawbacks. First, although 
it does generate a perfectly plausible demand function for foreign bonds, 
dependent upon the uncovered interest differential, the fact is that this 
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formulation represents a shortcut. It is clearly preferable to model imper- 
fect capital mobility (or imperfect substitutability) within an explicit sto- 
chastic framework, something we undertake in Part IV. Second, dynamic 
responses to shocks may or may not degenerate, depending upon the 
shocks and on the precise formulation of the costs associated with hold- 
ing foreign bonds. In fact, this procedure tends to highlight the arbi- 
trariness that remains even when the model is grounded in intertemporal 
optimization. 

Alternatively, nondegenerate dynamics can be restored by introducing 
the uncertain lifetime assumption of Blanchard (1985), or by assuming a 
growing population of overlapping infinitely lived households as in Weil 
(1989). In either case, for specific forms of the utility function—for exam- 
ple, if it is logarithmic—an aggregate consumption function of the form 


é=(i* — q — Ble — Em + b) (12.12) 


is ọbtained. In effect, this equation replaces the condition (12.12) and is a 
source of sluggishness, which may give rise to saddlepoint behavior.’ 


12.3 Real Model of Capital Accumulation 


The recent literature based on optimizing models of small open econ- 
omies has introduced capital accumulation, and the models have gener- 
ally been real. This section is devoted to such a model, which we illustrate 
by analyzing various types of government expenditure shocks. While this 
type of shock serves as a useful vehicle for displaying the model, the 
framework is very adaptable, and essentially the same structure can be 
applied to the analysis of other disturbances. 

The model we shall analyze consumes two goods, one of which is pro- 
duced domestically and the other of which is imported from abroad. We 
characterize the economy as being a “semi-small” open economy, mean- 
ing that, although it is small in the international asset market and in the 
price of its import good, it is able to influence the price of its export 
good. Investment behavior is generated by a Tobin-g function, along the 
lines discussed in Chapter 11.° 

Using this framework, we analyze the effects of changes in government 
expenditure on both the domestically produced good and the imported 
good on a number of key macroeconomic variables. These include the 
rate of capital accumulation, employment, output, the current account 
deficit, the real interest rate, and the real exchange rate. The model is 
sufficiently tractable to enable us to characterize in detail the dynamic 
adjustment of the economy and to highlight the critical role played by 
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the accumulating capital stock in this process. In particular, the evolu- 
tion of the current account is seen to mirror that of capital. 

For both forms of government expenditure, two types of changes are 
analyzed, namely, an unanticipated permanent and an unanticipated tem- 
porary expansion. A striking feature of the latter is that a temporary fis- 
cal (or other) shock has a permanent effect on the economy. The reason 
for this is that, as we will demonstrate below, the steady state corre- 
sponding to some sustained policy depends in part upon the initial con- 
ditions of the economy prevailing at the time that policy is introduced. 
The adjustment that occurs during some temporary policy change will 
have an important bearing on the initial conditions in existence at the 
time the temporary policy is permanently revoked. 

The fact that the steady state may depend upon initial conditions in 
models with infinitely lived, maximizing agents, having a constant rate 
of time discount, and facing perfect capital markets (assumptions being 
made here), has been discussed by Giavazzi and Wyplosz (1984). How- 
ever, its significance for the implications of temporary shocks was not 
immediately apparent, although it has been recently investigated in a 
number of papers by Sen and Turnovsky (1989a, 1989b, 1990). Yet this is 
an important issue, especially in light of the recent interest pertaining to 
hysteresis and the random walk behavior of real variables such as output 
and employment. The present model provides a plausible framework for 
generating this type of behavior, at least in a small open economy. 

In characterizing the dynamic adjustment paths generated by these fis- 
cal disturbances, the analysis identifies several channels through which 
they are transmitted to the rest of the economy. First, there is the usual 
direct impact effect. This is simply the channel whereby a fiscal expansion 
on the domestic good impinges directly on the domestic output market, 
whereas a fiscal expansion on the imported good impinges directly on 
the trade balance. Second, a fiscal expansion induces a short-run change 
in the price of capital (the Tobin q), which in turn determines the transi- 
tional adjustment in the capital stock over time. The model is forward 
looking, and as a consequence of this, the short-run adjustment depends 
upon the long-run response of the capital stock. As we will show below, 
this in turn depends upon the form of fiscal expansion. Although govern- 
ment expenditure on the domestic good is unambiguously expansionary, 
government expenditure on the imported good is not. Third, a fiscal ex- 
pansion generates a wealth effect, just as it did in the model of Chapter 9. 
However, in contrast to the closed economy, with access to a perfect 
world capital market this effect remains constant over time. Moreover, 
because the economy accumulates wealth while a temporary policy is in 
effect, thereby determining the initial conditions in existence when the 
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policy ceases, this wealth effect provides the channel whereby the tempo- 
rary policy has a permanent effect. It 1s the essential source of the hyster- 
esis generated by the model. 


The Macroeconomic Framework 


For present purposes, the household and production sectors may be con- 
solidated. The representative agent accumulates capital (A) for rental at 
its competitively determined rental rate and supplies labor (/) at its com- 
petitive wage. The agent is specialized in the production of a single com- 
modity, using the stock of capital and labor, by means of a neoclassical 
production function F(k,!). Expenditure on any given increase in the 
capital stock is an increasing function of the rate of capital accumulation. 
That is, there are increasing costs of investment associated with invest- 
ment (J), which for simplicity we represent by the convex function C(J); 
C'(D > 0; C(I) > 0. By choice of units, we assume 


C(0))=0; C’'O)=1, 


so that the total cost of zero investment is zero and the marginal cost of 
the initial installation is unity. 

Domestic output is used in part for investment, in part as a domestic 
private consumption good (x), and in part as a domestic government 
good (g,), with the rest being exported. Thus domestic investment is a 
tradable good. In addition to consuming part of the domestically pro- 
duced output, the private agent also consumes another good (y), which is 
imported from abroad. The domestic government similarly imports the 
quantity (g,) of this latter good. Even though the price of the import 
good is taken as given, the economy is large enough in the production of 
the domestic good to affect its relative price and therefore the nation’s 
terms of trade. 

The representative agent can also accumulate net foreign bonds {b} 
that pay an exogenously given world interest rate (i*). Equation (12.13a) 
describes the agent’s instantaneous budget constraint, expressed in terms 
of units of foreign output: 


b = [F&D — CU) —x — oy + oi*b — T] (12.13a) 


where o = relative price of the foreign good in terms of the domestic 
good (the real exchange rate), and T = lump-sum taxes. In addition, the 
rate of capital accumulation and investment are related by the constraint 


k=1 (12.13b) 
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where for simplicity we continue to abstract from the depreciation of 
capital. 

The agent’s decisions are to choose his consumption levels for x and y, 
labor supply /, the rate of investment J, and the rates of asset accumula- 
tion k, b to maximize: 


[Ue MD + Marae hat U, > 0, U, > 0, V’ < 0, 
0 


W, >0,W, >0. (12130) 


The optimization is subject to the constraints (12.13a), (12.13b), and the 
given initial stocks k(0) = ko, b(0) = bọ. For simplicity, the instantaneous 
utility function is assumed to be additively separable in the private con- 
sumption goods, x and y, labor /, and the public expenditures g, and g,. 
We also assume that the utility function is concave and that the two 
private goods are Edgeworth complementary, meaning that U,, > 0. 

The discounted Lagrangean for this optimization is expressed by 


H =e "U(x, y) + Vi) + Wg, 9y)] 


soe (Ri) ACU) a= oy eer be ee OU 
0 
(12.14) 


where 4 is the shadow value of wealth in the form of internationally 
traded bonds, and q* is the shadow value of the agent’s capital stock. 
Exposition of the model is simplified by using the shadow value of 
wealth as numeraire. Consequently, g = aq*// is defined to be the mar- 
ket price of capital in terms of the (unitary) price of foreign bonds. 

The optimality conditions to this problem with respect to x, y,/, and I 
are, respectively, 


Ux, =" (12.15a) 
U,(x,y) = 2 (12.15b) 
VD =~ Fk) (12.156) 
CID =q. (12.15d) 


The first three equations are familiar, and (12.15d) equates the marginal 
cost of investment to the market price of capital. With a nonhomoge- 
neous cost of adjustment function the Tobin-g determines the absolute 
level of investment. 
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In addition, the shadow value of wealth and the market value of capi- 
tal evolve in accordance with 


A = A(p — i*), (12.15e) 


Ae (i +{)q— R&D (12.15f) 


Since both f and i* are fixed, the ultimate attainment of a steady state is 
possible if and only f = i*, and henceforth we shall assume this to be the 
case. As noted before, this implies that À remains constant at its steady- 
state value å to be determined below. Given the assumption of interest 
rate parity, the domestic interest rate i(t) is related to the world interest 
rate by 


Hee (12.16) 
a 


Equation (12.15f) is therefore an arbitrage condition equating the rate of 
return on capital (F, + q4}/q to the domestic interest rate i(t). 

Finally, in order to ensure that the private agent satisfies his intertem- 
poral budget constraint, the transversality conditions must hold: 
lim Abe" = lim gke™!* = 0. (12.152) 
i> 0G foo 

Turning to the domestic government, its flow constraint, expressed in 
terms of the foreign good, is described by the equation 


1 
a= [g; + 6g, + oi*a— T] (12.17) 
ey 


where a is the stock of (traded) bonds issued by the domestic govern- 
ment. This equation is perfectly straightforward and requires no further 
comment. 

Subtracting (12.17) from (12.13a) yields the national budget constraint 


A= T [F&D — (x +g.) — aly +g,)— C(I) + ci*n] (12.18) 


where n = b — a = stock of net credit of the domestic economy. That is, 
the rate of accumulation of traded bonds by the domestic economy 
equals the balance of payments on current accounts, which in turn equals 
the balance of trade plus the net interest earned on the traded bonds. To 
rule out the possibility that the country can run up infinite debt or credit 
with the rest of the world, we impose the following intertemporal budget 
constraint: 
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lim net = 0. (12.19a) 

trx 

This relationship, together with the transversality condition (12.15g), im- 

poses a corresponding intertemporal budget constraint on the domestic 

government: 

lim ae‘ = 0. (12.19b) 
The complete macroeconomic equilibrium can now be described as 

follows. First, there are the static optimality conditions (12.15a)—(12.15d), 

with A = A, together with the domestic output market clearing condition 


Fik, D) =x + Zio) + C(I) +g, (12.20) 


where Z(-) is the amount of the domestic good exported, with Z’(-) > 0; 
that is, the quantity of exports increases as the domestic exchange rate 
depreciates (1.e., as o increases). Second, there are the dynamic equations 
(12.13b), (12.15f), (12.17), and (12.18), together with the transversality 
conditions (12.15g), (12.19a), and (12.19b). 

The five static equations may be solved for x, y,/,J, and ø in terms of 
2,k,q, and g, as follows: 


x = x(A,k,q,9,) xz < 0, x, > 0,x,<0,x, < 0 (12.21a) 
y= yA, k,g, ga yz < 0, yy > 0, yg < 0, yg. < 0 (12.21b) 
l = 1(A,k,q,9,) 5 20,1,20,1,>0,1, >0 (12.21c) 
o = a), kg) az > 0,4, > 0,6, < 0,0, <0 (12.21d) 
I = I(q) I’>0. (12.21e) 


The explicit expressions for the partial derivatives can be obtained by the 
usual methods, and the following intuitive explanation can be given. 


i. An increase in the marginal utility of wealth induces domestic consum- 
ers to reduce consumption of both goods and to increase their savings 
and labor supply. Because the economy is large in the market for the 
domestic good, this reduction in the demand for that good causes its 
relative price to fall, that is, o rises, thereby stimulating exports. The 
overall effect on the demand for domestic output depends upon whether 
this exceeds the reduction in x. If it does, then domestic output and 
(given k) employment both rise, if not, both fall. 


ii. An increase in the stock of capital raises output and the real wage. 


The higher domestic output stimulates the consumption of x, though by 
a lesser amount, and the relative price o rises. Because the two private 
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goods are Edgeworth complementary (U,, > 0), the increase in the con- 
sumption of the domestic good increases the demand for the imported 
good as well. Whereas the rise in the real wage rate tends to decrease V’, 
thereby stimulating employment, the rise in g has the opposite effect; the 
net effect on employment depends upon which influence dominates. 


ii. An increase in q stimulates investment. This increases the demand for 
the domestic good and its relative price rises; that is, o falls. This in turn 
raises the marginal utility of the domestic good, implying that the con- 
sumption of x must fall, and with U. > 9, y falls as well. On balance, the 
increase in investment exceeds the fall in demand stemming from the re- 
duction in x and lower exports, so that domestic output and employment 
rise. 


iv. An increase in government expenditure on domestic output raises the 
demand for that good, thereby raising its relative price (lowering e). Em- 
ployment and domestic output are therefore stimulated. However, the 
increased output, together with the reduced exports stemming from the 
fall in ø, is smaller than the increase in demand generated by the addi- 
tional government expenditure, so that x must fall in order for domestic 
goods market equilibrium to prevail. With U,, > 0, the reduced demand 
for the domestic good spills over to the import good. 


All this describes only the partial effects of a short-run change in 
government expenditure g,. In addition, such an expenditure generates 
jumps in the marginal utility of wealth and the shadow value of capital, 
thereby inducing further responses. The complete short-run responses 
consist of a combination of these effects and will be discussed below. 
Finally, we may note that given the additive separability of the utility 
function in private and public goods, the short-run equilibrium does not 
depend directly upon g,. However, as we will see presently, government 
expenditure on the imported good has an indirect effect through its 
impact on 4 and q. 

The evolution of the system is determined by substituting the short- 
run equilibrium into the dynamic equations and ensuring that the 
transversality conditions are met. It is readily apparent that in fact the 
dynamics can be determined sequentially. Equations (12.13b) and 
(12.13f) can be reduced to a pair of autonomous differential equations in 
the capital stock k and its shadow value q, and these constitute the core 
of the dynamics. This can be achieved by first differentiating (12.21d) 
with respect to £: 


d= ok + 0,4, (12.21d’) 
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which describes the rate of change of the real exchange rate in terms of 
the rate of accumulation of capital and its shadow value, and then sub- 
stituting this equation, together with (12.21c) and (12.21d), into (12.13b) 
and (12.15f). 

Next, (12.18) equates the accumulation of foreign assets by the econ- 
omy to its current account surplus. Using the domestic goods market- 
clearing condition (12.20), this may be expressed equivalently in terms of 
exports minus imports plus the interest service account: 


1 

n= [Z(o)— oly + gy) + oi*n]. (12.18d’} 
c 

This equation may in turn be reduced to an autonomous differential 


equation in n, after substituting the solutions for q and k. The same 
applies to the government budget constraint (12.17). 


Equilibrium Dynamics 


Carrying out the procedure outlined above, (12.15f) and (12.13b) may 
be reduced to the following pair of linearized equations around steady 
state:* 


k 0 HENTER 
a 12.22 
(|) eee i* Wess) 


where 


~ 


O 


p = -— 


(č = o) 


and the tilde denotes steady-state values. 

The determinant of the coefficient matrix in (12.22) can be shown to be 
negative, and therefore the long-run equilibrium is a saddlepoint with 
eigenvalues u, < 0, 4, > 0. Although the capital stock always evolves 
continuously, the shadow price of capital q may jump instantaneously in 
response to new information. Along the stable locus, therefore, k and q 
follow the paths 


k= k + (ky — Ke", (12.23a) 
q=ğ+ u C"(k — k). (12.23b) 

It is evident from (12.22) that the convexity of the adjustment cost 
function is an important component of the dynamics. In the absence of 
such costs, q adjusts instantaneously to its steady-state equilibrium value 
g (shown below to equal unity). Capital adjusts immediately to its steady- 
state level, with no new investment; see (12.15d) and (12.15f). This in- 
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stantaneous adjustment is possible because the small economy facing a 
perfect world capital market and no adjustment costs can purchase as 
much capital as it desires from the world market. It is not constrained by 
its own productive capacities, as was the case for the closed economy. 

To complete the discussion of the dynamics, we must consider the two 
budget constraints, namely, the domestic government budget constraint 
(12.17) and the national budget constraint (12.18). First, solving the for- 
mer and invoking the intertemporal condition (12.19b) leads to the inter- 
temporal government budget constraint 


ao + | ‘ (=) a Fle (7) edt =0 (12.24) 
0 oO o 


where a, is the initial stock of bonds issued by the domestic government. 
This equation is standard. If the domestic government has an initial 
stock of debt outstanding, then it cannot run a deficit in each period. At 
some point it must run a surplus to pay off the interest on the debt. With 
lump-sum tax financing, the time path for T(t) must be chosen to satisfy 
(12.24) in order for the government to be intertemporally solvent; we 
shall assume this to be the case. 

The national budget constraint (12.18’), together with (12.19a), can 
be similarly solved to yield the intertemporal national budget con- 
straint, 


No + | ee — {y+ s)| e dt = 0; (12.25) 
0 

where n, is the initial stock of foreign bonds held by the domestic econ- 

omy. If the country starts out as a net creditor to the rest of the world, it 

cannot run a trade surplus indefinitely; at some point it must run a trade 

deficit in order for (12.25) to be met. 

However, (12.25) differs in a fundamental way from (12.24): in that 
given the time path for government purchases of imports g,, there is 
nothing the government can directly choose to ensure that (12.25) is 
satisfied. The relative price o and the quantity of private imports y are 
all determined by market forces. In fact, this intertemporal constraint 
imposes an additional constraint on the evolution of the economy, deter- 
mining the stable adjustment of the current account. 

To see this, we consider (12.18d’) in the form 
gd CCE yee ere ae a (12.26) 
alA.k, q, 9x) 
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Linearizing this equation around steady state yields 
oe ~ 7 i Z 
À = = [ðo — Ty,Mk — k) + (80, — oy,)(q — 0] + i*(n — ñ) 


where 6 = Z’ — Z/c. Using (12.23a), (12.23b), this equation may be writ- 
ten as 


ù = Oko — kje”! + i*(n — ñ) (12.27) 


1 7 
Q= lols + ok C”) — o(y, + Yattı C^)]. 


Assuming that the economy starts out with an initial stock of traded 
bonds n(0} = no, the solution to (12.27) is 





Q ~ Q Yoa 
n(t) = Ñ + — (Ko kje”! + E Las ware has ie i 


Invoking the transversality condition (12.19a) implies 


Q z 
Ho = ñ + age -x (ko = k), (12.28) 
Hy —! 





so that the solution for n(t) consistent with long-run solvency is 
3 Q > 
ngt) = A + ——.. (ko — kjer". (12.29) 
Hii! 


Equation (12.28) is a linear approximation to the general national in- 
tertemporal budget constraint (12.25), and (12.29) describes the rela- 
tionship that must exist between the accumulation of capital and the 
accumulation of traded bonds during the transition if this condition is 
to be met. Of particular significance is the sign of this relationship. The 
definition of Q given in (12.27) emphasizes that capital exercises two 
channels of influence on the current account. First, an increase in k raises 
the relative price o, both directly and also through the accompanying fall 
in q, as seen in (12.23b). What this does to the trade balance depends 
upon ô. From the above definition of 6,6 > 0 if and only if the relative 
price elasticity of the foreign demand for exports exceeds unity. At the 
same time, the increase in k increases imports both directly and again 
indirectly through the fall in g, and this reduces the trade balance. 
Although either case is possible, we shall assume that the relative price 
effect dominates, so that Q > 0. 
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Steady State 


The steady state of the economy is obtained when k = å = ñ = 0 and is 
given by the following set of relationships: 


A 
U(% I) =~ (12.30a) 
O 
Už, =A (12.30b) 
vi) EE (12.300) 
o 
j=] (12.30d) 
E(k, 1) = i* (12.30e) 
Fik, D = 3 + Z(A +9, (12.30f) 
Z(6) + Gi*i =F +49, (12.30g) 
i Q ~ 
no = Â + —— (ko — k). (12.30h) 
Hı >I 


These equations jointly determine the steady-state equilibrium solutions 
for 3, 7, k,l, ĝ,õ, ñ, A. 

Several aspects of this steady state merit comment. First, the steady- 
state value of q is unity, consistent with the Tobin-q theory of investment 
and the discussion in Chapter 11. Second, the steady-state marginal 
physical product of capital is equated to the exogenously given foreign 
interest rate, thereby determining the domestic capital-labor ratio in pre- 
cisely the same ways as it was determined by the rate of time discount in 
Chapters 9-11. Third, (12.30g) implies that in steady-state equilibrium, 
the current account balance must be zero. Export earnings plus net inter- 
est earnings on traded bonds must just finance net imports. Equation 
(12.30h) describes the equilibrium relationship between the accumulation 
of capital over time and the accumulation of traded bonds consistent 
with the nation’s intertemporal budget constraint. It is through this rela- 
tionship that the steady state depends upon the initial stocks of assets 
ko, no, as a result of which temporary policy (or other) shocks have per- 
manent effects. Finally, we should recall that this steady state is sustainable 
only as long as the government maintains a feasible debt and taxing 
policy consistent with (12.24). 


Long-Run Effects of Fiscal Expansions 


The long-run effects of fiscal expansions, taking the form of increases in 
government expenditure on domestic goods and on imported goods 
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Table 12.1 
Long-run effects of increase in government expenditure 





A. Domestic good g, 
l. Capital-labor ratio: 
d(k/l) 
dae 
2. Capitai, employment, and output: 
Idk kdl ae F, 2 
EEN = mane JA — 21U,, ] > 0 
kdg, Idg, z dg, alD 
3. Relative price (real exchange rate): 
Pea a0 
dg, D i n o 
4. Consumption of domestic good: 
a Ug) 4 4 r+ 0,2 co 
dg, D| o cd Si a G 
5. Consumption of imported good: 
dp 1 tu, 
== [gy — ee] — 
dg, Dito 
6. Marginal utility: 


eB ‘ly yet alov" +y? z0 
i De t) |F 


7. Net foreign assets: 


dñ Q dk 
Sse eee <0 
dg, i* — u \dgx 


where 











vayn} <0 


Ua 





ai*Q fk 3 
y=- |;]<0; =Z — Z/a >0, A=U,,U,,—-U2,>0 


KN a 
D = —V"[U,,Z' + (A/a) — Z'U,,.0] — V"6LU,, — (1/0)U p] 
— FW Uhla?) — F(F/DU,.A/o) + A(F,/o) ((F,8/) + yz] > 0 
B. Import good g, 


1. Capital-labor ratio: 


2. Capital, employment, and output: 
tdk tdi td 
kdg, i dg, z dg, 

3. Relative price (real exchange rate): 


dd 1f AFF) 
dg =p V LU, ~ aUo] + TR z0 


¥ 
4. Consumption of domestic good: 


a OA heU Uie ie 
oS Se G < 
dg, D EF 





F, z 
= ZA—AU,,)29 
a el = 
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Table 12.1 (cont.) 

5. Consumption of imported good: 
dj 1 f A i FF, 
— = —(V"2’(U,, — oU,,] + -] V" + -U,.— |? <9 
dg, D 0 6 Oo 

6. Marginal utility: 


di 1 a yet ra i FF, Vi i 
Se eee ae 3 a ee > 
dg, D| 7” o a l ‘i 


7. Net foreign assets: 


dñ Q dk 
— = ——— | -- 20 
dg, r — fy dg, 


respectively, are reported in parts A and B of Table 12.1 and shall be 
discussed in turn. 





Increase in Government Expenditure on Domestic Good 


First, because the world interest rate i* remains fixed, the marginal phys- 
ical product condition (12.30e) implies that the long-run capital-labor 
ratio is constant, independent of either g, or g,. Capital and labor there- 
fore change in the same proportions, so that the marginal physical 
product of labor and hence the real wage rate also remain constant. The 
increase in taxes necessary to finance an increase in g, raises the long-run 
marginal utility of wealth (measured in terms of domestic goods and equal 
to A/a), inducing more labor supply, raising the productivity of capital, 
and thereby generating an expansion in capital and in output, much as it 
does in the closed economy. However, in contrast to the closed economy, 
the stimulus to demand generated by government expenditure may or 
may not exceed the addition to output, and the relative price o of the 
import good may either rise or fall. At the same time, the increase in the 
steady-state stock of capital leads to a decline in the steady-state stock of 
traded bonds held by the domestic economy. The higher taxes, coupled 
with the reduction in net interest earnings by the economy, means a 
reduction in real disposable income, a consequence of which is that the 
private consumptions of the two goods, X and f, both decline. The fact 
that the marginal utility, measured in terms of domestic goods, rises, 
while the relative price o may either rise or fall, means that the response 
of the marginal utility as measured in terms of the foreign good A can 
also respond in either way, although it too will certainly be increased if 
the utility function is additively separable in the two goods. 
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Looking at (12.30g), we see that a fiscal expansion on the domestic 
good raises the equilibrium trade balance when measured in terms of the 
foreign good (=—i*f). It will do so even more strongly, in terms of the 
domestic good, as long as the domestic economy is a net creditor nation 
(ñ > 0). However, for a debtor country, the trade balance in terms of the 
domestic good may fall if the relative price effect is sufficiently strong. 


Increase in Government Expenditure on Import Good 


The long-run effects on domestic activity, as measured by employment, 
capital, and output, may now be either all expansionary or all contrac- 
tionary. What is going on is the following. The increase in government 
expenditure on the import good raises its relative price, thereby stimu- 
lating the demand for the domestic good, and this is expansionary. But 
at the same time, the increase in lump-sum taxes necessary to finance the 
additional expenditure reduces disposable income, reducing private ex- 
penditure on the domestic good (without any corresponding increase in 
public expenditure on that good), and this is contractionary. The net im- 
pact on domestic activity depends upon which effect dominates. In addi- 
tion, the reduction in disposable income lowers the private consumption 
of the import good as well. The response of the marginal utility 2 is an 
unambiguous increase. This is because the higher tax raises the marginal 
utility measured in terms of the domestic good; and the increase in the 
relative price ø raises it further, when measured in terms of the foreign 
good. 

The response of the equilibrium stock of bonds A depends upon 
whether the long-run effect of this form of fiscal policy is expansionary or 
contractionary. What happens to the trade balance as measured in terms 
of the foreign good depends upon what happens to A. In the expan- 
sionary case it will rise, whereas in the contractionary case it will fall. In 
terms of the domestic good, the relative price effect must also be taken 
into account. 


Transitional Dynamics 


As discussed previously, the dynamics of k and q are described by a 
saddiepoint in k-q space. The stable arm XX, illustrated in Figure 12.1A, 
is given by 


q=1 +u C"(k— k) (12.31a) 


and is negatively sloped. The unstable arm (not illustrated) is described 
by 


q=1 + wy C"(k — k) (12.31b) 
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Figure 12.1 


Increase in government expenditure on expert good 
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and is positively sloped. The two types of fiscal expenditure shall be con- 
sidered in turn. 


Permanent Increase in Government Expenditure on Domestic Good 


As long as no future change is anticipated, the economy must lie on the 
stable locus XX. The initial jump in q(0) following an unanticipated per- 
manent increase in g, is 


dq(0 dk 
a E ey een (12.32) 





The long-run increase in the capital stock thus gives rise to a short-run 
increase in the shadow price q(0). 

The dynamics following an unanticipated permanent increase in g, are 
illustrated in Figure 12.1A and Figure 12.1B. Part A of the figure de- 
scribes the adjustment in g and k, while part B describes the evolution of 
the stock of traded bonds. Suppose that the economy starts in steady- 
state equilibrium at the point P on the stable arm XX and that there is a 
permanent increase in g,. The new steady state is at the point Q, with a 
higher equilibrium stock of capital k, and an unchanged shadow value of 
capital Gq = 1. In the short run, q jumps from P to A on the new stable 
locus X’X'. From (12.15d), it is seen that the increase in q has an 
immediate expansionary effect on investment and that capital begins to 
accumulate. 

The initial responses of other key variables include 


dg, 9, Ägs q Og, 





(0 I aa dade 
cal Le dO SG (12.33a) 


do(0) ĉc n da ð ĉo Gq{0) 


N PEE 12.33b 
dg, ôg, lgs ĉq Og, : 





dx(Q) _ ax | dx a2 ôx aq(0) z 
dos Og 6) Ode 6g 0g. 
dy(0) dy = dy A dy dq(0) 
dg. OG, fgs eq Og, 


0, (12.33c) 





<0, (12.33) 








which consist of two channels of influence. First, there are the direct 
effects or “implementation” effects, consisting of the partial derivatives 
such as él/ég,. Second, there are the indirect effects, or “news” effects, 
which operate through induced jumps in / and q. 

Despite the fact that the various effects may or may not work in the 
same direction (and in fact the effects through å are ambiguous), we are 
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able to establish that, overall, a permanent increase in g, will have the 
same qualitative effect on employment and consumption in the short run 
as it will have in the steady state. Namely, it will raise employment while 
reducing the consumptions of the two goods. In addition, it will lower 
the relative price o. How the magnitudes of these short-run responses 
compare with those of the long-run adjustments depends upon whether 
the short-run effects resulting from the rise in the shadow price of invest- 
ment q(o) dominate the long-run effects stemming from the eventual 
increase in the capital stock. 

From (12.21d’) and the fact that upon reaching the point A in Figure 
12.1A on the new stable locus g < 0,k > 0, we infer that in the short run 
and during the subsequent transition, ¢ > 0, that is, the relative price of 
the import good must be increasing. This means that the short-run fall in 
the relative price overshoots its long-run response. At the same time, the 
fact that ¢ > 0 means that the fiscal expansion raises the domestic inter- 
est rate above the fixed real-world rate, during the transition. 

Differentiating (12.21a), (12.21b) analogously with respect to t, one can 
show, using a similar argument, that during the transition * > 0, y > 0, 
so that these consumptions also overreact in the short run. In both cases, 
the shadow price of investment effect dominates. In the case of employ- 
ment, however, we are unable to determine the relative sizes of the short- 
run and long-run adjustments. 

As in the closed economy, the endogeneity of labor is critical to these 
adjustments. To see this, consider the steady-state relationships (12.30) 
and assume instead that employment is fixed, so that the optimality con- 
dition (12.30c) is no longer applicable. The marginal productivity con- 
dition (12.30f) now implies that the equilibrium stock of capital (rather 
than the capital-labor ratio) is determined exogenously by i* and is inde- 
pendent of g,. It therefore follows from (12.23a), (12.23b) that the capital 
stock and the shadow price of investment remain constant at all points of 
time. Output is therefore unchanged. There are no dynamics, and all that 
happens is that the fiscal expansion leads to a once-and-for-all decline in 
the relative price o and in the private consumptions x and y.° 

Part B of Figure 12.1 illustrates the relationship between n and k, 
which combining, (12.23a) and (12.29), is 


nt) — A= E. = (k(t) — k). 

Hie 4 
This is a negatively sloped line, denoted by ZZ. Since di/dg, = 
(Ou, — i*)(dk/dg,), this line remains fixed. The movement along A to Q 
in Figure 12.1A corresponds to a movement along LM in Figure 12.1B. 
From this figure, we see that an increase in government expenditure on 
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the domestic good leads to an immediate decumulation of foreign bonds. 
This is brought about by the fact that the increase in g, leads to an im- 
mediate reduction in the relative price c, which with Q > 0 creates an 
immediate current account deficit. With the stock of traded bonds being 
predetermined, the trade balance, measured in terms of the foreign good, 
also falls, and with the fall in o, the trade balance in terms of the domes- 
tic good falls even more. Over time, the rate of decline of the stock of 
foreign bonds is reduced. This occurs through the rising relative price ø, 
which causes the trade deficit to decline over time. 


Temporary Increase in Government Expenditure on Domestic Good 


Consider now a temporary increase in g,. Specifically, suppose that at 
time 0 the government increases its expenditure on the domestic good, 
but is expected to restore its expenditure to the original level at time T. 
The transitional adjustment is now as follows. As soon as the increase in 
g, occurs, the stable arm XX will shift up instantaneously (and tempo- 
rarily) to X’X’ while the shadow price q increases to the point B, which 
lies below X’X’, at which point the initial rate of capital accumulation is 
moderated. The same is true of employment. As is the case for a perma- 
nent expansion, the increase in (iq) is less than the increase in the mar- 
ginal physical product of capital that results from the additional employ- 
ment, so that g begins to fall; see (12.15f). Moreover, the accumulation of 
capital is accompanied by a decumulation of traded bonds. Hence, im- 
mediately following the initial jump, q and k follow the path BC in Fig- 
ure 12.1A, while k and n follow the corresponding path LH in Figure 
12.1B. At time T, when the level of government expenditure is restored to 
its original level, the stock of capital and traded bonds will have reached 
a point such as H in Figure 12.1B. The accumulated stocks of these as- 
sets, denoted by ky and ny, will now serve as initial conditions for the 
dynamics beyond T, when g, reverts permanently to its original level. 
As noted in Section 12.3, they will, therefore, in part determine the new 
steady-state equilibrium. With no information being received at time T 
(because the temporary nature of the fiscal expansion was announced at 
the outset} and no further jumps, the stable locus relevant for subsequent 
adjustments in q and k beyond time T is the locus X”X”, parallel to XX, 
which passes through the point k = kr. Likewise, the relevant locus link- 
ing the accumulation of capital and traded bonds is now Z'Z”. 

After time T,q and k follow the stable locus CR in Figure 12.1A to the 
new steady-state equilibrium at R, while, correspondingly, k and n follow 
the locus HN in Figure 12.1B to the new equilibrium point N. One can 
establish formally that X”X” lies above the original locus XX, while 
Z'Z' lies below ZZ, as indicated in the figure. In the new steady state, the 
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shadow value q reverts to 1, but with a higher stock of capital and a 
lower stock of traded bonds than initially. The striking feature of the 
adjustment is that the temporary increase in government expenditure 
leads to a permanent increase in the stock of capital, accompanied by a 
lower stock of traded bonds. This is because, during the transitional ad- 
justment period, during which the fiscal expansion 1s in effect, the accu- 
mulation of capital and bonds wiil influence subsequent initial conditions 
that in turn affect the subsequent steady state. 

As the figures are drawn, C lies above R and H lies above N, respec- 
tively. The complete adjustment paths BCR and LHN are therefore 
monotonic. We are unable to rule out the possibility of C lying below R 
and H lying above N, in which case the accumulation of capital and 
decumulation of bonds would be reversed at some point during the tran- 
sition. In any event, the temporary increase in the relative price of do- 
mestic goods generates an initial current account deficit, which continues 
as long as capital is being accumulated. 

To understand the intuition behind this result further, it is useful to 
define the quantity°® 


V(t) = v(t) + = k(t), 
Hii 

which represents a linear approximation to the present value of total re- 
sources available to the economy—national wealth, say—starting from 
the stock of assets [k(),n(t)] at time t. Using this notion, V(0) is the 
national wealth starting from the initial endowment at time 0. From 
(12.29), the equation V(t) = V, describes the comovement of n and k 
along the stable adjustment path. It corresponds to a movement along 
the locus ZZ in Figure 12.1B and represents how the initial endowment 
constrains the final equilibrium. 

Similarly, Vy = ny + (Q/p, — i*)ky serves as the initial value of wealth 
conditioning the movement for the period after time T, when the tempo- 
rary fiscal expansion ceases. The economy will converge to its original 
level after the removal of a temporary policy if and only if Vr Æ Vo, which 
is therefore a necessary and sufficient condition for a temporary shock to 
have only a permanent effect. In general, however, Vy # Vo following a 
temporary shock, and this is the case here. This is because during the 
period (0,7) while the temporary shock is in effect, the economy will 
follow an unstable path, taking it off the locus ZZ at time T. It will revert 
to a new stable path only after time T, when the temporary shock has 
been permanently removed. Typically, the wealth effects generated while 
a policy is temporarily in effect will permanently change the present 
value of resources available to the economy after the shock is removed. 
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This will cause the capital stock to return to some point other than 
where it initially began, thereby giving rise to a permanent effect. 


Government Expenditure on Import Good 


The initial response of q(0) to a fiscal expansion taking the form of an 
increase in government expenditure on the import good g, is given by 


EAD Cee = 0 (12.34) 


and depends upon whether the long-run effect on the capital stock is 
expansionary or contractionary. In the former case, the dynamics are 
essentially as illustrated in Figure 12.1. There is an initial stimulus to 
investment, leading to a long-run accumulation of capital and decumula- 
tion of traded bonds. In the latter case, the adjustment paths are as de- 
picted as in Figure 12.2. The fiscal expansion now generates an initial 
drop in the shadow price q(0), leading to a long-run decline in the capital 
stock, accompanied by an accumulation of traded bonds. 
The initial responses of l, ø, x and y are given by 





Aa eapey, (12.35) 
dg, GA ĉq gy 

In contrast to the fiscal expansion on the domestic good, there is no di- 
rect effect; government expenditure on the import good operates entirely 
through / and q. This is a consequence of the assumption of additive 
separability of utility in private and public consumption. 

By a parallel argument to that given above, we can show that the 
short-run response of the relative price overadjusts in the direction of the 
long-run response. In the case that the long-run effect of the expenditure 
increase is expansionary, the initial fall in o(0) exceeds the corresponding 
long-run reduction in &. On the other hand, if the long-run effect of g, is 
contractionary, g overincreases in the short run. In this case, the fact that 
ó < 0 over time as the capital stock falls and the shadow price of invest- 
ment increases means that the domestic interest lies below the world rate 
during the transition. The overresponse of x and y also occurs when g, is 
expansionary. But in the contractionary case this is not necessarily so. In 
this case both consumptions may actually increase on impact, though 
they will thereafter fall continuously to their lower long-run equilibrium 
levels. Finally, the short-run employment effect is unclear. This is due in 
part to the fact that one effect of the higher g, is to raise the marginal 
utility 4, the effec.s of which on employment are ambiguous. 


The Representative Agent Model in the International Economy 


383 


x" 


x! 





aA 



















Permanent 
increase 





2% =» 
(an as 
Oo 
o2 x 5% 
at aR 
D t 
EZ ec 
0° oe? N 
=S BE 
O 
a - = = HER - = = A- - BR K- KK HK eK eK eK eK eK eK a et en ge 
1 
ke ' 
ieee Ar mene E RAG ee ee ae eens ere eet Phas 
| 
WN i 1 
we i ' 
ENE ENT A E EPOE T OEA e TEE S E AE S EEA LE E CS l 
l i 
i ) i , 
i : p i} 
i : i v i 
l 1 rA 
Pa | 
t i o i 
í 1 i O ! 
1 - l i £ í 
=--4--------------*r-=-=---- l£ ------------------ f l ~ i 
1 ' c i 
1 l ' rab) I 
1 : ' cS i 
1 i ! oO 1 
; 1 E 
G N 1 ' Q i 
: E 
a 
l 
i 
i ! ! i 
1 i i l 
o 
1 i i 
JE | 
| 
| j i 
F (=; 
Z G 








Figure 12.2 


Increase in government expenditure on import good: contractionary case 
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The relationship between rate of accumulation of traded bonds (the 
current account) and the accumulation of capital is analogous to that 
already given, as is the analysis of temporary expenditure increases. This 
is illustrated in Figure 12.2 and should be self-explanatory. 


Some Applications 


The model we have presented in the foregoing section is a generic model 
of a single-sector, “semi-small” open economy accumulating capital and 
facing perfect capital markets. It has become something of a workhorse 
and has been applied to a number of types of real shocks. This subsec- 
tion is devoted to a brief review of some of these applications. First, it is 
straightforward to carry out the kind of welfare analysis developed in 
Chapter 9, where the effects of the fiscal expansion on the intertemporal 
utility of the representative agent are evaluated; see Turnovsky and Sen 
(1991), Buiter and Kletzer (1991). Other authors to use this type of model 
to examine government expenditure shocks include Frenkel and Razin 
(1987), Buiter (1987), Brock (1988), and Obstfeld (1989). 

International economists have long been interested in the economic 
impacts of tariffs. This issue has traditionally been studied within the 
context of the static trade model, although recently several authors have 
analyzed it using the type of framework developed in this chapter. Rele- 
vant references include Edwards (1987), Sen and Turnovsky (1989a), 
Engel and Kletzer (1990), Gavin (1991). Related to this is the literature 
on relative price shocks or terms of trade shocks. This originated with 
the Laursen-Metzler proposition and has been analyzed within the inter- 
temporal macroeconomic framework by authors such as Svensson and 
Razin (1983), Persson and Svensson (1985), Matsuyama (1988), and Sen 
and Turnovsky (1989b), Productivity shocks have been analyzed by 
Murphy (1986) and by Matsuyama (1987). Finally, capital income tax 
issues are receiving a good deal of attention, and authors such as Nielsen 
and Sorensen (1991) should be mentioned. 





12.4 Some Extensions 


The models di.-ussed in the previous sections have three characteristics: 
(i) they are basea on perfect markets; (ii) they are aggregate (single- 
sector) models; (iii) they are small economies that take the rest of the 
world as given. Current research in progress is directed at relaxing these 
and other assumptions. In this section, we briefly discuss some of that 
work. 
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Upward-Sloping Supply Schedule for Debt 


Most of the literature is restricted to small open economies and assumes 
that such economies face perfect capital markets for debt and are free to 
borrow or lend as much as desired at the given world rate of interest. As 
we have seen, in this case the dynamic adjustment has a simple recursive 
structure. On the one hand, the dynamic adjustment within the economy 
is driven by the accumulation of capital and does not depend directly 
upon the stock of foreign asset holdings (or debt). On the other hand, the 
current account and the stock of foreign assets itself mirror the stable 
adjustment of the capital stock. 

Although for many countries the assumption of perfect capital markets 
may not be unacceptable, for others, particularly developing countries, 
the assumption of a perfectly elastic supply of debt is clearly unrealistic. 
Experience with external borrowing in such economies has shown that 
debt repayments are not always made on time and are sometimes made 
with difficulty. International capital markets are likely to react to their 
perception of a country’s ability to repay, with lenders requiring risk pre- 
miums on the rate at which they are willing to lend to such nations. 

Bhandari, Haque, and Turnovsky (1990) incorporate this idea into a 
macrodynamic model, such as that developed in Section 12.3, by assum- 
ing that the small economy faces an upward-sloping schedule for debt, 
which embodies the risk premium associated with lending to the sover- 
eign borrower. This is formalized by postulating 


i(z) = i* + w(z) (12.36) 


where i* is the interest prevailing nationally and w(z) is the country-spe- 
cific risk premium, which varies with the stock of debt, z say, held by the 
country. Carrying out the intertemporal optimization, as in Section 12.3, 
one can show that if the representative agent treats the country-specific 
risk premium as given, the shadow value of wealth å now evolves in 
accordance with 


A = ALB — i(z)]. (12.37) 


With the domestic interest rate now being a function of debt, z, A is no 
longer constant over time. Indeed (12.37) now determines the long-run 
equilibrium stock of debt (possibly measured relative to output) as being 
the level that will equate the domestic interest rate to the given rate of 
time preference. With this formulation, the recursive dynamic structure 
associated with a perfectly elastic supply of debt breaks down. This is 
because the marginal cost of capital facing firms, and therefore determin- 
ing their investment decisions, is dependent upon the outstanding stock 
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of national debt. Conditions in the international capital market therefore 
become important in determining the growth of capital in the domestic 
economy. Bhandari, Haque, and Turnovsky show analytically how this 
causes the dynamics involving (i) the stock of capital k; (ii) the marginal 
utility of wealth 4; (iii) the shadow value of wealth q; and (iv) the stock of 
national debt z (or credit n = —z) all to become interdependent. Formal 
analytical solutions become harder to derive, although not impossible. 
The system involves two “jump” variables 4 and q, and two “sluggish” 
variables k and n. Under reasonable conditions one can show that the 
dynamics include two stable and two unstable roots, giving rise to a sad- 
dlepoint. The stable dynamics in response to a permanent shock are no 
longer linear, although one can characterize the asymptotic adjustment 
path using the dominant eigenvalue method of Calvo (1987). Bhandari, 
Haque, and Turnovsky were able to conduct a fairly explicit analysis of 
the dynamic adjustment of the system in response to a variety of conven- 
tional disturbances. It is felt that this offers a promising formulation to 
address a number of pertinent issues pertaining to policy-making in de- 
veloping economies, such as questions relating to the taxation of capital 
and trade liberalization. 


Sectoral Models 


The dependent economy model of Salter (1959) and Swan (1960) has 
played an important role in international macroeconomics. By distin- 
guishing between traded and nontraded goods, it provides a convenient 
framework for analyzing the behavior of the real exchange rate, both in a 
static and a dynamic context. Recently, several authors have begun to 
incorporate capital formation into this framework (see, e.g. Razin 1984; 
Murphy 1986; van Wincoop 1993; Brock 1988, 1993; Obstfeld 1989; 
Engel and Kletzer 1989; Turnovsky 1991; Brock and Turnovsky 1994). 
Many of these papers address the types of traditional macroeconomic 
issues considered in the standard one-sector model. But other issues per- 
taining to sector-specific responses are also studied. Most notably, issues 
pertaining to the “Dutch disease” problem have been fruitfully addressed 
within this framework (see, e.g., van Wincoop 1993). 

Once the distinction between traded and nontraded goods is intro- 
duced, how investment is to be classified becomes important. At an intu- 
itive level, investment can reasonably fall into either category. Capital 
goods taking the form of infrastructure and construction are presumably 
nontraded; investment in the form of machinery or inventories, obvi- 
ously, are potentially tradable. Different treatments of investment, re- 
flecting these different possibilities, can be found in the literature. For 
example, Obstfeld (1989), while allowing for capital to be instantaneously 
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movable between sectors, assumes that only the traded good is used for 
investment. He therefore allows the capital stock to be instantaneously 
augmented at any point in time by an exchange of traded financial assets 
for capital. Brock (1988) also treats capital as being traded, although the 
investment process involves convex costs of adjustment, thereby con- 
straining the rate of investment at any point of time to remain finite. By 
contrast, other authors such as Murphy (1986), Brock (1993), Turnovsky 
(1991), and van Wincoop (1993) treat investment as being nontraded. 

The nature of investment is important for the dynamics. If the invest- 
ment good is traded, then, in the absence of any installation costs, it is 
easily shown that the adjustment of the capital stock occurs instanta- 
neously. Convex costs of adjustment are necessary in order for nonde- 
generate dynamics to obtain, just as was the case for the aggregate model 
of Section 12.3 (which, it will be recalled, was based on the assumption 
that capital is tradable). 

By contrast, if the capital accumulation is in the form of the nontraded 
good, then, even in the absence of adjustment costs associated with in- 
vestment, nondegenerate dynamics are obtained. The rate of investment 
remains finite due to the fact that the supply of traded goods is subject to 
increasing marginal costs. In other words, these increasing marginal costs 
play the same role as do adjustment costs in the traded case. The dy- 
namics are shown to involve a saddlepoint structure in terms of (1) the 
aggregate capital stock and (ii) the relative price of the nontraded good; 
that is, the real exchange rate. The nature of the dynamics turns out 
to depend critically upon the relative intensities of the two sectors in 
the nontraded capital. If the traded sector is more capital intensive, 
the complete adjustment of the real exchange rate to any unanticipated 
permanent shock occurs immediately. The subsequent accumulation or 
decumulation of capital in response to such a shock takes place with 
no concurrent change in the real exchange rate. By contrast, if the non- 
traded sector is the more capital intensive, then the transitional adjust- 
ment in the capital stock is accompanied by further, continuous changes 
in the real exchange rate. 

A recent paper by Brock and Turnovsky (1994) introduces both traded 
and nontraded capital simultaneously into this model. The authors show, 
rather unexpectedly, that the properties of the saddlepath just discussed 
continue to depend upon the relative intensities of the two sectors in the 
nontraded capital good. The relative intensities of the two sectors in the 
traded capital good are essentially irrelevant insofar as the basic dynamic 
structure is concerned. They are relevant, however, in determining the 
evolution of the current account balance. 
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Two-Country Models 


Notes 


Most of the literature applying the representative agent model to the in- 
ternational economy deals with small open economies, which may take 
the behavior in the rest of the world as given. But there is a growing 
recognition of the interdependence of the world economy and of the need 
to extend the framework to two (or more) economies. Needless to say, 
such a task is analytically difficult, in effect doubling the dimensions of 
the dynamics. But some interesting work is being done, and progress is 
being made. Probably the most comprehensive treatment of two-country 
models is provided by Frenkel and Razin (1987) and Frenkel, Razin, and 
Sadka (1991). Both studies deal primarily with fiscal shocks, the latter 
focusing more on the transmission of various forms of taxes. However, 
their analysis abstracts from physical capital accumulation, and by mak- 
ing appropriate assumptions they are able, in effect, to collapse much of 
their analysis to a two-period framework, consisting of the present and 
the future. The closest two-country analogues to the type of model de- 
veloped in Section 12.3 include that of Devereux and Shi (1991), who 
analyze the determination of debt and its accumulation over time, and 
those of Turnovsky and Bianconi (1992), Christensen and Nielsen (1992), 
and Bianconi (1995), who analyze the transmission of tax shocks in a 
two-country world. We also note that stochastic versions of this type of 
representative agent model are widely used in the two-country real busi- 
ness cycle analysis of productivity and fiscal shocks; see, for example, 
Baxter and Crucini (1991), Baxter and King (1993). 

One emerging issue in the development of the two-country model is 
the international harmonization of taxes. With perfectly integrated finan- 
cial markets, arbitrage conditions—as reflected by the appropriate opti- 
mality conditions—are shown to impose constraints on the tax rates on 
capital income that may be set by the two countries. Different principles 
of tax collection may or may not be consistent with these constraints; see, 
for example, Sinn (1990) and Frenkel, Razin, and Sadka (1991). In the 
increasingly interdependent world economy this issue promises to pre- 
sent an interesting research agenda. 


1. This condition is stronger than the transversality condition on money contained in 
(12.3e). That is, it is sufficient, but not necessary, for that condition to hold. 


2. One further possible way to generate dynamics in this model is through the introduction 
of nominal price or wage rigidities; see, e.g., van de Klundert and van der Ploeg (1988) for 
an example of such an analysis. Another is to confront the agent with an upward-sloping 
supply schedule for debt. This approach is discussed further in Section 12.4. 
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3. This approach to investment is also adopted by Buiter (1987). His analysis of the small- 
small economy is based on numerical simulations. The present model is investigated en- 
tirely analytically. For other applications of the cost of adjustment approach to investment 
to the analysis of alternative macro disturbances in open economies, see, e.g, Matsuyama 
(1987), Brock (1988), and Sen and Turnovsky (1989a, 1989b). 


4. Note that the (2-2) element i* in the matrix (12.22) is obtained as follows. In general, 
following the procedure outline it is equal to pli* + (4,/C”a) — Fal]. Evaluating the deriv- 
atives o,,1,, and noting the steady-state conditions given in (12.30), this expression evalu- 
ated at steady state reduces to i*. 


5. Actually, it is the assumption of endogeneity of employment in conjunction with infi- 
nitely lived agents that is critical. This is because this gives rise to short-run dynamics that 
are driven by long-run changes in the capital stock alone; see equations (12.21), (12.23). This 
may be compared to Buiter’s (1987) model, for example, where employment is fixed but 
consumers have finite lives. In this case, the long-run capital stock is also independent of 
everything other than the foreign interest rate, and is therefore independent of domestic 
fiscal policy. However, in contrast to the present analysis, temporary changes in the capital 
stock may still occur. This is due to the fact that the short-run dynamics are also driven by 
long-run changes in other forms of financial wealth, which may be generated by changes in 
domestic fiscal policy. 


6. The formal solution procedure for analyzing the dynamics of temporary shocks 1s pro- 
vided by Sen and Turnovsky (1990). Although the solution presented there is in response to 
a temporary investment tax credit, the method outlined is generic. 





1 3 An Introduction to Endogenous Growth Models 


13.1 


Introduction 


Economic growth is probably the issue of primary concern to economic 
policymakers. Economic growth statistics are the most widely publicized 
measures of economic performance and are always discussed with much 
interest. Unfortunately, the intertemporal models we have been consider- 
ing so far in Part III are not well suited to addressing issues pertaining to 
growth. This is because, for the most part, they are ultimately stationary. 
That is, although they emphasize the central activities of economic 
growth—namely, savings and investment—this process of asset accumu- 
lation is only a transitional one, in that ultimately the capital stock, and 
the associated productive capacity of the economy, will approach some 
new stationary level. Long-run growth in this model is incorporated by 
the introduction of a growing population coupled with a more efficient 
labor force, and this, of course, was the source of long-run growth in the 
standard neoclassical growth model of Solow (1956) and Swan (1956). An 
implication of this view of the world is that long-run growth is ultimately 
tied to demographic factors such as the growth rate of population, the 
structure of the labor force, and the productivity of the labor force 
(technological change), all of which were typically taken to be exogenous. 
Consequently, the only policies that might contribute to long-run growth 
were policies that would increase the growth of population, and man- 
power training programs aimed at increasing the efficiency of the labor 
force. From the present standpoint, macroeconomic policy had nothing 
to say about long-run growth performance. 

This is clearly an unsatisfactory state of affairs. It is hard to imagine 
that sustained macroeconomic policies will not ultimately be reflected in 
economic growth in some way or other. Despite the elegance of the neo- 
classical growth model, which was a central topic of research activity in 
economic dynamics through the decade of the 1960s, the model was es- 
sentially dropped from the research agenda in the 1970s when the focus 
shifted to more short-term macroeconomic issues related to inflation and 
unemployment trade-offs.’ 

Since the mid-1980s, there has been a resurgence of interest in eco- 
nomic growth theory with the development of the so-called endogenous 
growth models. This research activity has been motivated by several con- 
cerns, including an attempt to explain aspects of the data not discussed 
by the neoclassical model; the need for a more satisfactory explanation of 
international differences in economic growth rates; and the pursuit of a 
larger role for the instruments of macroeconomic policy in explaining the 
growth process. The term endogenous refers to the fact that these models 
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are able to explain the long-run growth rate as an endogenous equilib- 
rium outcome, reflecting the structural characteristics of the economy, 
such as technology and preferences, as well as the instruments of macro- 
economic policy. They do not require exogenous elements such as a 
growing population in order to generate an ongoing growth process. 
These models differ in a fundamental way from the neoclassical growth 
model: they assume the absence of diminishing returns in the accumula- 
tion of produced resources. 

As a matter of historical record, explanation of growth as an endoge- 
nous process is not new; in fact, it dates back to Harrod (1948). In his 
famous book Harrod defines the “warranted” growth rate to be the 
product of the savings rate and the output-capital ratio, both of which 
are structural parameters of the economy, controllable by government 
policy. His analysis shows that the warranted growth rate, as so defined, 
ensures the equilibrium equality between savings and investment. In fact, 
the equilibrium growth rate we shall derive in the course of this chapter 
is essentially of the Harrod type, the only difference being that consump- 
tion (or savings) behavior is derived as part of an intertemporal optimi- 
zation instead of being posited directly. 

The objective of this chapter is limited. It is not intended to present a 
detailed discussion of the new growth theory. That is a very far-reaching 
topic, and comprehensive treatments are available elsewhere; see, for 
example, Grossman and Helpman (1991) and Barro and Sala-i-Martin 
(1995). Rather, the purpose is much narrower: to present a series of 
dynamic models, derived from intertemporal optimization, all of which 
have the properties of generating endogenous growth, which is sensitive 
to the conventional instruments of fiscal policy, such as tax rates and 
government expenditure. In this respect we view it as a continuation of 
the models we have been developing in chapters 9-12, although with the 
important difference that the structural characteristics it contains permit 
it to exhibit an internally generated ongoing equilibrium rate of economic 
growth. The present analysis is also intended to serve as a transition to 
the stochastic models to be developed in Part IV, which for reasons of 
analytical tractability are also linear and also have a stochastic endo- 
genous growth structure. 

Three models will be presented in the present chapter. The first is a 
simple model involving production externalities of the type pioneered by 
Romer (1986, 1989). The second is a simple linear model in which output 
is determined by the capital stock alone, of the type analyzed by Barro 
(1990), Rebelo (1991), and King and Rebelo (1990). Most of our attention 
will be devoted to this model, which turns out to be analytically very 
tractable and thus serves as a convenient vehicle for presenting an inte- 
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grated analysis of fiscal policy that includes the interaction between debt, 
tax, and government expenditure instruments. Third, we will discuss a 
model, originally due to Lucas (1988) and further developed by Rebelo 
(1991) and Mulligan and Sala-i-Martin (1993), that disaggregates capital 
into nonhuman and human capital. This leads to a two-sector production 
technology, which, unlike the second model, has transitional dynamics, but 
which nevertheless also has long-run endogenous growth characteristics. 


13.2 Externalities and Ongoing Growth 


We begin with the following simple model, due to Romer (1986, 1989). 
The key modification to the previous model is in the technology, which is 
represented as follows. There are a large number of firms, N, say, in the 
economy, and the supply of labor is fixed inelastically at one worker per 
firm. We denote the capital stock (per worker) held by firm j to be k; so 
that the aggregate stock of capital in the economy, K, is 


The aggregate capital stock in the economy is taken to represent the 
stock of knowledge in the economy and generates an externality with 
respect to the production possibilities for firm j. This is captured in the 
firm’s production function f(k;,K). Romer rationalizes this formulation 
by arguing that if new physical capital and new knowledge are produced 
in fixed proportions, then K not only measures the aggregate capital 
stock but is also an index of knowledge available to the firm. However, 
because each firm is small relative to the aggregate, in choosing k; it 
takes the aggregate capital stock K as given. 

The optimization problem facing the representative agent is to choose 
his consumption path and the rate of capital accumulation in order to 


maximize | | U(c)e* dt (13.1a) 
0 

subject to 

k =(1 =a) (kK) S e+ 7 (13.1b) 


where the subscript j parameterizing the firm is dropped, t denotes the 
rate of income tax, and T denotes lump-sum transfers to the consumer. 
We assume that income tax revenues are rebated to the consumer, in 
accordance with 
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T(t) = tf(k, K), (13.1c) 


so that the government runs a continuously balanced budget. 
We define the usual Lagrangean expression 


H =U(ce™ + de**[(1 — a f(k, K) —c + T— kK], 

the first-order conditions to which are as follows: 

U(c) = 4, (13.2a) 
A — h(k, K) = —4 + Ba, (13.2b) 
together with the transversality condition 


lim åke" = Q. (13.2c) 

In order to characterize the solution more explicitly, Romer introduces 
specific functional forms, taking the utility function to be of the loga- 
rithmic form U(c)=Inc and the production function to be Cobb- 
Douglas f(k, K) = k*K". Assuming further that all firms are identical 
so that K = Nk, equilibrium output is represented by f(k, N) = kët" N". 
Substituting the appropriate derivatives of these functions into the opti- 
mality conditions (13.2a) and (13.2b) yields 


Ia (13.3a) 
c 


5 =B el = Nikt, (13.3b) 


Furthermore, substituting (13.3a), together with the production function 
and the balanced budget condition (13.tc), into the consumer accumula- 
tion equation (13.1b) leads to 


s 1 
k= Nt (13.3c) 


The dynamics depend critically upon whether ¢ + n 2 1. Ife+y <1, 
the dynamics are essentially as in the representative agent model dis- 
cussed in Chapter 9. The stationary point defined where the shadow 
value satisfies 4 = 0 implies that the right-hand side of (13.3b) equals 
zero and is equivalent to f,(k, K) = B. This is the analogue to (9.10b). By 
writing the production function in the form k*/'~*(Nk)", Romer shows 
that increasing returns are in themselves insufficient to generate ongoing 
growth. In addition, the private marginal product of capital f,(k, K) must 
not fall too rapidly with k. 
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The dynamics change dramatically when e + 4 = 1. In that case (13.3b) 
reduces to 


À 
= p — e(l —1)N" = —a. (13.3b’) 
This case can be solved explicitly and, if a > 0, leads to sustained growth. 


To see this, solve (13.3b’) to yield A(t) = A(O0)e"“. Substituting into the 
accumulation equation (13.3c) leads to 


; 1 
k = N% — —_e 13.3¢’ 
10! ; (13.3c’) 


the solution to which, starting from an initial given stock of capital ko, is 


k(t) 





t 
= He ky - ————_—~ ] e*".. 13.5 
O(N a * ( °= TON a) ee 
Substituting this expression, together with the expression for A(t), into the 
transversality condition (13.2c), we find that in order for this to be met 
we require 


1 


Omaa 


Thus the second term in (13.5) must be zero, and we conclude that the 

equilibrium is one of steady growth in which 

kook é 

eS a a SN ae 13. 

i E e(1 — T)N"— B (13.6a) 

This steady state of growth depends positively upon the productivity of 

capital g, and negatively upon the rate of time preference f and the tax 

rate t, and thus depends upon the structure of the economy, including 

the tax rate. To complete the description of the equilibrium in this case, 

we may also observe that the consumption-capital labor ratio is 

= B+ [l -el —3INt (13.6b) 
If £+ n> 1, the same general principles will apply. The equilibrium 

will be one of accelerating growth; however, a closed-form solution will 

in general be more difficult to obtain. 


13.3 Integrated Fiscal Policy and Endogenous Growth 


From the viewpoint of macroeconomic policy, the most interesting as- 
pect of (13.6) is that the equilibrium growth rate depends upon the tax 
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rate. Fiscal policy thus clearly has an impact on the long-run equilibrium 
growth rate. In order to explore this aspect in greater depth, we focus on 
the second model mentioned at the beginning, in which output is deter- 
mined as a simple linear function of the capital stock alone. From the 
above discussion, this is equivalent to setting € + y = 1 in the Romer 
model with the Cobb-Douglas technology. 

As a policy matter, the general question of tax policy, savings, and 
growth is important. Consider, for example, the recent U.S. experience, 
which has been characterized by a low growth rate and a low savings 
rate. During the decade of the 1980s the annual growth rate of real GNP 
averaged around 2.6 percent while during the same period the personal 
savings rate averaged around 6.5 percent.? Both these figures are lower 
than the corresponding figures of earlier decades and are below those of 
other leading economies, most notably Japan’s.° It is also the case that in 
the United States, as in most other countries, the main source of govern- 
ment revenue is the income tax, a consequence of which is that savings 
are taxed along with consumption. From time to time in the course of 
policy debates, the suggestion has been made that tax incentives should 
be used to stimulate savings and growth. In the course of this discussion, 
it has been argued that the income tax should be replaced, either in part 
or in total, by a consumption tax, thereby partially, or totally, exempting 
savings from taxation. This view is discussed, for example, in the 1993 
United States Economic Report of the President.* 

The proposition that direct taxation should be based on consumption 
rather than on income is not new. Early proponents of such a tax in- 
cluded Fisher (1937) and Kaldor (1955). Early debates centered around 
the traditional efficiency and equity arguments have been reviewed by 
Atkinson and Stiglitz (1980). The efficiency argument is based on the 
distortion associated with the taxation of savings. Taxing income in its 
entirety distorts the consumption-savings decision. By contrast, although 
a consumption tax eliminates this distortion, it introduces a distortion 
into the work-leisure choice. Equity arguments have expressed the view 
that it is fairer to tax people on what they consume rather than on what 
they produce. However, overall there is no clear presumption for one tax 
over another. 

The linear endogenous growth model provides a very tractable frame- 
work within which to examine these issues, and that is the focus our 
discussion will present. The issue of the effect of fiscal policy on growth 
has been considered within this general type of framework by a number 
of authors; see Barro (1990), Jones and Manuelli (1990), Rebelo (1991), 
King and Rebelo (1990), and Jones, Manuelli, and Rossi (1993), among 
others. These authors have shown how different fiscal policies may ac- 
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count for differential long-run growth rates. Barro (1990) focuses on the 
effects of government spending, dealing primarily with the case of expen- 
diture on infrastructure, which impacts directly on the productivity of 
capital. The income tax rate is set so as to finance the chosen level of 
expenditure. Rebelo (1991) discusses in detail the effects of taxation on 
the equilibrium growth rate. His analysis is based on the assumption that 
the revenues finance the provision of public goods, which, however, have 
no impact on the decisions of private agents in the economy. The levels 
of these nondistortionary government expenditures grow endogenously 
with the tax revenues generated. Hartman (1992) considers both income 
and consumption taxes in a stochastic linear model of endogenous growth. 

The separability of the effects of taxation, on the one hand, and gov- 
ernment expenditure, on the other, is standard in public economics and 
is clearly a useful pedagogic device. But in practice the revenue and 
expenditure decisions are interdependent, and this interdependence is im- 
portant, particularly in the determination of an overall optimal fiscal pol- 
icy. How taxes should be set depends in general upon how the revenue is 
spent and on the impact this expenditure is perceived by private agents 
to have on their economic decisionmaking and environment. We will see 
how results in the literature are sensitive to the assumptions being made 
regarding the specification of fiscal policy. 

Sections 13.4 and 13.5 focus on deriving such an overall optimal inte- 
grated fiscal policy. Specifically, the government is one that issues debt 
and taxes both income and consumption, using the revenues so gener- 
ated to finance public expenditures that directly affect the decisions of 
the private agents in the economy. Two types of public expenditure are 
considered. The first is expenditure on a public consumption good that 
interacts directly with the private consumption good in the welfare of 
private agents in the economy. The second is expenditure on a produc- 
tive input, which impacts on the productivity of private capital in the 
economy and which we shall refer to as infrastructure. We shall consider 
cases where the public good being supplied is arbitrarily fixed, as well as 
cases where it is optimally determined along with the mode of financing. 

The economy we consider is one experiencing ongoing growth in 
which total government expenditure increases in proportion to the ag- 
gregate stock of capital in the economy. An important feature of the 
analysis is the extent to which the private agent perceives the public 
services he receives as increasing with the growth in the economy, and 
in particular with the growth in his own capital stock. To a large degree 
that depends upon the nature of the public good being provided. 

The general approach we adopt is to consider the first-best optimum 
equilibrium attainable by a central planner and then to consider the 
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extent to which this may be replicated by appropriate debt and tax pol- 
icies in a decentralized economy. In general, except in a special polar 
case, the first-best optimum cannot be attained by means of an income 
tax alone. However, it can be achieved if either government debt and/ 
or a consumption tax 1s appropriately set as well. One of our main 
results is to show that in the absence of a consumption tax, the first- 
best optimum will involve the government being a net lender, rather than 
a net debtor, to the private sector. Because this is a rather implausible 
(although not infeasible) equilibrium, our analysis suggests an important 
role for a consumption tax as a component of an overall first-best fiscal 
policy. 


13.4 A Linear Endogenous Growth Model 


This section derives the optimal fiscal policy in the case where the gov- 
ernment expenditure is in the form of a consumption good that interacts 
with a private good in the utility function of the representative agent. 
Our approach to determining the optimal fiscal package is to derive the 
first-best optimum of the central planner and then to obtain the tax 
structure that will enable this first-best optimum to be replicated. 

As the Romer model discussed in Section 13.2 indicated, an equilib- 
rium with ongoing steady growth at a constant rate will result only if the 
underlying economic structure is of the appropriately specified form. The 
reduced-form dynamic system must be linearly homogeneous in the vari- 
ables that are being accumulated. In the case of a single accumulated 
factor of production, to be discussed in the present section, all quantitites 
must be linearly proportional to the index of growth in the economy, in 
this case the capital stock. This imposes restrictions on the underlying 
utility function, the production function, and the specification of govern- 
ment policy. 


First Best Optimum 


Consider a representative agent who consumes and derives utility from 
both private consumption goods, C, and government consumption goods, 
G, over an infinite planning horizon. A tractable utility function that is 
consistent with an equilibrium having a constant endogenous growth 
rate is the intertemporal isoelastic utility function: 


© 1 
z=f CoE p>0 -wo<y<Ifl+p) py<l 

0 
(13.7a) 
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where p measures the impact of public consumption on the welfare, Z, of 
the private agent. We assume that both private and public consumption 
yield positive marginal utility, so that p > 0. For the isoelastic utility 
function, we can interpret the parameter p as representing the marginal 
rate of substitution between public and private goods, expressed in per- 
centage terms. The exponent y is related to the intertemporal elasticity of 
substitution, s, say, by s = 1/(1 — y), with the logarithmic utility function 
being equivalent to setting y = 0.° The additional constraints on the co- 
efficients in (13.7a) are implied by the assumption we shall make that the 
utility function is concave in C and G. 

In due course, we shall determine the optimal tax and debt structure to 
maximize (13.7a). In determining this, we shall show that two critical ele- 
ments are: (i) the parameter p and the potential externality this generates 
for the agent; and (ii) the extent to which the private agent internalizes 
the externality generated by government consumption expenditure. Our 
strategy in discussing the optimal debt-tax policy is to determine the ex- 
tent to which it is able to replicate the first-best optimum achievable by a 
central planner having direct control over the resources in the economy. 

Output Y in the economy is determined by the capital stock K, using a 
simple linear technology Y = aK,a > 0, with the economy-wide resource 
contraint being 


K(t) = aK(t) — C(t) — G(t) (13.7b) 


where dot denotes the time derivative. As usual, equation (13.7b) simply 
asserts that the rate of capital accumulation in the economy is the excess 
of current production over private and government consumption. 

Initially, we consider the case where the government acts as a central 
planner and chooses C, G, and K directly to maximize (13.7a), subject to 
the resource constraint (13.7b). In order to sustain an equilibrium with 
steady growth, government expenditure cannot be fixed at some exo- 
genous level, as it has been previously, but rather must be linked to the 
scale of the economy in some way. This can be achieved most con- 
veniently by assuming that the government sets its expenditure as a fixed 
fraction of output: 


O<g<l. (13.7c) 


In an environment of growth this is a reasonable assumption. As econ- 
omies have grown, government expenditure has grown with them (often 
at a faster rate), and (13.7c) is a specific formulation of that fact. We shall 
focus on two cases: (i) the case where g is set arbitrarily and (ii) the case 
where g is set optimally, along with C and K. 
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g Set Arbitrarily 


In the case where g is set arbitrarily, the central planner’s problem is to 
choose C and K to maximize (13.7a), subject to (13.7b), an initial capital 
stock K,, and the given government share of output g. To solve this 
problem, we write the Lagrangean expression 





1 2 
~Ci(agK ie t + ie Lat — g)K — C — K]. (13.8) 
Y 


For arbitary g, the optimal choices of C and K satisfy 
©-HagK)” = 3, (13.9a) 
apC'(agK)??'g + iall — g) = —A + Ap. (13.9b) 


The solution proceeds by trial and error, by postulating a solution of 
the form C = pK, where u is a constant to be determined. Differentiating 
(13.9a) with respect to ¢ yields 


K 

“= Do + p)-—1];;; (13.10a) 
A K 

(13.9a) and (13.9b) can be combined and written as 

j A 

>=B-—a(l—g)—ppe or B-z =al — g) + pu. (13.10b) 


This equation is just the familiar Keynes-Ramsey optimal consumption 
rule, asserting that the rate of return on private consumption, given by 
the left-hand side of the second equation, must equal the rate of return 
on capital. Now the return on capital has two components. The first is 
the usual net return «(1 — g) as an asset. But, in addition, capital yields a 
utility return resulting from the fact that an increase in the capital stock 
raises the consumption benefits to the agent from government expendi- 
ture. This component ts described by the term pp. 

Dividing (13.7b) by K, the aggregate resource constraint becomes 
ai —g)— h. (13.10c) 
K 
Combining equations (13.10a)—(13.10c) leads to the following explicit so- 
lutions for the optimal growth path: 








C , p-—yatl -gl + p) 

gma es 13.11 
Kee +All- ae 
K . a(l—g)(1+ pF : 

ge Reece E een 7 13.11b 
p? TE a(l—g)— À ( ) 
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These two expressions specify the ratio of consumption to capital and the 
rate of growth of capital (and therefore consumption) along the optimal 
path, in terms of all exogenous parameters, including the arbitrarily 
given ratio of government expenditure, g. At this point the relationship of 
(13.11b) to the Harrod “warranted” growth rate should be noted. Noting 
that Y = aK and the definition of g, the right-hand side of (13.11b) can 
be written as (Y/K)(1 — G/Y — C/Y). With the government expenditure 
essentially serving as a tax, the expression (1 — G/Y — C/Y) is essentially 
the private savings rate. Thus (13.11b) asserts that the equilibrium rate of 
growth of capital equals the product of the savings rate and the output- 
capital ratio, precisely as in Harrod (1948). The difference—and it is sig- 
nificant—is that the savings rate is endogenously determined through 
intertemporal optimization, rather than being assumed exogenously. 

These two equilibrium conditions merit further comment. First, con- 
sider the benchmark case, where the utility function is logarithmic (y = 0) 
and government expenditure yields no externalities (p = 0). In this case, 
fi= B and d = a(l — g) — P. That is, the consumption-capital ratio equals 
the rate of time preference, and the equilibrium growth rate equals the 
difference between the net rate of return and the rate of time preference. 
These results are standard. 

In the more general case where y 4 0, the effects of an increase in 
government expenditure on the consumption-capital ratio depend upon 
whether y 2 0. This effect characterizes many of the growth models we 
will consider, including the linear stochastic models to be developed in 
Part IV. It reflects the fact that in this case an increase in g (which acts 
like a tax insofar as the resources available to the private agent for ex- 
penditure on the private good C are concerned) has both a negative in- 
come effect and a positive substitution effect. The former is simply —adg 
and measures the resources taken from the private sector by the govern- 
ment. The latter, measured by adg/{1 — y), reflects the fact that the 
increase in g reduces the return on capital, thereby inducing a switch 
to more consumption. The net effect on the equilibrium consumption- 
capital ratio, given by the sum, is aydg/(1 — y), and the two effects are 
precisely offsetting in the case of the logarthmic utility function. 

By contrast, we see from (13.11b) that an increase in the ratio of gov- 
ernment consumption expenditure is growth-reducing. Even though an 
increase in government expenditure may reduce private consumption 
(if y < 0), this effect is more than offset by the direct claim on the fixed 
(per unit of capital) rate of output by the increase in G, causing a net 
crowding out of investment and reduced real growth. 

In addition, the equilibrium requires that the following transversality 
condition be met: 
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lim AKe’ ™ = 0. (13.1 1c) 


t>o 
Substituting (13.10b) and (13.11b) into this equation we obtain 


lim AKe~® = lim A(0)Kye tA = 0. 

t> t> 

Using (13.1 la) and (13.11b), this implies the following constraint on the 
equilibrium growth rate in the economy: 


p-yit+ pd>O=fi>O0: ie, B— yall — g + p)>0. (13.11d) 


This condition is automatically satisfied for y < 0 (thereby including the 
logarithmic utility function), but otherwise it imposes a constraint on the 
admissible share of government expenditure. In any event, the condition 
that C/K > 0 for a viable solution is a weak one, which any reasonable 
economy must surely satisfy. 


g Set Optimally 


Suppose now that the government chooses g optimally, in conjunction 
with C, K. It is straightforward to show the optimal choice of g leads to 
the additional optimality condition, 0U/cG = U/C, equating the mar- 
ginal utility for the two goods C,G. For the isoelastic utility function 
being assumed, this implies 


C 
G = pC, or, equtvalently, g= z = (13.12) 
aK 
That is, the ratio of government to private consumption expenditure 
should equal p, their relative elasticities in the utility function. Substi- 
tuting the additional optimality condition (13.12) into (13.11a), (13.11b) 


leads to the following overall first best optimum: 





Crass B — yall + p) 
tle) ae ee cee ST (13.13a) 
K~ T+A- + p)] 

EE ene © arene p \[B— yall + p)] 

Se ee : 13.13b 
ica iia een (5) [1 — yl + p)] a 
Ko x— B 
e E E l 13.13 
K D yd + p) 7 
In this case, the corresponding transversality condition is 
P > yall + ph (13.13d) 


which is a condition involving the underlying taste and technology pa- 
rameters of the economy. 
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The main point of the optimality conditions (13.11) and (13.13) is to 
serve as benchmarks against which the equilibrium in the decentralized 
economy can be compared. In making this comparison, our primary 
focus is on economic welfare, as measured by the intertemporal utility 
function (13.7a). Substituting for (13.7c), (13.11a) into (13.7a), and using 
(13.11b), we can show that, starting from an initially given stock of capi- 
tal K,, the maximized welfare corresponding to an arbitrarily set ratio of 
government expenditure g 1s 


ie |e lcge ye” dt = le l (ag Kx terete dt 
o 7 one 
a (age? Kt ey 
a OE one, (13.11e) 
yE — 70 + pe] 


where fing are given by (13.11a), (13.11b), respectively. It can be verified 
by recalling (13.11b), that the transversality condition (13.11d) ensures 
that the term f — y(1 + p)¢ appearing in the denominator of (13.1 1e) is 
positive, so that the maximized welfare Z is well defined. In the case that 
g is set optimally, the corresponding expression for maximized welfare 
is analogous to this expression with ñ, g, $, given by (13.13a)-(13.13c), 
replacing fi, g, ¢, respectively. With welfare being maximized at g = J, it 
follows that 


sgn = sgn(g — 9), 


Og 





a fact that can also be verified directly from (13.11e). Thus we infer that 
increasing the growth rate by reducing government expenditure is not 
necessarily welfare improving. It will be so only if initially g is above its 
optimum.® 


Equilibrium in a Decentralized Economy 


We now turn to the representative agent operating in a market economy. 
For convenience, we normalize the size of the population to be unity. 
The agent purchases consumption out of the income generated by his 
holdings of physical capital and government bonds. For convenience, 
the government bonds are assumed to be perpetuities, paying a coupon 
equal to a unit of output. The value of these bonds, B, expressed in terms 
of output as numeraire, is B = pb, where b is the number of bonds and p 
is their price in terms of the numeraire. The reason for choosing this type 
of bond is simply to permit the equilibrium to be one having constant 
portfolio shares, which can be attained instantaneously through an initial 
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jump in the price p. Otherwise, if the bonds were fixed-price bonds, the 
equilibrium would involve transitional dynamics as the portfolio shares 
adjust gradually from those determined by the initially given stocks of 
assets, Ko, bo. 

The objective of the agent is to maximize his constant elasticity utility 
function (13.7a), subject to a wealth accumulation equation, which may 
be expressed in terms of the numeraire by 


K + B =a(1 —17)K +r(l — 1)B — (1 +a)C (13.14) 


where r denotes the before-tax real rate of return on government bonds 
and is defined by r = (1 + p)/p, and wealth is defined by W = K + B. 
The agent is subject to two types of taxation. Both sources of income are 
taxed at the constant rate t, and consumption is taxed at the rate œ. 

To determine the optimal consumption and portfolio decisions of the 
representative agent, it is crucial to know the nature of the public good 
and the relation, if any, the agent may perceive it to have to his growing 
level of income (capital). While we maintain the assumption that the gov- 
ernment sets its aggregate expenditure share g = G/aK, so that the actual 
level of G increases linearly with K over time, it may or may not be 
perceived in this way by the agent in performing his optimization. That 
depends in part upon the nature of the public good being provided. We 
shall specify the representative agent’s perception of government expen- 
diture, G?(t), by 


G?(t) = gaK °K(t)? = gao{K(t}\/KYK O<6 <1. (13.15) 


The exponent 6 parameterizes the extent to which the agent perceives the 
level of public expenditure he receives as being tied to his growing per- 
sonal capital stock, whereas K denotes some index of the capital stock 
perceived as being exogenous by the agent. For example, K may be the 
economy-wide capital stock, which although perceived by the agent to be 
unrelated to his own decisions, in equilibrium grows at the same rate 
as K. 

The specification of (13.15) is important and merits further discussion. 
The two polar values of 6 = 0,1 represent extreme types of public goods. 
If ô = 1, the agent perceives the level of public consumption expenditures 
he receives as being directly proportional to his growing capital stock 
(and hence to his income). Public goods such as fire protection and city 
services, which tend to be proportional to property and presumably to 
income, may be thought of as being of this type. In the other polar case, 
ô = 0, the agent perceives the level of government expenditures he re- 
ceives as being independent of his current income level. Nonrival public 
goods such as national defense can be put into this category. 


405 


An Introduction to Endogenous Growth Models 


The second equality in (13.15) suggests an alternative interpretation in 
terms of “congestion” effects. Suppose the aggregate stock of the public 
good is gK. The term (K(t)/K)° represents a scaling down of the aggre- 
gate public good available to the individual, due to congestion. The ab- 
sence of any congestion is represented by 6 = 0, in which case the public 
good is fully available to the representative agent. The other polar case, 
6 = 1, corresponds to complete congestion, that is, a situation where the 
amount of the public good available to the agent is strictly proportional 
to his individual capital stock and its implied contribution to the aggre- 
gate. As we will see, in this case the agent, in effect, sees the world 
through the eyes of the central planner and solves the same problem. 

Thus we can either view (13.15) as characterizing an intermediate case 
where the public good has a mixture of the attributes we have been de- 
scribing, or, alternatively, we can view (13.15) simply as a convenient way 
of parameterizing the two extreme cases, 6 = 0,1. From this standpoint, 
the formulation is a convenient way of parameterizing the contrast be- 
tween the representative agent and the central planner. 

We should add that setting p = 0 describes the situation, often as- 
sumed in the optimal tax literature, in which the government expenditure 
represents a pure drain on resources and provides no benefit to the econ- 
omy. But, in contrast to the frequent interpretation of the exclusion of 
government expenditure from the objective function as yielding positive 
utility that is additively separable from that yielded by private consump- 
tion, such an assumption is not possible here. The reason is that with g 
growing with the capital stock, decisions made with respect to the latter 
do, in general, impact on the amount of benefits yielded by the publicly 
provided good. The only case where such an interpretation would be 
valid is if the agent perceives no link between his capital stock and the 
government services he obtains—that is if and only if ô = 0 in (13.15). 
However, the case where the utility function is of the additively separable 
form 


| z [C + b(G?)' Je # dt 
o 7 


can also be readily analyzed. 
The agent’s formal optimization problem is to choose C,K, and B to 
maximize: 


zail 
| y (CŒ (P Ve ™ dt, (13.7a’) 
o 


subject to his wealth accumulation equation (13.14) and his perception of 
government expenditure as set out in (13.15). In deriving the equilibrium, 
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we assume that the consumption-capital ratio C/K = u is constant, just 

as it was for the centralized problem, and that the equilibrium portolio 

share of capital, K/W = n, is constant. As we will see, the equilibrium we 

obtain does indeed have these properties, thereby validating this assumption. 
The optimality conditions for this problem are now 


C’l(gaK ITK? = AL + ow) (13.16a) 
pdC'(gaK*! KPK! + Ja(l — 1) = —A + Ap (13.16b) 
Ar(1 — t) = —A + Ap. (13.16c) 


Combining the optimality conditions with respect to the two assets, we 
find that 


r(l — t) = a(l — t) + pôu(l + œ). (13.17) 


This equation is just the arbitrage condition equating the after-tax rates 
of return on the two assets. If p = 0 or ô = 0, then (13.17) reduces to the 
usual equality of net rates of return, which must hold under certainty. 
However, to the extent that p,ô 4 0, the rate of return on capital has two 
components. In addition to the after-tax rate of return, it yields a utility 
return resulting from the fact that an increase in the capital stock raises 
the consumption benefits to the agent from government expenditure.’ 
Subtracting the private resource constraint (13.14) from the aggregate 
economy-wide resource constraint (13.7b) yields the government budget 
constraint 
B=gaK +r(1 — 1)B — taK — œC. (13.18) 
Given the tax rates t, œ, and the proportion of government expenditure, 
g, this equation determines the evolution of bonds. Next, differentiating 
(13.16a) with respect to ¢ and noting that in equilibrium K/K = K/K yields 


Å K 
oo (13.19) 


Combining the three accumulation equations (13.7b), (13.14), and 
(13.18), utilizing the optimality condition (13.17), and (13.19), and noting 
the constancy of C/W, K/W, the decentralized equilibrium can be summa- 
rized by the following relationships: 


_ al — gl ~ yl + p] +e- al — 2) 
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alg — T) + eL1 + pô(l + œ)] 





n= - - ; 13.20c 
HU + ol + pô) l ) 

In addition, the following transversality conditions must hold: 

lim AKe ® = lim ABe7* = Q (13.20d) 


foo tru 


where the shadow value of wealth 4 now grows in accordance with 
(13.19). Using this expression together with (13.20b) to evaluate (13.20d), 
the transversality conditions now reduce to the following constraint on 
the equilibrium growth rate in the economy: 


= B 


te (13.21) 


Furthermore, substituting from (13.20b) for ¢, this constraint can in turn 
be expressed in terms of the underlying policy and structural parameters 
of the economy. 

As written, these three equations determine the decentralized equilib- 
rium values for the consumption-capital ratio u, the equilibrium real 
growth rate ¢, and the equilibrium portfolio share of capital to wealth 7, 
all in terms of the given tax rate t,w; the share of government expendi- 
ture g; and the taste and technology parameters.” Denoting government 
debt policy by y = B/K, equation (13.20c) can be viewed as determining 
the endogenous adjustment in government debt. Alternatively, it is possi- 
ble for the government to set its debt policy y exogenously, in which case 
one of the two tax rates, t or œw, must accomodate accordingly. 

Before proceeding further, it is instructive to demonstrate that the 
transversality condition (13.20d) ensures that the intertemporal govern- 
ment budget constraint is met. Starting from an initial stock of govern- 
ment bonds By, the accumulation equation (13.18) implies that at time t 
the stock of government bonds outstanding is 


By Se E + i [a(g — t) — wp] K(sje "7 is (13.22) 


0 


Next, combining (13.19) with (13.20b) yields 


A(t) = A(Qyel*( Fa) 11 


Substituting these expressions into the second transversality condition 
appearing in (13.20d) leads to 


A(t)B(Qe * 


eels t 
= el + tele o- Blt Ç + | [x(g — T) x wp K(s)e 7s asl, 
0 


408 


Chapter 13 


Using (13.17) and the definitions of ff and ¢, the expression outside the 
parenthesis involving the exponential reduces to one, so that the trans- 
versality condition (13.20d) implies 


Bo + | [a(g — t) — wp] K(s)e "Cds = 0. (13.23) 
0 

Equation (13.23) is precisely the intertemporal government budget con- 
straint, requiring that the present value of government expenditures, less 
tax receipts, plus initial debt, must sum to zero. With a, g, t, œ, ji all being 
constants, and capital accumulating at a constant growth rate @, (13.23) 
can be readily evaluated. Utilizing the relationship (13.17), together with 
(13.20a), (13.20b), this reduces to 


alg- 1) oy 
P — yl + pid 
where the transversality condition (13.21) implies £ > y(1 + p)¢ and en- 
sures that the integral in (13.23) is well defined. We observe from this last 
expression that, assuming that the initial stock in the economy is positive 
(Ko > 0) and that the government begins with a positive stock of out- 
standing debt (Bọ > 0), then the steady growth path will be intertem- 
porally viable if and only if ag < xt + wp—that is, if and only the 
government maintains a continuous budget surplus. Alternatively, if the 
government maintains a balanced budget or, as is more commonly the 
case, a current deficit, then the only way for the intertemporal budget 
constraint to be met is for the government to be a net creditor to the 
private sector. The implications of this will be considered further in con- 
nection with our discussion of optimal debt structure. 


K,=0 (13.23’} 





0 


Fiscal Policy and Growth 


It is straightforward to analyze the effects of various exogenous shocks to 
this equilibrium. Because we are particularly interested in the impact of 
fiscal policy on the equilibrium growth rate of the economy, we will focus 
on the following two aspects. 


Increase in Government Expenditure 


The effect of a debt-financed increase in the rate of government expendi- 
ture on the equilibrium growth rate is given by 


ad _ «pòl + a) 
eg D 





<0 (13.24a) 


where, for notational convenience, 
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D=1—y(1 + p) + po(l + w) > 0. 


To understand the response of the growth rate described in (13.24a), 
we begin with the case, originally considered by Eaton (1981), where gov- 
ernment consumption expenditure yields no direct utility (p = 0). In this 
case, like Eaton, we find that a debt-financed increase in the proportion 
of output going to government expenditure has no effect on the growth 
rate. It simply crowds out an equal amount of private consumption, leav- 
ing the rate of capital accumulation unaffected. As compared to the case 
of the central planner discussed in equation (13.11b)}, an increase in g 
now has two (offsetting) effects on the growth rate. The first is the direct 
negative effect, discussed previously in that case. But in addition, with the 
increased expenditure now being financed by the issuing of more debt, 
the price of bonds is reduced. This leads to a decline in financial wealth, 
thereby reducing private consumption, doing so by an amount equal to 
the increase in government expenditure. In short, private consumption is 
fully crowded out, leaving the net rate of capital accumulation (i.e., the 
growth rate) unchanged. 

In contrast with this result, (13.24a) implies that as long as (i) p > 0, 
so that government expenditure yields positive marginal utility; and (ii) 
ô > 0, so that the representative private agent perceives the level of pub- 
lic expenditure he receives to increase (at least partially) with his growing 
stock of capital, the agent will tend to reduce the amount by which he 
cuts back on consumption, thereby leading to an overall reduction in the 
growth rate. 

The fact that an increase in government expenditure reduces the 
growth rate in a situation where the benefits of government expenditure 
are perceived to increase with the capital stock may appear surprising. 
Intuitively, one might have expected such a situation to encourage the 
accumulation of capital, thereby enhancing the benefits from the increased 
government expenditure. The reason for this seemingly counterintuitive 
result can be seen most readily by focusing on the logarithmic case 
(y = 0), and setting the consumption tax to zero (w = 0). In the case of 
“useless” government expenditure (p = 0), the consumption-capital ratio 
is B — a(g — t), and the corresponding growth rate is «(1 — t) — P. By 
contrast, in the economy described here, with perceived growth-related 
welfare-augmenting government expenditure (p,d > 0), the equilibrium 
is one with a lower consumption-capital ratio, [$ — ælg — t)]/[1 + pô], 
together with a higher growth rate, [x(1 — g)pô + «(1 — t) — BI/[1 + po). 
This is indeed as one would expect. With the level of private consump- 
tion reduced in the present economy, its marginal utility is higher, and 
agents are accordingly less willing to cut their private consumption 
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expenditure at the margin. Consequently, any increase agents perceive in 
government expenditure leads to a partial crowding out of both private 
consumption and investment, the latter implying a lower growth rate. 
The larger is 6 the more the response resembles that of the centrally 
planned economy (see [13.1!b]). Viewed from this standpoint, the con- 
trast with the Eaton result regarding the effect of government expendi- 
ture on growth ceases to be surprising. 


Switch from a Tax on Capital Income to a Consumption Tax 


It is of particular interest to consider the impact of a switch from a tax 
on capital income to a tax on consumption on the equilibrium rate of 
growth. More specifically, consider a government that is committed to 
financing a given level of expenditure g and decides to substitute a higher 
consumption tax for a reduced income tax and reduced debt financing. 
The effect on the the equilibrium growth rate is given by the following 
expression: 

ed 1 Ot = 

do 1—y(1 +p) + pal + METETE aan) 
Equation (13.24b) indicates that an increase in the consumption tax will 
impact positively on the growth rate in two ways. First, to the extent that 
the government holds debt constant and the higher consumption tax en- 
ables its fixed expenditures to be financed with a lower income tax, the 
effect is growth enhancing. If, on the other hand, the government simply 
substitutes the consumption tax for debt, with no adjustment in the in- 
come tax, this effect vanishes. But in addition there is a second effect, 
which operates through the private sector’s perception of government 
expenditure. To the extent that private agents perceive the level of expen- 
diture to increase with their capital stock (ô > 0), they will have an in- 
centive to reduce current consumption, increase savings, and accumulate 
capital, thereby enhancing the benefits they receive from government 
expenditure in the future. This response is also growth enhancing, but 
it too will vanish if the private agents do not perceive any relationship 
between their own capital stock and the aggregate benefits from govern- 
ment expenditure. 

The fact that the increase in the consumption tax œ tends to increase 
the growth rate would appear to contradict the result obtained by 
Rebelo (1991) suggesting that the growth rate is independent of the con- 
sumption tax. However, the differences in effects are due to differences in 
the assumptions that are being made with respect to the expenditure of 
the revenue generated by the consumption tax and how that expenditure 
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affects the welfare of private agents. If instead of assuming that g remains 
fixed, as in (13.24b), we were to assume that t remains fixed, with the 
additional revenues being spent, as assumed by Rebelo; and if in addition 
we set p = 0, also assumed by Rebelo, then (13.24b) reduces to ĉġ/ĉw = 0, 
thereby easily reconciling the two sets of results. This comparison serves 
to emphasize just how important it is to spell out precisely the assump- 
tions under which a particular fiscal experiment is being conducted. 


Optimal Debt and Tax Structure 


The key question to be addressed is the extent to which, through appro- 
priate tax policy, the decentralized economy is able to attain the first-best 
optimum described by (13.1 1a), (13.11b). Equating the right-hand sides of 
(13.1 1a), (13.20a)—or, equivalently, (13.11b), (13.20b)—-yields the follow- 
ing relationship: 


a(l — g) R SA OP ES (13.25) 
C E 1—0 +p) + pòl +o) = ~ 
Equation (13.25) provides a trade-off between the tax on capital income t 
and the consumption tax w, which, given the fixed exogenous proportion 
of government expenditure g, will enable the decentralized economy to 
replicate both the consumption-capital ratio and the real growth rate of 
the centrally planned economy. In general, there are an infinite number 
of tax configurations that enable the attainment of the first-best opti- 
mum, each associated with a different equilibrium level of government 
debt. 

In the case that 6 = 0 and y = 0, (13.25) yields the following unique 
solution for the tax on capital: 


E E 
TEDA 





(13.25) 


implying that the consumption tax may now be set arbitrarily. Accord- 

ingly, (13.20c), taken in conjunction with (13.25’), implies the following 

trade-off between the arbitrarily set consumption tax and debt structure: 
l Bp 


ii Ge aaa (13.20c’) 
The more revenue raised by the government through a consumption tax, 
the less debt it needs to float. 

In fact, the consumption tax plays an important role in facilitating the 
attainment of the first-best equilibrium. In the case where there is no 
consumption tax (w = 0), the corresponding equilibrium portfolio share 
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of capital A > 1, implying a negative stock of government debt; that is, 
the government is a net creditor to the private sector. This can be seen 
immediately from (13.20c’) for the case ô = 0. However, it also obtains 
more generally as well. For example, setting w = 0 and y = 0 in (13.25) 
and (13.20c), we find that 


ppi — ò) 


AE E 


zN: (13.20c”) 
As long as 0 < 6 < 1, the proposition that the equilibrium stock of gov- 
ernment debt is negative continues to hold. This important result can be 
summarized as follows: 


Proposition 1 In the absence of a consumption tax, the decentralized 
economy can replicate the first best optimum of the centrally planned 
economy if and only if the government is a net creditor to the private 
sector. The government can render the stock of government debt to 
be nonnegative in such an equilibrium by imposing a positive tax on 
consumption. 


To gain some intuitive understanding of this proposition, it is useful to 
focus first on the polar case 6 = 1, in which the representative agent cor- 
rectly perceives the growth of government expenditure when making de- 
cisions, in effect perceiving the economy through the eyes of the central 
planner. Setting 6 = 1,w = 0 in (13.25), we see that the first-best opti- 
mum is attained by setting t = g. This full financing of government 
expenditures by an income tax rate in effect operates like a user fee, 
internalizing the effects of an individual’s choices on his level of public 
services. Individuals are essentially paying for the services they receive, so 
that the equilibrium is Pareto optimal. With the government budget be- 
ing balanced, there is no role for debt, as can be seen from (13.20c), which 
implies n = 1. 

Suppose now that 6 < 1, so that the private agent underpredicts the 
rate of growth of government expenditures and therefore the future bene- 
fits they will provide. If the capital income tax rate is maintained at the 
self-financing rate t = g, the consumption-capital ratio increases, raising 
it above the first-best optimum of the central planner. Private agents 
consume too much and accumulate capital too slowly. To restore the 
consumption-capital ratio and growth rate to their respective Pareto op- 
timal levels, the income tax on capital, t, would need to be lowered, im- 
plying g > t and thus a continuous current fiscal deficit. This can be seen 
from the intertemporal government budget constraint (13.23), which with 
w = 0 becomes 
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x 
Bo + % | (g—t)K(je" dt = 0. (13.23”) 
0 
With g > t everywhere, the intertemporal constraint will be met if and 
only if By < 0, which, with B growing at the constant rate ¢, implies that 
B < 0 at all points of time. In effect, the government finances its continu- 
ous deficit using the interest income it earns by being a net lender to the 
public. At the same time, we should note that a steady state in which 
B <0 amounts to the implicit introduction of an initial lump-sum tax. 
This is because in order to place the public into debt at the initial time 
t = Q, it is necessary to capture the public’s resources via a lump-sum tax 
at that initial instant. 

As a final observation, we should point out that because the economy 
is always on its steady-state growth path, the optimal tax structure is 
time consistent. At any point of time the fiscal authority is assumed to 
choose a set of constant tax rates. If it were to reoptimize at some later 
point of time, there would be nothing to induce it to deviate from its 
initial set of decisions. 


Optimal Capital Income and Consumption Taxes 


The previous analysis has made it clear that debt plays no welfare-enhancing 
role in this economy.’ Accordingly, we shall henceforth drop government 
bonds, enabling us to focus more directly on the two forms of taxation. 
Imposing the constraint # = 1 in (13.20c), the equation reduces to 


xT + Wp = ay. {13.20¢’”) 


This equation asserts that in the absence of government debt, the govern- 
ment must maintain a continuously balanced budget: the revenues raised 
by taxing capital and taxing consumption must just finance its consump- 
tion expenditures. The growth rate and the consumption-capital ratio in 
the decentralized equilibrium continue to be given by (13.20a), (13.20b), 
although now, given g, one of the tax rates, t,œ must be chosen to meet 
the budget constraint (13.20c’”’). 

Equations (13.25) and (13.20c’”) jointly determine the solutions for the two 
tax rates that (i) will enable the first best optimum to be attained, and (ii) 
are consistent with the government budget constraint. To keep calculations 
simple we shall continue to restrict ourselves to the logarithmic case. For 
an arbitrarily given fraction of government expenditure g, the resulting 
expressions are 


7p (13.26a) 
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pb — 9) 
all + p)(1 + pô) 





T=g (13.26b) 
In general, optimal tax policy calls for financing expenditure g partially 
by a tax on capital and partially by a consumption tax. The optimal 
taxes themselves depend upon (i) the production coefficient a; (1i) taste 
parameter, p; and (iil) government expenditure g, its perception ô, and 
how it impacts on utility f. In particular, the higher the utility associated 
with the public good, the greater the relative size of the consumption tax. 
In addition, equations (13.20c’”) and (13.26b) together imply that the to- 
tal amount of revenue raised by the consumption tax, cy, 1s independent 
of g. Thus, even if the government chooses (nonoptimally) to let g > 0, 
the optimal fiscal policy is to subsidize the income from capital by means 
of a tax on consumption.'° Discounting the benefits of capital accumula- 
tion and the growing externalities associated with government expendi- 
ture, the agent overconsumes and underinvests. Subsidizing the returns 
to capital and taxing consumption correct for this distortion. Equation 
(13.26b) also implies that any incremental increase in government expen- 
diture should be fully financed by an increase tn the tax on capital, that 
is, dt = dg > 0. 

In certain special cases a single tax will suffice to yield the optimum. A 
tax on capital alone will be optimal in either of two polar cases: (1) 6 = 1, 
when, as we have seen, the representative agent in effect behaves like a 
central planner, in which case the income tax fully internalizes the effects 
of the expenditure benefits; or (1) p = 0, when the government expendi- 
ture does not impact on the marginal utility of consumption and there- 
fore generates no externalities. At the other extreme, it will be optimal to 
finance, by means of a consumption tax alone if and only if the govern- 
ment sets 


g = pp — d)/a(1 + p)( + po). 


At this point it is useful to compare the present optimal tax on capital 
with the Chamley (1986) resuit discussed in Section 11.9, which requires 
that asymptotically the optimal tax on capital converge to zero. The 
Chamley analysis did not consider any externalities from government ex- 
penditure. Setting p = 0 we still find that the optimal policy is to set the 
tax on capital equal to the share of output claimed by the government 
(T = g). The difference is that when government expenditure is specified 
as a fraction of output, its level is not exogenous but instead is propor- 
tional to the size of the growing capital stock. The decision by the private 
sector to accumulate capital stock leads to an increase in the supply of 
public goods in the future. If the private sector treats government spend- 
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ing as independent of its investment decision (when in fact it is not), a tax 
on capital is necessary to internalize the externality and thereby correct 
the distortion. Thus, in general, the Chamley rule of not taxing capital 
in the long run will be nonoptimal, although in specific examples to be 
given below, it may form part of an overall optimal fiscal policy. 

In the case that the government expenditure is set optimally in accor- 
dance with (13.13b), the corresponding optimal consumption and income 
tax rates become 


a Pe) 


Gee ee (13.27a) 
l + po 
ò 
a ae (13.27b) 
al + pò) 


Apart from the limiting case where p = 0—when g = 0, implying both 
@ = T = 0—a zero consumption tax will be optimal in the case where 
ò = 1. On the other hand, if 6 = 0, then the optimal consumption tax 
@ = p, the exponent of public consumption in utility. That is, the opti- 
mally set government expenditure should now be fully financed by a con- 
sumption tax, in which case the Chamley rule of a zero tax on capital 
reemerges as being optimal. 

An alternative perspective on the role of the consumption tax in 
achieving the optimum can be obtained by comparing the private and 
social returns to capital in the presence of government consumption ex- 
penditure. As we have seen in (13.17), the former is 


a(l — 1) + pop! + w), 
whereas the social return to capital is 


a(l — g) + pH. 


Both returns include their impact on utility; the essential difference re- 
volves around how this is perceived by the government and the private 
agents. In the absence of any impact of government consumption on pri- 
vate utility (i.e., if p = 0) then these two rates of return are equalized and 
the externality internalized by fully taxing the benefits, t = g, which is 
also self-financing, and thus setting œ = 0. Furthermore, if p > 0 and 
ô= 1, so that the private agent views the world as would the central 
planner, f = m, and again the rates of return will be equalized by setting 
t = g and œw = 0. However, if d < 1, the private agent underestimates the 
social returns to investment and overconsumes. This can be corrected for 
by imposing a strictly positive tax on consumption. 
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13.5 Productive Government Expenditure 


We now turn to the case where the government expenditure enhances 
productivity in the economy by raising the marginal physical product of 
capital in accordance with 


Y= a(K]K a’ > 0a” <0 (13.28) 


where H denotes the level of this type of government expenditure. We 
shall identify such productive expenditure as being expenditure on infra- 
structure and as having the property of positive but diminishing mar- 
ginal physical product. The structure of this section mirrors that of the 
previous one, so that our treatment can be more brief.'’ As in the previ- 
ous case, debt plays no welfare-enhancing role; we shall therefore focus 
solely on taxation. !? 


First-Best Optimum 


Abstracting from government consumption, the first-best central plan- 
ning problem is to maximize 


|" | oret dt (13.29a) 
subject to 

ee. fa) 

K(th=a (ROJKO — C(t) — H(t). (13.29b) 


As before, we assume that the government ties its expenditure to the cap- 
ital stock: 


h= O<h<a, 

K OL 
so that the actual level of government expenditure grows with the econ- 
omy. Again, we distinguish the cases where h is set arbitrarily and where 
his set optimally along with C and K. 


h Set Arbitrarily 


In the case that h is set arbitrarily, the central planner’s problem is to 
choose C and K to maximize (13.29a), subject to (13.29b) and given h. 
The following equilibrium paths for consumption and capital are 
obtained: 
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C_ ,  B—y(a(h) — h) 

p=ôâ= a (13.30a) 
-=¢= eae 13. 

- d o (13.30b) 

h Set Optimally 


In the case that h is set optimally, in conjunction with C and K, the 
following additional optimality condition obtains:!° 


x'(h) = t. (13.30c) 


That is, the optimal ratio of infrastructure to capital, h, say, is attained 
where the marginal benefits to productivity just match the unit resource 
costs of the additional government expenditure. In this case, the equilib- 
rium paths for consumption and capital accumulation continue to be 
given by (13.30a), (13.30b), where Å is determined by the optimality con- 
dition (13.30c). 

Differentiating (13.30b) with respect to h, we see that the effect of an 
increase in government expenditure on infrastructure on the equilibrium 
growth rate is 


ô$ a'(h)—1 
h ley 





(13.31) 


implying that the equilibrium growth rate is maximized at the optimal 
infrastructure-capital ratio. This is in constrast to the relationship be- 
tween growth and welfare that applies in the case of government con- 
sumption expenditure. 


Equilibrium in a Decentralized Economy 


A critical feature of the decentralized economy is the representative 
agent’s perception of the impact of the infrastructure expenditure on the 
marginal product of his capital. Analogous to (13.15), we shall assume 


H(t) = hK K (t) = hK KYK OO <0 <1. (13.32) 


The exponent o parameterizes the extent to which the agent perceives the 
services he receives from infrastructure as growing with his capital stock. 
If c = 0, he expects H to be independent of his own decisions, so that 
H/K is perceived to decline with his growing capital stock; if e = 1, he 
expects H to grow proportionately with K, so that H/K remains con- 
stant (=h). As before, (13.32) can also be interpreted in terms of a conges- 
tion function. 
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In the absence of government debt, we express the optimization of the 
agent to be to maximize (13.29a), subject to the accumulation equation 








; K a-1 

K = a(h (5) Ja — t)K — (1 + %)C. (13.29b’) 
The corresponding equilibrium time paths are now'* 

E -hly (l — (1 — o)a’ 

E E E (1 = oat) +B ne 
K l-y 
K = (l1—a)[e—( —a)a’h] - 
pene ees ia a (13.33b) 
K l-y 


In addition, the two tax rates must satisfy the government budget 
constraint 


at + wu = h. (13.33c) 


Thus equations (13.33a), (13.33b), and (13.33c} jointly determine the equi- 
librium growth rate, the consumption-capital ratio, and one of the two 
tax rates. 

From these equilibrium relationships, the following responses of the 
equilibrium growth rate can be obtained: 


i. An increase in government expenditure on infrastructure that 1s 
financed by means of a consumption tax will be growth-enhancing. The 
same holds true if the expenditure is debt-financed. 


ii. An increase in government expenditure on infrastructure that is 
financed by means of a tax on capital may either raise or lower the 
growth rate. The positive effects of higher productivity are offset by the 
negative effects of the reduced after-tax return to capital. 


iii. A switch in the financing of a given level of infrastructure expenditure 
from a tax on capital to a tax on consumption will be growth-enhancing. 


Optimal Tax Structure 


Equating the right-hand sides of (13.30a) and (13.33a), or, equivalently, of 
(13.30b) and (13.33b), 


h[1 — (1 — o)x'] 


{Ee 





(13.34a) 


This expression provides the tax on capital income that will replicate the 
consumption-capital ratio and equilibrium growth rates of the Pareto- 
optimal equilibrium. In order to finance its expenditures, the government 
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must, in conjunction with 7, set a corresponding consumption tax ©: 


(1 — ya — ox “h(a — ah) 
[B — (a — h)] [x — (1 = oxh] 


In the case that h is set optimally, these expressions are modified to 


= 


(13.34b) 


ZPE A (13.34a’) 
a—(1—a)h 
ae al =) (Le a)h(a oe D (13.34b’) 





[$ — (a — Dla — (1 — ah] 


As in the case of government consumption expenditure, a tax on capital 
income alone will be optimal if o = 1, the case where the representative 
agent in effect behaves like a central planner. It will also be optimal if 
a’ = Q, in which case government expenditure ceases to have any impact 
on the productivity of capital. Financing fully by the use of a consump- 
tion tax will be optimal if and only if x'(h) = 1/(1 — o), which implies a 
value for h that is, in general, less than the optimum h. In the case that h 
is set optimally, a zero tax on capital will be optimal if and only if o = 0, 
and again the Chamley result applies. 


13.6 Two-Sector Model 


The models we have been discussing in the previous two sections have 
the property that the equilibrium steady-state growth path is reached 
instantaneously. This is very convenient from an analytical viewpoint 
because it makes the welfare analysis extremely tractable. Furthermore, 
because the equilibrium does not involve any transitional dynamics, 
problems such as time consistency of the optimal policy do not arise. The 
problem is stationary, so if at any point of time the policymaker wishes 
to reoptimize, he will choose the same steady-state growth path. 

But this simplification comes at a price. Output is proportional to the 
capital stock, and labor is absent from the analysis. In a seminal paper, 
Lucas (1988) extended this type of growth model by introducing labor 
through human capital, embodied in the labor force. The general idea of 
the model is that at each point of time there is an existing stock of non- 
human and human capital in existence. Part of the stock of each type of 
capital is allocated to the production of new output, part of which is 
consumed, the rest of which is accumulated as nonhuman capital. The 
remainder of each of the two types of capital stock is allocated to the 
production of additional human capital. 
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Lucas presents a simplified version of this model, in which the produc- 
tion of human capital depends linearly upon only human capital, with all 
nonhuman capital being allocated to the production of new goods. There 
is therefore only one capital allocation decision to be made. Our exposi- 
tion will simplify the discussion further, by abstracting from the ex- 
ternalities——analogous to those of the Romer model—considered in the 
Lucas analysis. 

The basic model can be set out as follows. The agent’s problem is to 
choose (i) his rate of consumption C; (it) his rate of accumulation of non- 
human capital K, (iii) his rate of accumulation of human capital E (edu- 
cation); and (iv) the allocation of the fraction u(t) of hts human capital to 
the production of new output, to maximize his intertemporal utility func- 
tion. The formal optimization problem is 


te 1 
maximize | ate Pdi (13.35a) 
o Y 


subject to the two accumulation equations 
K = AK*(uE)!* — C, (13.35b) 
E = y(! — uE. (13.35c) 


The following observations about this formulation should be noted. 
Again the utility function is of the constant elasticity form, and the pro- 
duction of goods is Cobb-Douglas in the two forms of capital. Both pro- 
duction processes are constant returns to scale in the two factors being 
accumulated, and that is what permits the equilibrium to be one of en- 
dogenous growth. The allocation of human capital must lie in the range 
0 <u < 1, so that v actually represents the maximum rate of growth of 
human capital. 
We write the Lagrangean for this problem as 


1 
OEE Se Ae ARS HENS eC T A,e [v1 — WE — E]. 


y 


(13.36) 


The optimality conditions with respect to C, K, E, and the allocation u 
are as follows: 


Grea, (13.37a) 
eA, AK®(uE)! = = —1, + A,B (13.37b) 
(1 — )4,AK*(wE)*u + A,v(1 — u) = — Å, + AB (13.37c) 


(1 — e)A, AK{(uE) = A,9 (13.37d) 
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where å}, 4, are the shadow values of nonhuman and human capital 
respectively. 

Lucas derives a balanced-growth solution using the following proce- 
dure. First, combining equations (13.37c) and (13.37d), the shadow value 
of human wealth changes at the constant rate 


=f ey, (13.38a) 


Next, look for a solution in which consumption C, nonhuman wealth K, 
and human wealth EF all grow at the constant rates 


= ce aie oe k; = €, (13.38b) 


and the sectoral allocation of human capital u is constant. It then follows 
from (13.37a) that the shadow value of nonhuman capital declines at the 
rate 


À 
 =—(1—y)e. (13.38c) 
Ay 


Using (13.38c), equation (13.37b) can be written as 


ent 
cA e =(1 — yje + B. (13.37b’) 
uk 

Differentiating this equation with respect to time, with the right-hand 
side constant, we see that the two types of capital must grow at the same 
rate, namely k = e. The ratio (K/uE) therefore remains constant over 
time. 

Now consider the accumulation equations. First, dividing (13.35b) by 
K implies 


hoe oe 
k= Abe — =, 
uE K 


With k and the ratio (K/uE) both being constant over time, it follows 
that (C/K) must remain constant over time, implying that consumption 
must grow at the same rate as the two capital goods; that is, c = k = e. 
Dividing (13.37b) by E yields the following expression for the common 
growth rate: 


c=k=e=vl — u). (13.39) 


Finally, differentiating (13.37d) we find that the shadow values of the two 
types of capital must change at the same rate: 
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=o 13.40 
Was Ai ( 
Combining (13.38a), (13.38c), (13.39), and (13.40) implies the following so- 
lution for the equilibrium allocation of human capital å and the corre- 
sponding equilibrium growth rates ĉ = k = ê: 





(13.41a) 


(13.41b) 





Note too that in order for the equilibrium allocation of human capital to 
be viable, that is, in order for 0 < û < 1, we require that 


y>Bp>y, 


implying that the equilibrium is one with a strictly positive growth 
rate. 

This balanced-growth solution abstracts from the transitional dynam- 
ics. In general, a complete characterization of the dynamics is difficult. 
But the fact that such a balanced growth path is not reached immedi- 
ately can be seen as follows, 

Define K, = K/uE to be the ratio of nonhuman to human capital in 
the goods market. Differentiate (13.37d) with respect to t: 


Dene ay ee (13.42) 


Next, combine this with (13.37b), rewritten as 


A 
— = BAKT, (13.43) 


Ay 


and substitute into (13.42). This leads to the following differential equa- 
tion in the nonhuman to human capital ratio in the goods market: 


Ko -()x, + AKE. (13.44) 
E 


This is a standard Bernoulli equation, the solution to which, starting out 
from K, = K, o. is 


y 


K(f) = a zA Serna Z (13.45) 
v 
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This converges to Klee = A(e/v), which is the stationary solution to the 
above balanced-growth solution, obtained by combining (13.37b’) with 
(13.41b). 

Rebelo (1991) discusses the balanced-growth solution for the more 
general technology where both capital goods are used in the production 
of both goods and human capital. He also discusses tax policy in that 
context, as do Lucas (1990) and Pecorino (1993). A recent paper by Mul- 
ligan and Sala-i-Martin (1993) gives a detailed characterization of the 
transitional paths; the interested reader who wishes to pursue this topic 
further should consult these papers. 





13.7 Conclusions 


This chapter has presented a selective exposition of endogenous growth 
models. In discussing these models, our focus has been primarily on their 
use as a vehicle for developing an integrated fiscal policy. Two main 
aspects have been emphasized: (i) the role of a consumption tax in en- 
hancing economic growth and welfare; and (ii) the relationship between 
government expenditure and growth. We shall conclude by focusing on 
the implications of our analysis for these two sets of issues. 

In general, our analysis suggests a potentially important role for a con- 
sumption tax as part of an overall optimal fiscal package. As long as 
government expenditure exercises impacts a direct impact on the deci- 
sions of private agents—whether on their consumption decisions or 
their production decisions—the government will almost certainly need to 
choose two fiscal instruments to bring about the first best optimum. One 
instrument is required to correct the distortion, which, except in polar 
cases, is generated by the government intervention. The other is to ensure 
that the government expenditure is financed. In addition to an income 
tax, in our analysis this can be accomplished either by an appropriate 
choice of debt, by a consumption tax, or by some combination of the 
two. In the absence of any consumption tax, however, the equilibrium 
involves the government being a net lender, rather than a net debtor, to 
the public. 

Ruling out this situation assigns an important role to a consumption 
tax as part of an optimal fiscal policy. We have considered the trade-offs 
between the optimal income and consumption taxes and have shown 
how these depend upon technology and taste parameters, as well as upon 
the form of the government expenditure and how it is perceived by pri- 
vate agents in the economy. In general, the optimal tax structure will be 
one where expenditure is partially financed by the two taxes, although in 
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certain polar cases it will be optimal to finance expenditure entirely by 
either one tax or the other. 

Two further aspects of our results should be emphasized. First, our 
specific results concerning the optimal taxation of capital depend upon 
the fact that the government expenditure rule is assumed to tie the grow- 
ing level of government expenditure to current output. Although this is a 
very natural specification of government expenditure policy in an envi- 
ronment of ongoing growth, it is not the only one. The optimal configu- 
ration of taxes will be substantially different if, instead, the government 
links its expenditure to, say, the level of private consumption, maintain- 
ing a fixed ratio of G/C, a policy that is equally capable of sustaining a 
steady growth path. Second, we should acknowledge that although we 
have chosen to focus on the consumption tax, the distortion between the 
private and social returns to capital that are generated by public expen- 
diture can be corrected by other forms of taxation. One obvious example 
of this is a credit to investment.'> Like the consumption tax, such a cred- 
it changes the relative price of consumption and investment. 

The question of the relationship between government expenditure and 
growth has been the subject of a substantial amount of empirical litera- 
ture. Overall, our analysis is consistent with the existing evidence. Al- 
though Kormendi and Meguire (1985) found no significant relationship 
between the growth of GDP and government consumption expenditure, 
other authors, such as Landau (1983), Barth and Bradley (1987), Grier 
and Tullock (1989), and Barro (1991), found negative relationships. The 
theoretical relationship between government consumption expenditure 
and growth, reported in (13.24a) is perfectly consistent with these em- 
pirical results. Although we argue that the relationship is likely to be a 
negative one, the theoretical analysis is also perfectly consistent with no 
relationship, as will be the case if either p =0, or 6 = 0. There is less 
evidence on the effects of government productive investment on growth. 
Barro (1991) obtains a generally positive although small relationship. 
Our analysis is also consistent with this evidence, especially if the level of 
productive government expenditure is near the optimum. 





Notes 


l. For an excellent comprehensive exposition of traditional growth theory, see Burmeister 
and Dobell (1970). 


2. These figures are obtained from the 1993 U.S. Economic Report of the President: see 
tables B-2, B-24 of that work. 


3. The corresponding figures for Japan are typically reported as a personal savings rate of 
around 16 percent and a real growth rate of around 5 percent. 
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4. See the section (pp. 268-272) discussing the U.S. Treasury proposal for a consumption 
tax. 


5. Strictly speaking, the logarithmic utility function emerges as 


lim {[(CG*)’ — 1]/y}. 

770 

This function differs from (15.7a) by the subtraction of the term — 1 in the numerator, and 
the two forms of utility function have identical implications. 


6. This type of result is also obtained by Chamley (1992), who identifies certain simple 
revenue neutral tax reforms that, though they improve the growth rate, also lower welfare. 


7. Note that with r determined from (13.17), the time path for the price of bonds, p. is 
determined by solving the differential equation r = (1 + p)/p. In the present case where r is 
constant, the stable solution is simply r = 1/p. 


8. Notice that (13.204) expresses equilibrium consumption in terms of the consumption- 
capital ratio. Much of the literature expresses consumption in terms of its ratio to wealth. 
The consumption-wealth ratio is simply HA and is immediately obtained as the product of 
(13.20a) and (13.20c). 


9. Saint-Paul (1992) obtains a similar kind of result using the well-known Blanchard (1985) 
continuous-time overlapping generations model. 

10. As a technical point, g must be strictly bounded away from zero, for otherwise the 
utility function would collapse to zero everywhere. 

11. The case of productive government expenditure is discussed in detail by Barro (1990). 
12. Proposition 1, pertaining to the negative equilibrium stock of debt in the absence of a 
consumption tax, continues to hold. 


13. This condition characterizing the first best optimal degree of productive government 
expenditure is not new; see Barro (1990). Hartman (1992) derives an analogous condition in 
a stochastic context. 


14. In deriving the macroeconomic equilibrium, the perceived ratio H’/K, which appears in 
the optimality condition of the representative agent, is replaced by the actual ratio H/K. 


15. The use of an investment subsidy to correct for the discrepancy between the private 
and social returns to capital is discussed by Saint-Paul (1992). 





lV Continuous-Time Stochastic Models 





1 4 Continuous-Time Stochastic Optimization 


14.1 


Introduction 


All of the models based on intertemporal optimization and developed in 
Part III assume complete certainty so that agents are endowed with per- 
fect foresight. The two chapters of Part IV extend the model to introduce 
uncertainty. The present chapter outlines the techniques and applies 
them to a closed economy, and Chapter 15 analyzes the behavior of an 
open economy under stochastic conditions. We choose to formulate and 
solve the problem using continuous-time intertemporal optimizing meth- 
ods, rather than the more familiar discrete-time approach. Our main rea- 
son for this choice is that although such problems are tractable only 
under restrictive conditions, when these conditions are met the solutions 
they yield are highly transparent and provide substantial insight into the 
characteristics of the equilibrium. 

The present chapter is rather far-reaching and 1s structured in the 
following way. Section 14.2 introduces the necessary results from con- 
tinuous-time stochastic calculus. The key observation here is that under 
reasonable assumptions, variances are of the first order of magnitude in 
time and therefore interact with the first moments (the means} in the dy- 
namic evolution of the system. Section 14.3 then sets out a stochastic ver- 
sion of the basic representative agent model initially discussed in Chapter 
9, This is developed under general conditions and emphasizes, as we did 
before, the role of the intertemporal government budget constraint as part 
of the equilibrium. One important issue that arises concerns the question 
of the robustness of Ricardian Equivalence under risk. This question has 
received some attention in the literature; see, for example, Chan (1983), 
Barsky, Mankiw, and Zeldes (1986), Kimball and Mankiw (1989), and 
Barro (1989). Essentially, our analysis will show that although Ricardian 
Equivalence holds with respect to the deterministic component of lump- 
sum tax changes, it will not hold with respect to individual-specific risk. 

The general model typically cannot be solved to yield closed-form so- 
lutions. Accordingly, the next two sections focus on specific examples for 
which tractable solutions can be obtained. In Section 14.4, two examples 
in which all stochastic disturbances are additive are considered. The first 
is based on the quadratic utility function; the second assumes that the 
utility function exhibits constant absolute risk aversion. 

The most important and most widely applied model using these con- 
tinuous-time methods is developed in Section 14.5. This is the stochastic 
analogue to the linear endogenous growth model developed in Chapter 
13. The additional assumption necessary to sustain such an equilibrium 
is that all stochastic disturbances are proportional to the current state of 
the economy, as represented by the capital stock or wealth. This is not an 
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unreasonable assumption; in fact, the idea of the magnitude of stochastic 
shocks being linked to the size of the economy is much more plausible 
than the alternative where they are taken to be purely additive. Assum- 
ing a constant relative risk-averse utility function, this leads to an equi- 
librium having ongoing stochastic growth in which means and variances 
of relevant endogenous variables are jointly and consistently determined. 
Such an equilibrium, which we term a mean-variance equilibrium, is anal- 
ogous to that familiar from finance theory, the elements of which may 
thereby be incorporated into a complete macroeconomic framework in a 
more satisfactory way. 

It is also useful to think of what is being done here from the perspec- 
tive of the rational expectations methodology, which we discussed in 
Part II. There the objective was the development of an internally consis- 
tent, stochastic system to examine the economy, under the assumption 
that the underlying relationships depend only upon the means (first mo- 
ments) of the relevant variables and not on any higher moments. That 
approach might therefore be termed as providing a certainty equivalent 
macroeconomic framework. By contrast, the objective here is to develop 
a model that is internally consistent in both the means and the variances, 
thereby enabling us to address important trade-offs that, in general, exist 
between the level of macroeconomic performance and the associated risk. 
We view this as an important step forward in the construction of a com- 
prehensive macroeconomic model. 

One characteristic of the equilibrium we shall derive in Section 14.5 is 
that portfolio shares remain constant over time. Given the stationarity of 
the structure of the model and that it yields a recurring ongoing equilib- 
rium, this is not an unreasonable property for it to have. But although 
the derivation of such a consistent equilibrium is tractable, it involves a 
certain amount of detail. Again, the analogy here with the rational expec- 
tations methodology is useful. The general strategy we adopt for deter- 
mining the macroeconomic equilibrium is to posit specific forms for the 
stochastic processes facing the agents in the economy and then to deter- 
mine restrictions on these processes that make them consistent with opti- 
mizing behavior and market clearance. This procedure will be recognized 
as an application of the method of undetermined coefficients, which was 
introduced in Chapter 3 as one of the standard procedures for solving 
linear rational expectations equilibria. 

Once the closed-form equilibrium in Section 14.5 is derived, it is then 
used to address analogous issues, now in an environment entailing risk, 
to those discussed in Chapter 13 under certainty. Thus we analyze the 
determinants of growth and how they respond to changes in tax rates, 
levied on both the deterministic and stochastic components of income, as 
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well as to changes in the mean and associated variance of government 
expenditure. Equilibrium asset pricing relationships, familiar from fi- 
nance theory, can now be introduced, and we are able to explain the risk 
premia in terms of the exogenous sources of risk impacting on the econ- 
omy. Welfare and optimal tax issues are addressed, and again, parallel 
results to those obtained in Chapter 13 under certainty are derived. 

The last three sections are more general, serving in part to place the 
earlier discussion in a broader context. Section 14.6 indicates some direct 
extensions to the model of Section 14.5, and Section 14.7 seeks to place 
the present discussion in the context of the literature. Finally, Section 
14.8 relates the discussion to some of the influential work being done, 
using a not dissimilar framework, in the real business cycle literature. 


14.2 Some Basic Results from Continuous-Time Stochastic Calculus 


Recognizing that the methods of continuous-time stochastic calculus are 
not widely known to economists, this section presents a brief summary of 
the main results to be used in Chapters 14 and 15. More detailed but still 
nontechnical treatments accessible to economists are provided by Chow 
(1979), Malliaris and Brock (1982), and more recently Dixit and Pindyck 
(1994). For our purposes, Chow provides a compact review of the rele- 
vant techniques, and to some extent we shall draw upon his exposition. 


Linear Stochastic Differential Equations 


The starting point is a system of linear stochastic difference equations, 
expressed over the period t tot + A: 


y(t + h — y(t) = [Ay + B(t)]h + v(t + h) — v(t) (14.1) 


where h is arbitrary and not necessarily an integer. We assume that the 
stochastic residual term v(t + h) — v(t) has the following properties: (i) it 
is a Markov process, meaning that its probability distribution is indepen- 
dent of anything prior to time t; (ii) it has mean zero and is indepen- 
dently distributed over time. We shall consider the continuous limit of 
this system as the time interval h approaches zero. In the absence of the 
residual, one could derive this limit by dividing through by h, letting 
h +0, and obtain the usual system of deterministic ordinary differential 
equations. However, this process is complicated by the presence of the 
stochastic term, which must be considered further. 

In the case of a unit time interval kh = 1, we have the usual system of 
first-order linear stochastic difference equations and let us assume that 
the covariance matrix of the residuals is £. Suppose we divide the unit 
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period (t,t + 1) into n segments of length h = 1/n units each. By the as- 
sumption that each successive increment v(t + h) — v(t) is statistically in- ` 
dependent and identically distributed, the covariance matrix © of their 
sum equals n times the covariance matrix of each increment, implying 


cov[v{t + h) ~ v(t)] = kÈ = (1/n)z (14.2) 


Thus the variance-covariance matrix increases linearly with h. If one as- 
sumes further that the successive increments are normally distributed, the 
process is called a Wiener process or Brownian motion. This is the as- 
sumption upon which almost all of continuous-time stochastic calculus is 
based, and it is the assumption that we shall invoke. As will become ap- 
parent in the course of this chapter, a great advantage of this formulation 
is that variances are introduced into the dynamics in a most natural way. 

The key observation about (14.2) is that the covariance matrix of the 
increment v(f + h) — v(t) is proportional to the time interval h, implying 
that the standard deviation of each component of the vector v(t + h} — 
v(t) is proportional to g h. This is an important property because it 
means that terms involving squares of elements of v(t + h) — v(t) are of 
order h and not h?. In other words, the variances are of the first order 
and do not vanish as the time interval h > 0. This is what makes the 
methods of continuous-time stochastic calculus so attractive: the means 
and variances are interdependent. As h > 0, we denote h by dt, rewriting 
(14.1) as 


dy = [A(t)y + B(t)] dt + dv (14.3) 


where E(dv) = 0 and cov(dv) = X(t)dt. Thus (14.3) is a system of linear 
stochastic differential equations. The covariance matrix E may or may 
not be a function of t. That depends upon how the stochastic distur- 
bances impact on the system. Since dv is of order ./dt, the derivative 
dv/dt does not exist, and we must write the stochastic differential equa- 
tion as in (14.3). It is a fundamental property of the Wiener process 
that while it is continuous everywhere, it is differential nowhere. On the 
other hand, because E(dv) = 0, E(dy)/dt = A(t)y + B(t) and is well 
defined. 
In the case that A(t) is constant, by a formal argument one can show 
that the solution to (14.3), starting from yọ at time tọ is 
t 
yit) Ser oy + | e457 B(s) ds + du(s)]; (14.4) 
to 
such an integral is called a stochastic integral (see, e.g, Arnold 1974). 
Economists are often interested in forward-looking solutions. With inde- 
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pendent increments, and provided appropriate convergence conditions 
are met, the forward-looking solution to (14.3) is just 


ceo 


y(t) = e“E, | e 46~9 B(s) ds. (14.5) 


t 


Itô’s Lemma 


The fact that the variances are of order dt means that we have to be 
careful in taking differentials of stochastic functions. We essentially have 
to take second-order expansions of the relevant Taylor series, in order to 
be sure that we have retained all the appropriate first-order terms. This is 
the central aspect to It6’s rule for stochastic differentiation. 

Suppose dy is generated by the nonlinear system of stochastic differen- 
tial equations 


dy = f(y, t)dt + dv 
= f(y, t)dt + S(y, t) dz (14.6) 


where f and the variance-covariance of dv = X(y,t)dt may be functions 
of y. If z is a Wiener process with the variance-covariance matrix of the 
increment dz being Rdt, we can write dv = S(y,t)dz, where SRS’ = È, 
and here the prime denotes the vector transpose. 

In the course of solving continuous-time stochastic optimization prob- 
lems we are required to study functions of stochastic processes. Let 
G(y,t) be a function that is twice differentiable in y and continuously 
differentiable in t. We seek to derive its stochastic differential. To do so, 
expand: 


dG = G(y(t + dt),t + dt) — G( y(t}, t) 


ðG oG 67G 
isc 14.7 
a+ (2 yay y+ si gs By —dy + o(dt), ( ) 


where o(dt) denotes terms of order smaller than dt. Denoting the matrix 
of second partial derivatives of G with respect to y by G,,, and substitut- 
ing (14.6) for dy,(dy) while noting that dv is of order oat we show that 
to o(dt) 


(dy)'G,, dy = (dv)'G,, dv + o(dt) = tr(G,, dv(dvy’) + o(dt) (14.8) 


where tr denotes the trace of the matrix. Substituting (14.6) and (14.8) 
into (14.7) leads to 


ôG (êG n OGY 
dG = E A ( £) r dt + 3G yy dv(dvy) + (5) dv + o(dt). 
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Since E[dv(dv)'] = X dt, we can write the stochastic differential dG as 


ig=| + (m ae rG) Jar + (ZY ae (14.9) 
ar aN v dy 


The coefficient of dt is thus E(dG), and var(dG) = (¢G/éy )’Z(eG/éy) dt. In 
our applications we will be dealing with scalar systems, in which (14.9) 
becomes 


6G CG 
dG = dt + — dv 14.9’ 
Ee 1 OP + 5G 02 | er ; ( ) 


where in the scalar case E(dv)? = o? dt. 


Differential Generator 


An important operator that emerges as part of the optimization of a sto- 
chastic system is the differential generator of a function G(y, t). This mea- 
sures the expected rate of change over time dt of the function G(y, t), 
resulting from the evolution of the underlying stochastic process y(t). 
Formally, it is defined as 


d 
L,[G(y,t)] = m E P (14.10) 
From (14.9) this is given by the expression 
eG CG 
L,LG(y.0] = +(% Cyr) + ~tr(G,,). (14.11) 


Stochastic Control and the Stochastic Bellman Equation 


The stochastic optimal control problems we shall consider are of the 
following generic form: 


maximize: V(¥(0), 0) = Eo ik U(y(s), x(s), s) ds, (14.12a) 
0 

subject to 

dy(t) = QL yd, x()] + TEx), x(t)] dv, (14.12b) 


where y(t) is a vector of state variables and x(t) is a vector of control 
variables. Define 


V(y(t),t) = max E, |" U(y(s), x(s), s) ds (14.13) 


x(s) 
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to be the optimized value of (14.12a) starting from time t. Splitting up the 
integral appearing in (14.13), we have 


V(y(t), t) = max E, le U(y(s), x(s), 8) ds 


xis) 


ttAr a 
= max ef U(y, x,s)ds + max al U(y, x, 5)ds 
t t 


x(s) x(s) +At 


t+At 
= max È, rf U(y,x,s)ds + VE y(t + At), t + a} 


x(s)} 


= max {U(y(t), x(t), At + E, [V (y(t + At), t + Atl}, 


x(s} 
implying that 
V(y(t), N = max {U (y(t), x(t), DAE + Viy(d), t) + EdV}, (14.14) 


x(s) 

where E,dV is as defined in (14.9). Subtracting V(y(t), t) from both sides 
of (14.14), dividing by At, denoted in the limit by dt, and recognizing 
the definition of the differential generator given in (14.10), the optimality 
condition (14.14) can be written as 

0 = max {U(y(t), x(t), t) + L,LV(y(0), t]}. (14.15) 

xis) 

This is the stochastic Bellman equation, which the optimum has to sat- 
isfy. In deriving this condition, the control variables x(t) are taken to be 
optimally chosen in accordance with their corresponding first-order opti- 
mality conditions. As we will see in the applications to be developed be- 
low, this equation introduces a partial differential equation, which the 
value function is required to satisfy. 

In all of our examples, the utility function will assume a constant rate 
of time discount and will therefore be of the form Ue~*. In this case, it is 
possible to rewrite the Bellman equation (14.15) in a more intutive and 
familiar form. For a time-separable utility function, the corresponding 
value function will also be of an analogous form, V(y)e~"', say. Now recall 
the definition of the differential generator function given in (14.10) and 
(14.11). In particular, observe that the expectation defined in L,[V(y(9, £)] 
also takes into account the effect on the value due to the expected change 
in £, as measured by the term 0V/ét. For the constant discount function, 
this is just —BV(y)e". Subtracting this term out from L,[V(y(¢),¢)], 
moving it to the left-hand side of (14.15), and dividing by e *, the 
Bellman equation can be written in the equivalent form 
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PV(t) = max J lost) + E; Bal (14.15’) 
x 

where the expectation operator E/ takes account of the fact that we have 

netted out the term — BV(y)e*. 

This form of the Bellman function is written in familiar asset pricing 
terms. The left-hand side describes the required return on holding an as- 
set, where the agent discounts at his rate of time preference. The right- 
hand side consists of the payout (in terms of utility) from holding the 
asset, plus its expected rate of capital gain or loss over the next instant of 
time, with the maximization ensuring that current decisions are made 
optimally. This equation is just a stochastic version of the standard 
arbitrage conditions encountered throughout Part III. 





14.3 A Basic Stochastic Intertemporal Model 


The Framework 


We shall now apply these methods to a stochastic version of the repre- 
sentative agent model discussed in Chapter 9. We consider a real econ- 
omy in which the household and production sectors are consolidated. ! 
The representative agent consumes output over the period (t,t + dt) at 
the nonstochastic rate C(t)dt. His objective is to maximize the expected 
value of lifetime utility as measured by the concave utility function 


Ea | UO dt UO>0; UC) <0, (14.16a) 


0 


subject to the stochastic accumulation equation 
dB+dK =dyY + iBdt — C dt — dT, (14.16b) 
where 


Bit) = stock of real government bonds held at time t, 

K(t) = stock of capital at time t, 

dY = flow of output over the instant (t,t + dt), 

dT = rate of taxes paid over the instant (t,t + dt), 

i = real rate of interest on bonds at time t. 

The initial stocks of bonds and capital are given by B, and K, respec- 
tively. For the present, we assume that government bonds are fixed-price 


bonds paying a nonstochastic interest rate i(t) over the time interval 
(t,t + dt). Later in this chapter, when we wish to permit the economy to 
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attain instantaneously a steady growth having constant portfolio shares, 
we will amend the bonds to be perpetuities, allowing their price to make 
the adjustment necessary to ensure that the economy is always on its 
steady-state growth path. 

Output is assumed to be generated from capital by the stochastic 
process 


dY(t) = F(K)dt + H(K) dy; F’(K) > 0, F°(K) < 0. (14.17a) 


This equation has the following economic interpretation. It asserts that 
the accumulated flow of output over the period (t,t + dt), given by the 
left-hand side of this equation, consists of two components. First, there is 
the deterministic component, described by the first term on the right- 
hand side, with F(K) now representing the mean rate of output per unit 
of time. In addition, there is a stochastic component, reflecting the vari- 
ous random influences that impact on production. The stochastic term 
dy shall be referred to generically as a productivity shock and assumed 
to be a temporally independent, normally distributed, stochastic process 
having zero mean and variance a, dt. The specification in (14.17a) allows 
for the possibility that the overall size of the stochastic disturbance in 
output may vary with the size of the existing capital stock, and hence 
with the size of current output. 

The two most common assumptions are that H(K) is constant, in 
which case the stochastic disturbance is independent of the stock of capi- 
tal and in which case the shocks are purely additive; or that H(K) = AK, 
say, in which case the disturbance is proportional to the capital stock (or 
output) and in which case it is often described as being multiplicative. The 
assumptions one makes with respect to the form of the stochastic distur- 
bance term are crucial for obtaining tractable closed-form solutions to 
the optimization problem. 

Taxes follow the stochastic process 


dT({t) = T(t)dt + dv (14.17b) 


where T(t)dt is the known mean level of taxes to be paid over the instant 
of time (t,t + dt), and dv is a stochastic component, assumed to be tem- 
porally independent, and normally distributed with zero mean and vari- 
ance o7 dt. Equation (14.17b) thus specifies taxes to be lump sum but 
stochastic, with the mean assumed to be a known function of time. 

The assumption that the individual perceives the tax shock dv as being 
intertemporally independent at each instant of time is not as innocuous 
as may appear. As will be seen later (see equation [14.31]), the intertem- 
poral government budget constraint imposes an overall intertemporal 
constraint on the aggregate tax shocks in the economy. If the individual 
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agent is aware of this, and if, in addition, his share of the aggregate tax 
shock is constant over time, then from the government budget constraint 
he can infer the corresponding intertemporal constraint on his individual 
tax shocks (see Chan 1983; Aschauer 1988). The procedure being adopted 
here of ignoring such an intertemporal constraint at the individual level 
can be justified if one makes the plausible assumption that the individual 
agent is uncertain about his individual share of the aggregate tax burden. 
In that case he will be unable to distinguish between (i) a stochastic rise 
in the aggregate tax rate, which will be offset at some later date in accor- 
dance with the intertemporal government budget constant; and (ii) a 
stochastic shift in his personal share of the tax burden.” 

We shall denote the total stock of bonds plus capital held by the repre- 
sentative agent by 


W=B+K, (14.18a) 
with the corresponding portfolio shares being 


K B 
|[-n=—_. 14.18b 
wW n= ( ) 


= 
li 
| 


Thus substituting (14.17a), (14.17b), (14.18a), and (14.18b) into (14.16b), 
the agent’s optimization problem can be stated as being to choose C and 
nto 


maximize Ep | U(C)e* dt (14.19a) 
0 

subject to 

dW = [F(nW) + il — n)W — C — T(t)] dt + H(nW)dy — dv (14.19b) 


and n(Q) = no; W(0) = Wo. 
To solve the problem, we introduce the value function 


V(W,t) = X(W, pe”. 


To facilitate notation, we denote the stochastic components of the rate of 
wealth accumulation by 


dw = H(K)dy — dv = H(nW) dy — dv, 


a, = H?o? — 2Ha,, + 02. (14.20) 


To solve the problem, we use the methods outlined in Section 14.2. 
Specifically, consider 
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U(Cje +L [VW] 
= U(C)e * — BX(W, Ne + oer 
+ [F(nW) + id — n)W — C — T] Xy(W,. te” 
E 5 OR NW) XW e (14.21) 


To maximize (14.19a), we set the derivatives of (14.21) with respect to C 
and n to zero, yielding 

U'(C) = Xy, (14.22a) 
[F'(nW) — i] Xy + H'[Ho} — o, 1X ww = 9, (14.22b) 


and, in addition, the stochastic Bellman equation must be satisfied: 





max fuc — BX(W) + - + [F(nW) + i0 — nW — C -— T]X (W) 
$ RAWX) AN, (14.22c) 


Equation (14.22a) is the usual first-order optimality condition, equating 
the marginal utility of consumption to Xw, the marginal utility of wealth. 
From the viewpoint of the representative agent, (14.22b) determines his 
optimal portfolio share in terms of the differential rate of return on 
bonds i, which is nonstochastic, and the risk-adjusted rate of return on 
physical capital. 

From the definition of the value function X(W, t), it is clear that the 
partial derivatives Xj, Xw are functions of the form 


Xy = Xy(W,t); Kip =X wie Wt): (14.23a) 
which, together with the optimality condition (14.22a), imply 
C = C(W, t). (14.23b) 


Our objective is to simplify the optimality conditions. To do so, first 
take the stochastic differential of (14.23a)}. By Ité’s lemma this is given by 
the expression 


dXy = XpwdW + Xy,dt +4Xypyo2dt. (14.24) 


Next, take the partial derivative of the Bellman equation (14.22c) with 
respect to W, to obtain? 
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+[F + i(l-nW-C-—T)Xyy + 300 Xwww 


Using the optimality conditions (14.22a), (14.22b), this last equation 
reduces to 


E eer LF eal =) WSC SG he k= 0 


Finally, substituting this equation into (14.24), and noting the accumula- 
tion equation (14.16b) and the definition of W given in (14.18a), we find 
that the marginal utility of wealth X, evolves in accordance with the 
stochastic differential equation 


Using the optimality condition (14.22a), equation (14.25) may be writ- 
ten as 
dU'{C) U”(C)Cw 
=(f— i)dt + — -~ dw. 14.25’ 
This equation will be recognized as a stochastic version of the Keynes- 
Ramsey optimal consumption rule discussed in Chapter 9. Taking ex- 
pected values of this equation leads to 


E(du(Cydt] f 
UO = (B — i), (14.25”) 





which in turn is the continuous-time version of the Euler equation used 
as the basis for recent empirical estimation of the consumption function; 
see, for example, Hall (1978, 1989). 

To complete the characterization of the macroeconomic equilibrium, 
we need to combine the equilibrium decisions of the representative agent 
with the corresponding market-clearing conditions. First, equating the 
optimal portfolio share implicit in (14.22b) with the actual existing port- 
folio share n, this equation may be expressed as 

X 


i= F'(K) + H'(K) Oy (14.22b’) 
Ww 


where 
cov(dy,dw) = o,,,dt = (Ho? — o,,) dt. 


At the macroeconomic level, this condition relates the equilibrium inter- 
est rate i(f) to the risk-adjusted marginal physical product of capital. If 


44] 


Continuous-Time Stochastic Optimization 


the agent is risk averse (Xyyw < 0) and if the rate of wealth accumulation 
is positively correlated with output shocks (a,,, > 0), then the rate of in- 
terest will be less than the marginal physical product of capital. In effect, 
the agent will require a risk premium in order to be willing to hold the 
equilibrium stock of capital. We should note that although i is a non- 
stochastic function of K, over time it does change stochastically as K 
itself responds to the random influences impacting on the economy. 

The final component of the system is the product market equilibrium 
condition, which may be conveniently expressed as 


dK = d¥ — Cdt —dG (14.26) 


where government expenditure is postulated to follow the stochastic 
process 


dG = G(t)dt + M(K)dz. (14.27) 


The stochastic component dz is an intertemporally independent, normal- 
ly distributed, random variable with zero mean and variance a? dt. The 
overall disturbance in government expenditure may vary with the level of 
capital stock, and hence with the rate of output. As expressed, (14.26) 
describes the rate of capital accumulation in the economy over the in- 
stant (t,t + dt) as being the residual element out of the stochastic output 
produced over that instant, after the nonstochastic private consumption 
and stochastic government consumption claims on output have been 
met. 

The model has introduced three stochastic elements: dy,dv, and dz. 
These may or may not be mutually correlated. If, for example, the gov- 
ernment maintains a continuously balanced budget so that dT = dG, 
then (14.17b) and (14.27) imply dv = M(K)dz, and this will have to be 
taken into account in determining the equilibrium. 


Macroeconomic Equilibrium 


Combining the previous elements, the macroeconomic equilibrium can 
be summarized by the set of relationships 


U'(Cc) = Xy (14.28a) 

7 Xww 

i= F'(K) + H'(Kjo,, (14.28b) 
Xw 

dXy =(fP —i)X,dt + Xyy dw (14.28c) 


dK = [F(K) — C — G]dt + H(K)dy — M(K) dz. (14.28d) 
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together with the stochastic Bellman equation (14.22c). The solutions for 
C and i obtained from (14.28a) and (14.28b) can be substituted into 
(14.28c) and (14.28d), leading to a pair of stochastic differential equations 
in Xy and K. However, in general, (14.28c) includes the term Xyy, so 
that the solution to this pair of equations involves solving the Bellman 
equation, which typically is intractable. But nevertheless the following 
observations can be made. 


i. In the absence of risk (dy = dw = dz = 0), the macroeconomic equilib- 
rium described by (14.28a)--(14.28d) reduces to 





UNC) = Gy (14.28a) 
i = F'(K) (14.28b') 
dXy 
a SX (14.28c’) 
- = F(K)— C —G. (14.28d") 


This is the equilibrium of the conventional representative agent model 
developed in Chapter 9, with two minor differences. The first is that in 
the previous discussion labor was endogenous. The second is a notation- 
al difference, namely that the shadow value of wealth, previously denoted 
by 4, is now represented by Xw, the marginal impact of wealth on the 
value function. Solving (14.28a) for C in terms of the marginal utility of 
wealth and substituting the resulting expression into (14.28d’), and sub- 
stituting (14.28b’) into (14.28c’), yields a pair of ordinary equations in K 
and Xy that are identical to (9.9a) and (9.9b) and can be solved by the 
usual methods. Because of the forward-looking behavior of Xy, this pair 
of equation depends upon the entire (expected) future time path of gov- 
ernment expenditure. However, it is clear from these equations that they 
are independent of the stock of bonds and the time path of lump-sum 
taxes. This of course is just a manifestation of the familiar Ricardian 
Equivalence property of this model. 


ii. The value function X(W,t) reflects the degree of risk aversion of the 
representative agent. In the event that the agent is risk neutral, Xyy = 0 
and the macroeconomic equilibrium reduces to (14.28a), (14.28b’), (14.28c, 
together with (14.28d). While this now reduces to a pair of stochastic 
differential equations, the equilibrium time paths for Xy.K, and C all 
remain independent of either the deterministic or the stochastic compo- 
nent of taxes. Ricardian Equivalence continues to hold. 
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iu. More generally, if the representative agent is not risk neutral, so that 
Xww #0, the time path of the equilibrium remains independent of the 
mean component of lump-sum taxes T(t). It is also independent of spe- 
cific realizations of the stochastic component dv. However, through a2, it 
generally depends upon the variance of the probability distribution gov- 
erning dv, together with its covariance with the shocks in output. To see 
this, we need to consider the solution to the stochastic Bellman equation. 


Fiscal Policy and Macroeconomic Equilibrium with Non-Risk-Neutral Agents 


For convenience, we shall henceforth assume that the deterministic com- 
ponent of the production function is of the simple linear form 


which, for the single factor of production being considered, is just con- 
stant returns to scale. 

As we emphasized in Chapter 9, an important part of the equilibrium 
involves the intertemporal government budget constraint. To derive this, 
we begin with the instantaneous flow government budget constraint, 


dB(t) = iBdt + G(t)dt + H(t)dz — T(t)dt — dv, (14.29) 


where for notational convenience we write H(K(t)) = H(t). Starting from 
a given initial stock of government debt Bọ, the stock of accumulated 
government debt at time t is 


B(t) = ef rar fB, He j e Sol T (G(s) — T(s)}ds + dvi] (14.30) 
0 


where for notational convenience we let 
db = H dz — dv. 
Intertemporal viability of the government requires 


lim Beh OY = 0, 


t> 


which together with (14.30) implies 


By + \ eBid (G(s) — T(s))ds + dh(s)] = 0. (14.31) 
0 

This equation describes the intertemporal government budget con- 

straint starting from an initial stock of government debt Bo. It requires 

that the present value of tax revenues (including both the deterministic 

and stochastic components) just equal the present value of government 
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expenditures (including both the deterministic and stochastic compo- 
nents), together with the initial stock of outstanding debt. Equation 
(14.31) imposes an intertemporal constraint on aggregate tax shocks, as 
noted earlier. This can be seen most clearly in, say, a two-period horizon. 
If for some reason tax revenues were unexpectedly low in period one, 
they will need to be correspondingly high in period two in order to meet 
the budget constraint over the two periods. In the event that the repre- 
sentative agent’s share of aggregate taxes is fixed over time, then using 
this constraint he can infer a corresponding constraint with respect to his 
own individual shock in taxes. Under this condition, it is clear that un- 
certainty in tax policy per se has no effect on consumption or the rest of 
the macroeconomic equilibrium. Only uncertainty in taxes, reflecting ag- 
gregate intertemporal uncertainty in government expenditures, would be 
relevant. One simple example of this would arise if the government main- 
tained a continuously balanced budget, in which case dv = H dz. 
Substituting equation (14.31) into (14.30), the latter may be written as 


B(t) + ebid | ehid (G(s) — T(s)) ds + db(s)] = 0, (14.31) 
t 

which is analogous to (14.31), starting at the point of time t. Taking the 

expected value of (14.31) at time ¢, and noting that db is white noise, 

yields 


B(t) + eb OY E, | ehi G(s) — T(s)] ds = 0. (14.32) 
t 
This equation expresses the intertemporal consistency between expected 
revenues and expenditures. 
As with most differential equations, the solution of the Bellman equa- 
tion is by trial and error. We propose a value function of the form 


X(W,t) = X(Z) (14.33a) 

where 

Z(t) = K(t) + Bit) — elo tE, | ehid T(s) ds, (14.33b) 
t 


The motivation for this choice comes from the discussion of Ricardian 
Equivalence in Chapter 9 and the fact that the term defined by Z(t) mea- 
sures (discounted) human and nonhuman wealth (in the absence of labor 
income); see (9.20). Differentiating X(W, t) partially with respect to t, W 
yields 
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= X'(Z)[—i(t)(K + B— Z) + T], 


Xw = AZ) Xey = ZZ): 

Thus the first-order condition for consumption 
UC= X= XD 

can be solved in the form 

C = C(Z). 


Substituting these expressions for 0X /ôt, Xw, Xw, and C into the Bell- 
man equation (14.22c) leads to 


U[C(Z)] — BX(Z) + [(a — ÐK + iZ — C(Z)]X'(Z) + ł02X"(Z)=0 
(14.34a) 


where, now, 


X"(Z) 


i= X + MOE a 


(14.34b) 
Together equations (14.34a) and (14.34b) give a second-order differential 
equation in X(Z), which can in principle be solved once the utility func- 
tion U is specified. Having determined X(Z), we can then derive con- 
sumption and the evolution of marginal utility and capital. Explicit 
examples will be presented in later sections. 

The key observation to be made is that everything is driven by Z, as 
defined in (14.33b). Combining this definition of Z with (14.32), we find 


Z(t) = K(t) — eb iOi E, | e M4 (5) ds, (14.35) 
t 

which is seen to be independent of the time path of the deterministic 

component of taxes T(s) and the existing stock of bonds at time t. 

The macroeconomic equilibrium thus depends upon the expected dis- 
counted present value of government expenditure and is independent of 
the time profile of the expected financing of this expenditure. Ricardian 
Equivalence therefore can be said to hold with respect to the mean. Thus 
the equilibrium is invariant with respect to a current tax cut of dTp5, 
which is to be financed by an expected tax increase of dT(t) = ef 4" dT, 
at some future time t. From the characterization of the macroeconomic 
equilibrium given in (14.28), it can also be seen that it is independent of 
any specific exogenous realization of the tax rate dv. However, because 


446 


Chapter 14 


the Bellman equation given in (14.34a} now depends upon a, equilib- 
rium does depend upon the variance of the tax rate a7, as well as its 
covariance with real shocks oa,,; see (14.20). 

The important point is that Ricardian Equivalence with respect to the 
variance breaks down because the individual is subject to an individual- 
specific tax risk. The same kind of phenomenon is responsible for the 
breakdown of Ricardian Equivalence in recent papers by Barsky, 
Mankiw, and Zeldes (1986) and Kimball and Mankiw (1989). In these 
papers the idiosyncratic tax risk is generated by uncertain future incomes 
on which future taxes are to be levied. In the present example, it is gener- 
ated by the exogenous stochastic component of current lump-sum taxes. 

Further insight can be obtained by considering special cases, to which 
we now turn. 


14,4 Two Examples 


In this section all stochastic disturbances are assumed to be additive, so that 
H(K)=1;  M(K)=1. 


We continue to assume that production is specified by the linear technol- 
ogy F(K) = aK, so that the equilibrium interest rate i = a is fixed over 
time.* Under these conditions 


oO oO 


e “T(s}ds = K — ot, | e *G/(s) ds, 


t 


Z(t) = K(t) + Bit) — ot, | 


t 


Quadratic Utility Function 


(14.36) 
and the Bellman equation simplifies to 
U[C(Z)] — BX(Z) + [aZ — C(Z)] X'(Z) + 502.X"(Z) = 0. (14.34a’) 
As a first example, assume that the utility function is quadratic: 
U(C) = C — bC. (14.37) 


To solve the Bellman equation, postulate a value function of the analo- 
gous form 


X(Z) =X + X,Z — 4x,Z2. (14.38) 


where the coefficients xo, x1; X- are obtained by the method of undeter- 
mined coefficients. Applying (14.37) and (14.38) to the consumer opti- 
mality condition (14.28a) yields 
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C= U ay) bo, 7] 


Next, substitute this expression for C, along with (14.37), (14.38), and its 
derivatives, into the Bellman equation (14.34a’). This leads to a quadratic 
equation in Z. In order for this to hold for all values of Z, the coefficients 
of Z?, Z, and the constant in this equation must each be zero. This leads 
to the following values for the coefficients: 








1 —a\? b HE 
Xo = mile 7 *) op? = pe. = — B. X, = b(2a — p), 
so that 
l pma ee : 2a — B b 
X(Z) = hp (z) 5 a — pe, + ee “lz z 5 (20 — B)Z?, 
(14.39a) 
C= se + (Qu — B)Z, (14.39b) 


where Z is as defined in (14.36). To remain economically plausible, the 
quadratic utility function requires that we assume 2« > f. Substituting 
the solution for (14.39b), together with (14.36), into the product market 
clearing condition (14.28d), the rate of growth of capital in the economy, 
dK, is generated by 

Bp-—« $ 2 
dK = (B— aK — G — A + (2a — Bje“E, | G(sje = ds + dy — dz, 


t 


(14.39c) 


which, provided the mean rate of government expenditure G is expected 
to remain constant over time, reduces to 


sy, l 
aK = ( ‘) E mae | dt + dy — dz. (14.39c’) 
x 


The solution to this last equation is 


G | f 
K(t) = e7 [Ko — ( + Ju — a + | e #957 dy(s) — dz(s)], 
a ub o 
(14.40) 
which satisfies the transversality condition 


lim E[K(t)e "] = 0 


E 
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as long as 2a > f, as is being assumed. Observe that this solution is con- 
sistent with a positive stochastic growth provided 2% > f > æ. 

These solutions for C and K are independent of the timing of taxes 
and therefore illustrate how Ricardian Equivalence holds with respect to 
the deterministic component of lump-sum taxes. But in contrast to the 
general result noted in Section 14.3, C and K are also independent of the 
variance of the rate of wealth accumulation and therefore of the variance 
of the tax rate. Accordingly, the economy exhibits certainty-equivalent 
behavior. This characteristic is a consequence of two assumptions under- 
lying the present example—the quadratic utility function and additive 
stochastic disturbances—and simply confirms the well-known certainty 
equivalence principles that have been shown to exist under these condi- 
tions by Simon (1956) and Theil (1958). 

The value function also enables us to assess the effects of policy and 
other disturbances on welfare. Starting from the given initial point Z,, 
the value function 


eee Oe B ,  {2a-B b 
X (Zo) = al F ) ap (22 = fon t Zo — (2a — B)Z5 
(14.41) 





m| 


measures the level of intertemporal welfare of the representative agent 
when the optimal path is followed. It is apparent from (14.41) (recalling 
the assumption that 2% > f) that an increase in the variance of wealth 
accumulation has an adverse effect on welfare. This is because a higher 
variance in o2 generates greater uncertainty with respect to future con- 
sumption, thereby lowering the welfare of a risk-averse agent. 


Constant Absolute Risk Aversion 


As a second example, assume that the representative agent has constant 
absolute risk aversion, with utility being specified by” 


1 

uUC=—-—-e™; n > 0. (14.42) 
n 

Postulating a value function of the form 

X(Z})= ——e™ (14.43) 


(where œ and œ, are to be determined), the optimality condition for 
consumption implies 
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Substituting for C, X, X’, X” into the Bellman equation (14.34a’) and 
solving for the coefficients œw, and œw, we find that the value function is 


l ea eee 
X{Z) = aa ay [2 ane (14.44a) 


The corresponding solution for consumption is 


= 1 
o La (14.44b) 
an 2 
where Z remains as defined in (14.36). 
Substituting for (14.44b) into (14.28d), the rate of growth satisfies 





F —-ß 1 
dK = [aere f G(sje “ds — G + a + sare. + dt + dy — dz, 
t an 
(14.44c) 
which, if G is constant over time, simplifies to 
— l 
dK = i + omaž] dt + dy — dz. (14.44c') 
aH 2 


Thus capital evolves in accordance with a simple diffusion process, the 
solution to which, 
Pa eters), 
K(t) = Ky + | ——— + sanc? |t + | (dy — dz), (14.45) 
an 2 o 
clearly meets the transversality condition. 

Again, this example illustrates how the macroeconomic equilibrium is 
invariant with respect to the timing of the mean tax rate and independent 
of any specific tax shock dv. But in contrast to the quadratic case, and 
consistent with the general result discussed in Section 14.3, consumption 
varies inversely with the variance of wealth accumulation o2, which in 
turn may depend upon the variance of tax policy. Intuitively, a higher 
degree of risk associated with the accumulation of wealth induces more 
saving, less consumption, and therefore more output devoted to the accu- 
mulation of capital, leading to more growth.® The reduction in consump- 
tion through the term —1/2a962 more than offsets the present value of 
the increase in consumption resulting from the higher growth rate of cap- 
ital, and on balance the overall level of welfare declines. This can be seen 
by observing that X(Z), given in (14.44a), is a decreasing function of o2. 

Another difference from the quadratic case is in the impact of govern- 
ment expenditure on the growth rate. With a quadratic utility function, 
an expansion in government expenditure has an adverse effect on the 
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growth rate. In the present example it has no effect. The positive effect on 
growth through the reduction in private consumption it generates is ex- 
actly offset by the direct negative effects resulting from the greater claim 
by the government on the economy's resources. 





14.5 Proportional Disturbances and Stochastic Growth 


We now consider in some detail the case where the stochastic distur- 
bances in output are assumed to be proportional to the mean level of 
output: 


dY = aK(dt + dy), (14.46) 
dG = gaK dt + «K dz, (14.47) 


where in (14.47), the deterministic component of government expenditure 
policy is also expressed in terms of a fraction of mean output. These two 
equations are stochastic analogues to the specification of production and 
government expenditure in the endogenous growth model developed in 
Chapter 13, and with an appropriate utility function they will lead to a 
stochastic endogenous growth equilibrium. Such a model was first dis- 
cussed by Eaton (1981) and is a very convenient vehicle for analyzing the 
impact of distortionary taxes under stochastic conditions. 

As in Chapter 13, the tractability of the analysis is enhanced by assum- 
ing that the government bonds are perpetuities paying a fixed coupon of 
one unit of output over the period dt. The price of these bonds, expressed 
in terms of output, is P, so that B = Pb (where b now denotes the quan- 
tity of bonds outstanding). However, the price of these bonds now be- 
comes stochastic, reflecting the random influences in the economy. 

The stochastic real rate of return on bonds, dR,, is postulated to be of 
the form 


dRy = tgdt + dug (14.48a) 


where rp and du, will be determined endogenously in the macroeconomic 
equilibrium to be derived. As will become apparent, the equilibrium will 
determine only the value of the outstanding bonds, rather than their spe- 
cific price. Accordingly, the nature of the process generating their price is 
unimportant and will reflect the characteristics of the bonds. Turning to 
the other asset, capital, with output determined from capital by (14.46a), 
and in the absence of adjustment costs to capital, the stochastic real rate 
of return on capital is 
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dY 
dRg = 4 = adt + ady = rg dt + dug (14.48b) 


and is given by the technology. 

Because the after-tax rate of return on government bonds will adjust 
to whatever market level is necessary for bonds to be held in equilibrium, 
only the tax on capital has any real impact on the equilibrium. Thus we 
may assume, without any loss of generality, that taxes are levied on only 
the income from physical capital, namely, 


dT = trgK dt + t'K dug = taK dt + t'aK dy. (14.49) 


Allowing the tax rate t on the deterministic component of income to 
differ from t’, the tax rate on the stochastic component reflects the possi- 
bility that the tax code might include offset provisions, having the effect 
of taxing the two components of income differently. We shall see below 
the extent to which the potential existence of these differential tax rates is 
significant from a welfare point of view. 


Determination of Equilibrium 


With proportional disturbances, it is convenient to represent the prefer- 
ences of the representative agent by the constant elasticity utility function 
used in Chapter 13. Thus, the stochastic optimization problem of the rep- 
resentative consumer is expressed as being to choose the consumption- 
wealth ratio, C/W, and the portfolio shares, ng, ng, to’ 


maximize Ey | (CY dt (14.50a) 
0 

subject to 

dw C 

a (mns +ny(t — t)rg — I dt + dw, (14.50b) 

ng+ng= 1. (14.50c) 


It is notationally convenient to introduce the portfolio shares of capital 
and bonds symmetrically as ng, npg, respectively, and to denote the sto- 
chastic component of dW/W by 


dw = ngdug + ng(l — 1’) dug. (14.50d) 


In performing the optimization, the representative agent takes the rates 
of returns of the assets and the relevant variances and covariances as 
given, although these will all ultimately be determined in the macroeco- 
nomic equilibrium. 
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The details to the solution to this problem are presented in the Appen- 
dix to this chapter, where it is shown that the first-order optimality con- 
ditions can be written in the form 


ope ort ee hE 





(oo (14.51a) 

(r = sti) dt = (1 — y)cov(dw, dup) (14.51b) 
i x 

(ra —t)— ss) dt = (1 — y)cov(dw,(1 — t’) duy) (14.51c) 


where y is the Lagrange multiplier associated with the normalized wealth 
constraint (14.50c), 6 is a constant determined from the stochastic Bell- 
man equation (see [14.66]), and 


pP = ngg + ng(1 — Trg, 


(14.51d) 
E(dw)* 


dt 


Owe 


= ngog + ng(l — tY og + 2ngng(1 — t')ogg. 

The form of the consumption-wealth ratio in (14.51a) is the stochastic 
analogue to that derived in Chapter 13 under deterministic conditions 
(see, e.g., [13.1la]). For the logarithmic utility function, y = 0, and 
(14.51a) reduces to the familiar relationship C/W = f. If y #0, an in- 
crease in the expected net of tax return p will raise the consumption- 
wealth ratio if y < 0 and lower it otherwise. As noted in Chapter 13, this 
is because an increase in expected income can be broken down into a 
positive income effect, dp, inducing more consumption, and a negative 
substitution effect, —dp/(i — y), encouraging a switch away from con- 
sumption, with the net effect on the consumption-wealth ratio being 
—ydp/(1 — y). An increase in the variance of wealth oZ can be decom- 
posed in an analogous (but opposite} way.® As long as the agent is risk 
averse (1 > y}, a higher variance is equivalent to a reduction in income 
and therefore leads to a reduction in the consumption-wealth ratio. At 
the same time, the higher variance raises the risk associated with savings, 
thereby inducing more consumption. These two effects are exactly off- 
setting in the case of the logarithmic function, and also for the risk- 
neutral agent, when they are both separately equal to zero. 

Equations (14.51b) and (14.51c) are asset pricing relationships, familiar 
from finance theory, with the term n/ôyW” representing the real rate of 
return on the asset whose return is uncorrelated with dw. In the absence 
of risk, (14.516), (14.5lc) imply equality of after-tax real rates of return. 
Otherwise, the covariance expressions on the right-hand side of these 
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equations determine the risk premium associated with the two assets. We 
will return to this later when we discuss the overall equilibrium and 
determine the equilibrium beta coefficients, which summarize the risk. 
Solving (14.51b) and (14.51c), in conjunction with the normalized wealth 
constraint (14.50c), one can determine the agent’s portfolio demands ng, 
nx, (together with the Lagrange multiplier, n). 

Equations (14.47) and (14.49) describe government expenditure policy 
and tax policy, both of which are proportional to current output. In the 
absence of any lump-sum taxation, these are linked by the government 
budget constraint, 


d(Pb) = (Pb)dR, + dG — dT. (14.52) 


which, dividing both sides by W and combining with (14.47) and (14.49), 
can be written in the form 


d(Pb 
ah?) =| rg + a {g — T) |dt + dug + aK (dz — t'dy). (14.52’) 
Pb ng ng 
As before, the model is completed by assuming product market equi- 
librium, (14.26), which, dividing by K, can be expressed as 


dK € 

— =| a(1 — g)— —— |dt + aldy — dz) = ý dt + a(dy — dz). (14.53) 
K ng W 

This equation will ultimately determine the equilibrium stochastic 


growth rate of the economy. 


Macroeconomic Equilibrium 


In equilibrium, the economy determines the rates of consumption and 
savings, the value and rates of return on all assets, the economy’s in- 
vestment and growth rate, and the risk characteristics of each asset. The 
exogenous variables include the government policy parameters: govern- 
ment expenditure (g); tax rates (t,t’); and the preference and technology 
parameters, y, p, and x The exogenous stochastic processes consist of 
government expenditure (dz) and productivity shocks (dy), which, for 
convenience only, are taken to be mutually uncorrelated.” The remaining 
stochastic disturbances—real rate of return on bonds, dug, and real 
wealth, dw—are both endogenous and will be determined. Remaining 
key endogenous variables include the following: the consumption-wealth 
ratio, the mean growth rate in the economy, the expected real returns on 
the two assets {rg,rx), and the corresponding portfolio shares (ng, nx}. At 
each moment of time, b and K are predetermined from the previous 
instant. 
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Our objective is to reduce the components of Section 14.5 to a simple 
set of core relationships that jointly determine the deterministic and sto- 
chastic components of the macroeconomic equilibrium. From the rela- 
tionships in (14.51) it is reasonable to posit that if assets have the same 
stochastic characteristics through time, they will generate the same allo- 
cation of portfolio holdings, as well as the same consumption-wealth 
ratio. Our strategy, therefore, is to look for an equilibrium in which port- 
folio shares, n;, and C/W ratio are nonstochastic functions of the under- 
lying parameters of the model and to show that the restrictions thus 
implied are in fact consistent with this assumption. As in all rational ex- 
pectations equilibria, this procedure need not rule out other equilibria, in 
which these constancy properties do not prevail. But if such an equilib- 
rium can be found, it is certainly a legitimate one, and one that by virtue 
of its simplicity is of real economic significance. 


Determination of Stochastic Components 
The intertemporal constancy of portfolio shares implies 


dW dK _ d(pB) 
W K pB 





(14.54) 


so that all real assets grow at a common stochastic rate. To solve for the 
equilibrium, we first consider the stochastic components of the wealth ac- 
cumulation equation (14.50b), the government budget constraint (14.52’), 
and the product market clearing condition (14.53). These equations, to- 
gether with the definitions (14.48b) and (14.50c), and the proportionality 
relationship (14.54), imply 


dw = ngdu,y + ngil —t')ady = dup + a (dz — t' dy) = a(dy — dz), 
B 


(14.55) 


only two of which are independent. The following solutions for dw and 
du, are obtained: 


dw = a(dy — dz), (14.56a) 
ie ~ [(ng + ngt’) dy — dz]. (14.56b) 
B 


These two expressions enable us to compute all the necessary variances 
and covariances. In particular, we note the following expressions, which 
appear in the consumer optimality conditions (14.51): 


a2 = a? (0? + 62) ; (14.57a) 
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2 
cov(dw, dus) = —[ (ns + ngt’)o2 + 62] (14.57b) 
Np 


cov(dw, (1 — t')dug) = a7 (1 — tož. (14.570) 


Note that (14.57b) is not a complete solution because it involves the 
equilibrium portfolio shares n;, which are yet to be determined. 


Equilibrium System 


We may now collect the equations of the complete model. First, com- 
bining (14.57a), (14.57b} with the consumer optimality condition (14.51b), 
(14.51c) implies the following expression for rp: 


re = o(1 — 1) + = +62]. (14,58a) 
B 

The second term on the right-hand side of this equation represents the 
differential risk premium on bonds over capital and will be considered 
further below. Next, equating the deterministic components of the rate 
of growth of government bonds from the government budget constraint 
(14.52’) and the rate of growth of capital from the product market equi- 
librium condition (14.53), (in accordance with [14.54]) leads to 


Y =a E (g — 2) + ra (14.58b) 
B 


Equations (14.58a) and (14.58b), together with the consumption-wealth 
ratio (14.51a) (after substituting for p,¢2), the deterministic component of 
the market-clearing condition (14.53), and the portfolio adding up condi- 
tion (14.50c), form a complete system determining the equilibrium values 
of 


i. the consumption-wealth ratio C/W; 

ii. the portfolio shares ng, ng; 

lil. the real rate of return on government bonds rg; 

iv. the equilibrium growth rate y. 

Substituting further for the portfolio shares ng,ng into (14.56) we can 
derive the reduced-form solution for the stochastic component of the 


price of bonds. In addition, the definitions of ng,ng add two additional 
relationships: 


WOS e Poe] Ka (14.58c) 
K Ne 
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which express initial wealth W(0), and market value of bonds, P(0)by in 
terms of the endogenously determined portfolio shares and the predeter- 
mined stock of capital. This is an appropriate point at which to observe 
that the equilibrium described is indeed one in which portfolio shares 
and the consumption-wealth ratio are constant, thereby validating the 
assumption made at the outset. 

The fact that the equilibrium determines only the market value of 
bonds implies that it is invariant with respect to the particular type of 
bond offered. The specific characteristics of the bond, such as the nature 
of its coupon and its maturity, are therefore unimportant. This is because 
what is relevant to consumers is the real rate of return the bond offers, 
and this is ultimately determined by the after-tax rate of return on the 
productive asset, capital, in accordance with the relationship (14.58a). 
Given the type and quantity of the bond, its price adjusts as required to 
support this equilibrium. The implications of bond pricing are discussed 
further by Grinols and Turnovsky (forthcoming) in a monetary version 
of this model and need not be pursued further here. 


Equilibrium Solutions 


To obtain closed-form solutions for the key variables, it is useful to ob- 
serve that (14.50b), (14.51d), and (14.53) together imply the equilibrium 
relationship 


ese (14.59) 


W 
This equation is just the equality between the real rate of growth of as- 
sets, given by the left-hand side of (14.59), and the growth of savings. 
Using this equation, the following solutions for the consumption-wealth 
ratio C/W, the real growth rate yw, and the portfolio share of capital nx 
obtain:'° 








- = = (s — yall — T) + 510 — 1)a?((2t’ — 1)o? + o2) (14.60a) 
C 

y =a(1 — 1) — ae a?(1 — y)(t'a? + 6?) (14.60b) 

Ik ase (14.60c) 


~ a(t — g) + (C/W) — (1 — yro? + 02) 


Equation (14.60a) is obtained by substituting (14.5id), together with 
(14.58a), into (14.5la); equation (14.60b) is obtained by substituting 
(14.51d) and (14.58a) into (14.59); and (14.60c) combines (14.60b)} with 
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(14.53). The portfolio share of the other asset, government bonds, is 
determined residually from the stock constraint (14.50c), which then 
determines their equilibrium rate of return from (14.58a).'' This last char- 
acteristic implies that the equilibrium would be independent of any tax 
on government bonds. If a tax were imposed on interest income, all 
that would happen would be that the before-tax real return on govern- 
ment bonds would adjust so as to produce the after-tax return required 
to ensure that the equilibrium relationship {14.58a) was met. 

The equilibrium as determined by (14.60) must also satisfy certain fea- 
sibility conditions. The first of these is the transversality condition, which 
for the constant elasticity utility function is 
lim E[W’e*'] = 0. (14.61) 
ita 
Using (14.53) and (14.54), this condition can be shown to reduce to the 
condition C/W > 0, as originally shown by Merton (1969). To see this, 
these two equations together enable us to express the accumulation of 
wealth by the equation 


dW=wWwWdt+ W dw, (14.54’) 


the solution to which, starting from initial wealth W(0) at time 0, is (see, 
e.g., Arnold 1974) 


Wit) = W(O) eh? (iP de sere wit) w(O), 
The transversality condition (14.61) will be met if and only if 


yw — (1/2)on) — B < 0. 


Combining (14.51a) with (14.59), this condition is equivalent to C/W > 0, 
as asserted. 

With the equilibrium being one of balanced real growth, in which all 
real assets grow at the same stochastic rate, (14.61) also implies that the 
intertemporal government budget constraint is met. Using (14.60a), the 
condition (14.61) implies the following constraint on the tax rates on 
capital t,t’ and on other parameters: 


B — yall — t) + 3p — Do? [(2t’ — Io? + o2] > 0. (14.61) 


This condition is automatically met for the logarithmic utility function 
(y = 0). In other cases, this condition may impose restrictions in order for 
the tax rate to remain feasible. 

Second, with nonnegative stocks of capital, the equilibrium portfolio 
share of capital ng > 0. Thus, in addition to (14.61), the denominator of 
(14.60c) must be positive. If private agents are permitted to borrow from 
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the government, then no restriction on ng is imposed. However, if such 
borrowing is ruled out, the additional restriction ng < 1 must be met. 


Determinants of Equilibrium Growth Rate 


The equilibrium is one of stochastic endogenous growth, and of particu- 
lar interest is to determine its response to policy and structural changes 
in the economy. 


Growth and Taxes 


An examination of the equilibrium relationships (14.60) reveals that 
taxes on capital income impact on the equilibrium through the linear 
combination 


T=t—a(l — yait’, 


from which we see that raising the tax rate t’ on the stochastic compo- 
nent of capital income has the opposite effect to raising the tax rate t on 
the deterministic component of income. On the one hand, an increase in t 
reduces the after-tax return to capital, thereby inducing a reduction in 
the holdings of capital, and reducing the equilibrium growth rate. By 
contrast, an increase in t’ reduces the variances and associated risk on 
the return to capital, inducing investors to hold a higher fraction of their 
portfolios in capital, thereby increasing the growth rate. The qualitative 
effect of a uniform increase in the tax on capital dt = dt’ thus depends 
upon | — a(l — y)o,. It follows that the qualitative effects of a uniform 
tax increase applied under certainty continue to hold under uncertainty if 
and only if 1 > a(l — yaş. However, if this inequality is reversed, the 
stochastic effect prevails, and a tax increase in this circumstance will 
reverse those effects that would obtain under certainty. 

The proposition that under uncertainty a tax on corporate capital in- 
come may increase economic performance has also been discussed by 
Gordon (1985). He argues that by taxing capital income, the government 
absorbs a certain fraction of both the expected return and its associated 
risk, and in his analysis these two effects are largely offsetting. Further 
implications of changing tax rates will be presented in Section 14.5 in 
connection with our discussion of optimal tax policy. 


Growth and Government Expenditure 


The equilibrium growth rate y is independent of the mean proportion of 
government expenditure g, just as it was for the deterministic economy 
discussed in Chapter 13 under the present assumption that government 
expenditure does not impact on private utility. Although an increase in g 
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reduces the growth rate directly (see [14.53]), this effect is exactly offset 
by the fact that it also increases the portfolio share of capital ng, thereby 
increasing the consumption-capital ratio and maintaining the overall 
rate of growth; see also Eaton (1981). 

By contrast, the growth rate increases with the variance of government 
expenditure. This is because an increase in g? increases the relative risk 
on government bonds, inducing agents to switch to holding more capital, 
thereby increasing the growth rate. 


Growth and Productivity Risk 


From a consideration of (14.60) it is apparent that productivity risk im- 
pacts on the equilibrium in almost the same way as does the variance of 
government expenditure. We can in fact show that 

- = g(t" — y/2). (14.62) 
As long as t’ > 0, an increase in the variance of the productivity shocks 
raises the risk premium on government bonds, inducing a portfolio 
switch toward capital, thereby increasing the growth rate directly by an 
amount #7({1 — y)t’. At the same time, this raises both p and o2 in the 
consumption function (14.51a) by the respective amounts «?(1 — y)r’ and 
a”. The net effect of these increases on the consumption-wealth ratio, re- 
flecting both the income and substitution effects, is —ya?(r' — 1/2) and 
depends upon the degree of risk aversion of the agent, with the overall 
effect on the growth rate being given by (14.62). 


Equilibrium Asset Pricing 


One of the attractive features of the stochastic model is that it enables us 
to integrate the macroeconomic equilibrium with corporate finance the- 
ory. An initial attempt to do this was undertaken in Chapter 10, but 
clearly a more satisfactory treatment requires risk, and the present frame- 
work ts well suited to this purpose. Recall the consumer equilibrium asset 
pricing relationships (14.51b) and (14.51c). As noted in our discussion of 
the consumer equilibrium, n/ôy W” represents the real return on the asset 
whose return is uncorrelated with dw. Substituting for rg = a in (14.51c) 
and using (14.57c), we find!” 


n 


SW? =a(t —1)—(1 — y)a*(1 — t'o? > 0. 


If we define the market portfolio to be Q = ngW + ng W, the net ex- 
pected real return on this portfolio is rg = rgng + rx(1 ~ t)nx, which, 
using (14.58a), implies 
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rg=a(l—t}+(1 - y)a?[t'o? + 67], 
so that 


n 


fa — Foy — 1 — Yee Lay + 22]. (14.63) 





Thus, we may express the equilibrium pricing relationships (14.51b) and 
(14.51c) in the familiar capital asset pricing form 


n n 
eee = 2 — - -—— 14. 
By Wi fi [re ôy 1 | ok 


where the net excess return on asset i (i = B, K) is proportional to the 
excess return on the market portfolio, with the proportionality constant 
f;—the asset’s beta coefficient—being defined as 


_ cov(dw,dug) (ng + ngt')a; + a? 











E. a et) 1, 14.65 
j var(dw) nglao? + ož) i l a 
cov(dw, dug) (1 — t'o? 
Sec ee Ng Ret ee N 6 
Px var(dw) (a; + a?) ier 


Comparing these equations we see that in this model bonds are riskier 
than capital, confirming their greater risk premium as noted in (14.58a). 
The fact that taxing the stochastic component of capital income is stabi- 
lizing is seen directly from the beta coefficient of capital, which is a de- 
clining function of t’. The relative riskiness of the two assets contrasts 
with the short bonds considered in Section 14.3, where, in general, the 
interest rate is less than the marginal physical product of capital; see 
(14.22b’). The difference is that in the present analysis the bonds are 
perpetutities, having a stochastic price P, which embodies the risks of the 
system. This is in contrast to capital, which is denominated in terms of 
the numeraire good, new output, and therefore is less risky when mea- 
sured in these terms. 


Welfare and Optimal Capital Tax 


As we have discussed in previous chapters (particularly Chapters 11 and 
13), an important topic that has attracted much attention is the effect of a 
capital tax on economic welfare, and in particular the optimal tax on 
capital from a welfare point of view. The discussions in the previous 
chapters have been carried out in the absence of risk. It is straightfor- 
ward to analyze these issues in the present framework, although to do 
so requires the introduction of a welfare criterion. For this purpose, we 
consider the welfare of the representative agent, as specified by the inter- 
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temporal utility function (14.50a), evaluated along the optimal path. By 
definition, this equals the value function used to solve the intertemporal 
optimization problem. 

As shown in the Appendix, for the constant elasticity utility function 
the optimized level of utility starting from an initial stock of wealth W(0) 
is given by 

On ae: 
X(W(0)) = dW(0)’ where 6 = T (14.66) 
and Ĉ/W is the equilibrium value given in (14.60a). However, W(0) is 
itself endogenously determined, and, using the relationship (14.58c), the 
welfare criterion (14.66) can be expressed in terms of the initially given 
capital stock, as 


1 y= 
X(K,) = (e) K? (14.67) 


where C/W,n, are obtained from (14.60a) and (14.60c). Assuming that 
these solutions are positive implies yX (Ko) > 0, as well. 

Taking the differential of (14.67) yields 
dX dng d(C/W) 
-— = ey i = 1) 14.68 
¥ Da PD are IW (14.68) 
We see that the effect of any policy change on welfare can be assessed in 
terms of its impact on (i) the consumption-wealth ratio, C/W; and (ii) the 
portfolio share of capital, ng. The expression for X(K,) becomes more 
intuitive in the case of the logarithmic utility function (y — 0) when 
(14.67) can be shown to reduce to 


l l 1 1 
MKD pie Se Gta a a a6T) 


f Be 228s p P 
This expression indicates the channels whereby policy exerts its impact 
on welfare. First, to the extent that the policy stimulates growth, y, it 
increases future consumption possibilities and is welfare-improving. Sec- 
ond, to the extent that it increases the variance along the growth, gå, it is 
welfare-deteriorating. Third, to the extent that it leads to an instanta- 
neous increase in the portfolio share n,, it generates an initial drop in the 
price of bonds, P(0), causing a welfare-deteriorating decline in wealth. 
Optimal welfare policy involves trading off these effects. If one were to 
abstract from this last effect, then the fact that a tax on the mean income 
reduces growth while having no effect on the variance would imply that 
the optimal tax tf = 0. Likewise, the fact that t’ is growth-enhancing 
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would imply that it would be optimal to tax the stochastic component of 
capital income fully, that is, t’ = 1. However, the initial jump in P(0) in- 
duced by such a policy cannot be ignored, and, in fact, once it is taken 
into account, the optimal tax policy is an interior one. 

As we have already observed, the effects if a change in the tax on 
capital impact on the equilibrium through the linear combination T = 
t — a(l — y)oft'. Differentiating the expressions in (14.60), we find 





d(C/W) ay d(C/W) 
ae FE a ERER v ee ee = orn he 14. 9; 
T oe san( aT sgn(y); (14.69a) 

dy x 

= — & 14. 
ae Tee < 0; (14.69b) 
ld 

M E or ey (14.69¢) 


ng dT (1 — (C/W) 
and using (14.69a) and (14.69c) in (14.68), the net effect on welfare is 


dX ——— a(x) 
dT (1 — yX(C/W) 





(nx — 1). (14.69d) 


We have already commented that an increase in T will lower the growth 
rate, whereas for by now familiar reasons, the effect on the consumption- 
wealth ratio depends upon y, which reflects the net impact of the income 
and substitution effects of the higher tax rate. As a benchmark case, it is 
useful to focus on the logarithmic utility function, y = 0, when C/W is 
independent of the tax rate. An increase in T, by lowering the return to 
capital, will cause agents to switch away from capital toward bonds. The 
net effect on welfare in this case depends upon ng — 1 = —ng. On the 
one hand, the decrease in growth caused by the higher tax rate reduces 
the expected future income flow, thereby reducing welfare by the amount 
—x?/f. At the same time, the reduction in ng reduces the negative wealth 
effect resulting from the price rise (measured by —(1/f)dlnn,/dT = 
an, /B7), and this is welfare-improving. The same argument applies when 
y #0. 

As long as the private sector cannot borrow from the government— 
that is, as long as we require ng > 0—it is clear that the optimal tax 
policy ts to eliminate government bonds, setting ng = 0. This result is 
identical to that obtained in Chapter 13 under certainty (see equation 
[13.20c"]) and is achieved by driving the equilibrium price of govern- 
ment bonds to zero. In that chapter it was shown that if government 
expenditure does not impact on the utility of the private agent—the as- 
sumption being made here—then the optimal fraction of government 
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debt in the agent’s portfolio is zero, just as we have found here. The 
previous result thus extends to the present stochastic context. 

To determine the optimal tax itself, set ng = 1 in (14.60c). This leads to 
the relationship 


T=t—a(l — yot =g + all — yore. (14.70) 


This expression is a risk-adjusted version of equation (13.26b), with the 
modification that the latter allowed for some interaction of government 
expenditure in utility. In the absence of risk, (14.70) reduces to t = g, so 
that the tax on capital should just equal the share of output claimed by 
the government. In the presence of risk, this relationship is modified. 

Further understanding of this relationship is obtained by considering 
the government budget constraint, when the government ceases to issue 
additional debt. Focusing on the deterministic component of (14.52’), this 
leads to 


WG + fgg = WNT. (14.71) 


This equation asserts that the tax revenues on capital must suffice to 
finance total government expenditures plus the interest owing on its out- 
standing debt. Now let ng > 1, ng > 0, as the optimal tax policy requires. 
In the absence of risk, (14.71) reduces to t = g, as in Chapter 13. 

As long as the economy starts with a strictly positive stock of govern- 
ment bonds, the share ng is reduced to zero, by driving the price of bonds 
to zero. Thus, in the present stochastic environment, as this occurs, the 
risk premium on these bonds implied by (14.58a) tends to infinity, so that 
in the presence of risk, these bonds, though negligible as a fraction of 
wealth in the limit, actually generate nonzero interest income: 

lim rgng = (1 — ya’ [t'o} + of]. (14.72) 
np O 

Substituting (14.72) into (14.71) thus yields (14.70). A further observation 
is that any combination of t and 1’ satisfying the linear constraint (14.70) 
will succeed in reaching the optimum. Thus the flexibility of being able 
to tax the deterministic and stochastic components of capital income at 
differential rates has no welfare benefits. The same can be achieved by 
taxing both components uniformly. 

But this optimal equilibrium can hold only as a limit. If, instead, the 
economy sets the actual quantity of bonds to zero, thereby attaining the 
equilibrium ng = 0 exactly, then the government’s budget would need to 
balance at all times, that is, dG = dT in (14.52). Equating the determin- 
istic and stochastic components in this case implies t = g,dz = t’ dy. In 
order for this to be sustainable, the government can no longer set its 
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stochastic expenditures independently, but instead must adjust them in 
response to the stochastic component of tax receipts. Another possibility 
may be to introduce a state-dependent tax rate. 


14.6 Some Extensions 


The model we have discussed at length Section 14.5 is a convenient one 
for addressing risk in a stochastic growth environment. The model is a 
simplified one, focusing on just two assets in the portfolio. It lends itself 
to a number of obvious extensions, and here we focus briefly on three. 


Introduction of Money 


The portfolio model developed in Chapter 10, to which the last model 
can be viewed as a stochastic analogue, also included money. In fact, it is 
straightforward to add money to this model, and this has been carried 
out by Grinols and Turnovsky (forthcoming). In their analysis, money 
yields direct utility, along with consumption, and is represented in the 
utility function 


oO 1-6\y¥ 
| ie (=) ) ef dt 0<@<1 
o 7 


where M/P represents real money balances. They introduce money 
through a nominal stochastic monetary growth rule: 


M = pdt + dx, 


where ¢ is the mean monetary growth rate and dx is its stochastic com- 
ponent, having the usual properties and a variance o? dt. 

This modification to the model can be solved along the lines of Section 
14.5 and leads to several results that are worth noting: 


i. Monetary policy is found to be superneutral in both its first and sec- 
ond moments. That is, the real part of the equilibrium, the consumption- 
wealth ratio, the rate of growth, and the equilibrium share of capital, are 
all independent of both the mean rate of nominal monetary growth p 
and its variance of. Thus the superneutrality of money associated with 
the Sidrauski (1967b) model extends to this stochastic economy.'* Also 
as in the Sidrauski model, monetary growth does affect welfare through 
the equilibrium real money balances. There is an optimal rate of mone- 
tary growth, which is to reduce the stock of bonds to its lowest feasible 
level, presumably n, = 0, thereby maximizing the utility gained from real 
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money balances. However, for the present constant elasticity utility func- 
tion, the optimal rate of monetary growth is obtained as a corner solu- 
tion rather than as an interior optimum that corresponds to the satiation 
level of real money balances. 


ii. The optimal tax policy is no longer to drive bonds to zero, but rather 
is now characterized by ng = @(1 + yny), where ny is the portfolio share 
of money. This relationship reduces to the optimum derived in Section 
14.5, when money is absent or yields no utility. 


iii. There is a jointly optimal tax-monetary policy obtained by com- 
bining (i) and (it) and characterized by 

1—8 Al + y) 

feo S B 





Nyy 


in which both money, which yields direct utility, and capital are held in 
strictly positive quantitites in equilibrium. 


Adjustment Costs in Investment 


The model we have been considering has treated investment as costless. 
It is possible to impose adjustment costs on investment along the lines of 
Chapter 11. In order to retain tractability, we must do this in a specific 
way so as to retain the proportionality of the equilibrium. Benavie, 
Grinols, and Turnovsky (1996) consider adjustment costs that are pro- 
portional to the rate of investment, just as they were in Chapter 11. This 
leads to an equilibrium having an equilibrium Tobin-q, which is respon- 
sive to the parameters (particularly the variances) characterizing the sto- 
chastic environment. They then use the model to analyze the question of 
the optimal tax on capital. The main conclusion they establish is that in 
the presence of adjustment costs and uncertainty, it is no longer optimal 
to eliminate bonds from the equilibrium, as was the case in Section 14.5. 


Utility-Enhancing and Productive Government Expenditure 


Our analysis in this chapter has assumed that government expenditure is 
“useless” and represents a pure drain on the economy. It is possible to 
introduce beneficial government expenditure, along the lines done in 
Chapter 13. If government consumption expenditure appears in the util- 
ity function of the representative agent multiplicatively with private con- 
sumption and with a constant elasticity, then the results will essentially 
be “risk adjusted” versions of those presented in Chapter 13. The same 
applies if government expenditure is productive and its impact on the 
marginal physical product of capital is proportional to the existing capi- 
tal stock. 
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14.7 Some Previous Applications of Continuous-Time Stochastic Methods to 


Economics 


We have presented in some detail various types of tractable continuous- 
time stochastic intertemporal optimizing models. At this point it is useful 
to review briefly some of the previous applications of this approach to 
economics. It would be fair to say that these have been sporadic. This is 
in part a reflection of the fact that they involve a certain amount of tech- 
nical apparatus, not very familiar to economists, and in part a conse- 
quence of the fact that they are often intractable. However, it is our view 
that when they are tractable, continuous-time methods yield transparent 
solutions that significantly facilitate our understanding of the particular 
issue to which they are being applied. 

As a historical matter, continuous-time stochastic optimization meth- 
ods have been more readily adopted by finance theorists than by eco- 
nomists. Most economists would agree that the application of such 
methods, particularly to finance but also to economics, was pioneered 
by Robert Merton. A collection of his seminal contributions has been 
brought together in his book Merton (1990), which also contains an ex- 
tensive bibliography. A review of many of the examples in both finance 
and economics is provided by Malliaris and Brock (1982). Among the 
earliest applications to finance, the contributions by Black and Scholes 
(1973) to the option pricing model and by Merton (1973) to the capital 
asset pricing model should be mentioned; see also Cox, Ingersoll, and 
Ross (1985a). Important applications to the term structure of interest 
rates were first presented by Vasicek (1977) and more recently by Cox, 
Ingersoll, and Ross (1985b). In the portfolio area, the key contributions 
are due to Merton (1969, 1971, 1973), and more recently to Adler and 
Dumas (1983) and Stulz (1981, 1983, 1984, 1987), for the international 
economy. 

The first applications of continuous-time stochastic methods to invest- 
ment theory include the contributions by Pindyck (1982) and Abel 
(1983), and a comprehensive treatment of investment theory using these 
methods is provided by Dixit and Pindyck (1994). The early applications 
to economic growth theory include the contributions by Bourguignon 
(1974), Merton (1975), and Bismut (1975). The model we have presented 
in Section 3 is very much in this tradition. The applications to macro- 
economics are relatively sparse, although they are increasing. Tax policy 
was first analyzed in a stochastic endogenous growth model, such as that 
developed in Section 14.5, by Eaton (1981), and was further pursued by 
Corsetti (1991). Monetary policy was first studied by Gertler and Grinols 
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(1982), who were interested in studying the effects of monetary uncer- 
tainty on investment, and later by Stulz (1986), who analyzed its effects 
on the interest rate. More complete macroeconomic general equilibrium 
models, directed at analyzing integrated debt, tax, and monetary policies, 
have been developed more recently by Grinols and Turnovsky (1993, 
forthcoming) and by Turnovsky (1993). Recent general equilibrium appli- 
cations to international economics include Grinols and Turnovsky (1994), 
Obstfeld (1994), among others. This last topic will be addressed in greater 
detail in Chapter 15. 


i il 


14.8 Real Business Cycle Model 


One of the powerful modern schools of macroeconomics is the so-called 
theory of real business cycles (RBC). In many respects, the type of model 
we have developed is similar to those employed in the RBC literature, 
which are typically based on the intertemporal optimization of risk- 
averse agents in a stochastic environment. Our analysis differs from the 
RBC approach in two respects. The first (but less important) difference is 
that we have chosen to use continuous time, whereas the RBC models 
are typically formulated in discrete time. 

The second and substantial difference is in the focus. After developing 
our model, we have carried out what one might call a structural compar- 
ative static analysis of the equilibrium. That is, our concern has been 
with examining issues such as the effects of policy changes and structural 
changes, including increases in risk as measured by variances, on the 
equilibrium behavior of the economy, focusing on aspects such as the 
growth rate, consumption, welfare, and so on. By contrast, the RBC liter- 
ature is concerned with studying the short-run comovements of certain 
key variables. In doing this it is particularly interested in seeing how well 
the model is able to mimic the pattern of variances and covariances char- 
acteristic of the real-world economies. This is often then used as a test 
of the model. This analysis typically makes intensive use of numerical 
methods, using numerical calibration methods to make the comparison. 

As a starting point, Hansen (1985) has presented a small table summa- 
rizing stylized facts pertaining to the stochastic structure of the U.S. 
economy; this table has served as a benchmark for the calibration analy- 
sis of real business cycle theorists; see also Backus, Kehoe and Kydiand 
(1992), Baxter and Crucini (1991, 1993), and Danthine and Donaldson 
(1993). The comparisons include the following: 


a, = 8.60 > oy = 1.76 > cç = 1.29 > ag = 0.63, 
Pry = 0.92 > pey = 0.85 > pry = 0.04, 
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where a; is the standard deviation of variable i in percentage form, where 
i = I (investment), Y (output), C (consumption), and K (capital). The 
terms p;; refer to corresponding correlations.’* Thus, the stylized data 
suggest that investment is substantially more volatile than output, while 
consumption is less so, and the capital stock much less so still. Output 
is most highly correlated with investment, less so but still substantially 
with consumption, and only slightly with the capital stock. This pattern 
is generally confirmed for other countries, although the conformity is 
more robust for investment than for consumption, because for several 
economies the variability of consumption exceeds that of output; see 
Danthine and Donaldson (1993). 

The question is the extent to which a particular model is able to rep- 
licate this pattern of stochastic characteristics. To consider this, we con- 
sider the model with multiplicative shocks discussed in Section 14.5. One 
characteristic of this model is that, in equilibrium, all real quantitites 
grow at the same stochastic rate, as determined by (14.54). Denoting the 
stochastic components by ~, we have the following: 


dC dW dK 
dY 
ee 14.73b 


implying the following variances and covariances: 


oé = o$ = a (o? + a7); Gy =a Ocy = Oxy = «0 (14.74) 


From the solutions for the stochastic components in (14.73), we infer that 
a stochastic increase in output will be accompanied by a stochastic in- 
crease in consumption and in the accumulation of capital, consistent 
with the data. It is also the case that a positive shock to government 
consumption expenditure will lead to a reduction in private consumption 
expenditure, a pattern that also tends to be supported by the data. 
Although this model performs reasonably well in terms of the signs of 
comovements, it does poorly in matching up the relative magnitudes of 
the moments as summarized by the stylized data. One of the immediate 
and obvious consequences of having an equilibrium in which portfolio 
shares remain constant is that most real quantities move closely with one 
another, so it is almost inevitable that such a simple model will fail mis- 
erably to replicate the real-world pattern of variances and covariances, 
which embodies millions of independent shocks. Thus this model finds 
that consumption and capital stocks both move together with perfect 
correlation, and furthermore have equal proportionate variances. In ad- 
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dition, with no adjustment costs, the model would imply that investment 
also moves at the same proportionate rate. Moreover, taking as rough 
magnitudes o; ~ o2,a = 0.1, we find o, = 0.1416y, which is far below the 
relative magnitudes contained in the stylized facts summarized above. 
When one repeats this kind of exercise for the model based on constant 
absolute risk aversion, these kinds of comparisons perform somewhat 
better, but still not particularly well. 

This model does not fare well in terms of the RBC criterion of replicating 
the relevant moments, but we do not view this as particularly discouraging. 
Our objective was a different one, namely to understand policy and to 
yield insights into policy-making in a stochastic intertemporal environ- 
ment. In this respect, we have found the simple model to be quite helpful. 

The failure of simple models like the one just discussed to replicate the 
stochastic characteristics of real-world economies is common, and hardly 
unexpected. In fact, the opposite result would be surprising. One re- 
sponse is to introduce additional shocks into the model, thereby weak- 
ening the stochastic relationships between the variables. A difficulty with 
this approach is that although one adjustment to the model may succeed 
in doing a better job of matching up one set of correlations, in the pro- 
cess it may worsen the ability of the model to replicate other statistics. 
Also, why focus on the second moment? Why not the third, or higher 
moments? Still, the real business cycle model has introduced an interest- 
ing methodology that presents serious challenges for the construction of 
stochastic intertemporal models. 


i 


Appendix: Derivation of Consumer Optimality Conditions (14.51) 


The representative consumer’s stochastic optimization problem is to 
choose consumption and portfolio shares to 


Sa 
max E| - C'e” dt —o<y<l, (14.A.1a) 
o Y 


subject to the stochastic wealth accumulation equation 


w C 
ae 3 (> = c) dt + dw, (14.A.1b) 


where for notational convenience 
p = ngg + Ng(1 — Trg, 
dw = ngdug + ng(1 — t^) dux, 


o2 = nok + nz(l — t’Pog + 2npng(l — tog x. 
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We define the differential generator of the value function V(W, t) by 


Ve lege 
== 2 ae 14.A. 
Ly [VW t] x+ (s- 5) o aape (14.A.2) 


Given the exponential time discounting, V can be assumed to be of the 
time-separable form 


V(W,t) = e” X(W). 
The formal optimization problem is now to choose C,ng,ng, to 
maximize the Lagrangean expression 


I 
A C + Lyle X(W)] + e[l — ng — ng]. (14.4.3) 
y 


Taking partial derivatives of this expression, and canceling e *', yields 

Crt ax, (14.A.4a) 
(rgXyW — y)dt + cov(dw, dup) Xyp W? = 0 (14.A.4b) 
(1 — trp XwW — n)dt + covidw,(1 —1’)dug)XwywW2=0  (14.A40) 
eee (14.A.4d) 


These equations determine the optimal values for C/W, ng, ng, n, as func- 
tions of Xw, Xww. In addition, the value function must satisfy the 
Bellman equation 


max {! Cre 4 Lvfe xu) = 0. (14.A.5) 


Cy ng. ng 


This involves substituting for the optimized values obtained from (14.4.4) 
and solving the resulting differential equation for X(W), namely, 


Ĉ l 
— BX(W) + (> = ()} WXy + 5 Fn WX wy = 0 (14.4.6) 
where ° denotes optimized value. 
To solve the Bellman equation we postulate a solution of the form 
X(W) = dW? (14.A.7) 


where the coefficient 6 is to be detemined. This equation immediately 
implies 


Xy = yW- t; Xww = òy(y = 1) W? (14.A.8) 


Substituting for these derivatives into (14.A.4) yields 
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G To 

W = (ôy) e 1) (14.A.9a) 

(ra(ôy) W? — mdt + (dy)(y — 1) cov(dw, dug) W” = 0 (14.A.9b) 

((1 — t)rg(dy)W? — n} dt + (6y)(y — 1) cov(dw,(1 — t’) dug) W” = 0. 
(14.A.9c) 

Substituting for C into the Bellman equation leads to 

l 

= (870D — pò + [A — (MM Joy + 56207 — NOy = 0, 

y 

implying 

(8y) 07D = B maa = 390 = Non 

f E2 y 
Combining this with (14.A.9a) leads to 
C — py — 4y(y — 162 
Oa 2 E (14.A.10a) 
W ee 
which is the expression for C/W presented in equation (14.51a). Further- 
more, dividing (14.A.9b), (14.A.9c) by (dy) W” leads to 

H 
(n — =) dt = (1 — y}cov(dw, dup), (14.A.10b) 
re(t — 1} — -— lat = (1 — poov(dw,(1 — t’) dux), (14.A.10c) 
ôy W” 
which are equations (14.51b) and (14.51c) of the text. 

The solution for the value function is obtained by substituting the 
expression for ô implied by (14.A.9a) into (14.A.6). This leads to the 
expression 

AN 
s=i( 5) (14.A.11) 
v\W 
which is expression (14.66) of the text. 
Notes 


1. In the first part of Section 14.3, all quantities, and in particular stochastic disturbances, 
should be interpreted as pertaining to the individual. Later, when aggregate behavior is 
being described, they should be reinterpreted appropriately. The intended interpretation 
should be clear from the context. 


472 


Chapter 14 


2. The analysis also assumes away any market for the insurance of tax risk. 


3. In taking this partial derivative, i is perceived as being independent of W, consistent with 
the assumption used to derive the optimality conditions. 


4. See (14.28b). In this case, because the real interest rate is fixed over time, it is obviously 
independent of debt and tax policy. If shocks are proportional to capital, as in the examples 
of Section 14.5, then it can be shown that i(t) will be independent of the deterministic com- 
ponent of taxes but dependent upon the variance. 


5. This utility function is considered by Kimball and Mankiw (1989) in their analysis of 
income tax uncertainty and consumption. 


6. The finding that consumption falls with uncertainty in wealth is similar to that obtained 
by Chan (1983) tn a two-period model with nonincreasing absolute risk aversion. 


7. For simplicity we assume that consumers do not assign direct utility to government 
expenditure. For present purposes, this assumption is inessential and can be relaxed along 
the lines of Chapter 13. 


8. For early discussions of the effect of uncertainty on consumption for this type of utility 
function, see Levhari and Srinivasan (1969) and Sandmo (1970), who showed how the ef- 
fects of risk could be decomposed into income and substitution effects. 


9. It is straightforward to allow dy and dz to have some assigned pattern of correlations. 


10. It may appear from the equilibrium that a stochastic shock in output dy has no effect 
on consumption. This is not so. In fact, a random shock in output will stimulate consump- 
tion through the accumulation of real wealth. By increasing the rate of return on capital it 
increases the proportionate change in real wealth, which, given the constancy of the con- 
sumption-wealth ratio, implies a proportionate increase in consumption; see also (14.74), 
where short-run covariances are discussed. 


11. This equilibrium depends upon the assumption that the stochastic processes are uncor- 
related and that the deficit is bond-financed. Changing these assumptions will change the 
equilibrium covariance structure. 


12. Observe that if initially t = t’, then 1 > a(1 — y)o/, implying that a uniform increase in 
both tax rates, dt = dt’ > 0, always has a contractionary effect on growth. 


13. The assumption that bonds are long bonds, as in the present analysis, is important for 
this result. Grinols and Turnovsky (1993) analyze a model in which bonds are short bonds, 
as in Section 14.3. In order to generate an equilibrium having constant portfolio shares, 
debt policy must be severely restricted; namely, the ratio of bonds to money must be held 
constant. Under this form of debt policy, monetary policy ceases to be superneutral. Such a 
moel is developed in Chapter 15 for a small open economy. 


14. These comparisons are taken from Danthine and Donaldson (1993, table 1). Backus, 
Kehoe, and Kydland (1992) and Baxter and Crucini (1991) report slightly different bench- 
mark statistics. 





1 5 A Stochastic Intertemporal Model of a Small Open Economy 





15.1 


Introduction 


This final chapter extends the stochastic growth model developed in Sec- 
tion 14.5 to a small open economy. The model developed here can also 
be viewed as a stochastic version of the model of international capital 
accumulation developed in Chapter 12, although the costs of adjustment 
associated with investment in that analysis are not introduced. As in 
Chapter 14, the objective is to develop a stochastic macroeconomic gen- 
eral equilibrium system in which both the means and the variances of the 
endogenous variables are simultaneously determined. 

Among the variables to be determined, the endogenous process de- 
scribing the exchange rate is particularly relevant, and the equilibrium 
will determine both its deterministic and its stochastic components. This 
approach builds on work of the early 1980s, in which asset demands were 
determined and in which exchange rate dynamics, returns on traded and 
domestic bonds, and stochastic movements in prices were all specified as 
exogenous Brownian motion processes.’ This chapter also describes the 
relationship between the investor’s choices in the same way, although we 
endogenize the stochastic processes describing the domestic price level, 
the exchange rate, and the real rates of return on assets. International 
finance has provided a fruitful area for the application of continuous- 
time stochastic methods, and the important contributions of Stulz (1981, 
1984, 1986, 1987) and of Adler and Dumas (1983) should be mentioned in 
this regard. The primary focus in these papers is on the establishment of 
equilibrium portfolio relationships, the determination of asset demands, 
and the equilibrating pricing of assets. By contrast, the goal of the 
present chapter is to embed these considerations into a more complete 
macroeconomic framework and to investigate the effects of macroeco- 
nomic policy shocks (and other changes) on this stochastic equilibrium 
(see also Grinols and Turnovsky 1994). 

This type of mean-variance optimization framework has formed the 
basis for much important empirical work pertaining to interest rate par- 
ity relationships and the determination of exchange rate risk premia; see, 
for example, Frankel (1986), Giovannini and Jorion (1987), Hodrick and 
Srivastava (1986), and Lewis (1988), among others. By incorporating this 
financial subsector into a general equilibrium macroeconomic context, 
the present model provides a convenient vehicle for analyzing the deter- 
minants of the foreign exchange risk premium within a general equilib- 
rium setting and for examining its responsiveness to the exogenous risks 
impinging on the economy. 
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In contrast to the model of Chapter 14, money is introduced and plays 
an important role. After developing the model, we use it to address a 
number of issues that have been studied in the international macro- 
economic literature. First, we analyze the effects of both domestic mone- 
tary and fiscal policy on the domestic economy, contrasting the effects of 
changes in the levels of these instruments with the effects of changes in 
their associated risks. 

Second, we analyze the effects of changes in the foreign inflation rate, 
and in its associated variance, on the domestic economy. The extent to 
which flexible exchange rates insulate an economy against foreign price 
shocks was discussed at some length in the 1970s following the world- 
wide move toward flexible exchange rates. These analyses were based on 
the portfolio balance models of the time. The present stochastic model is 
a useful vehicle for revisiting the issue, and, as it turns out, for confirming 
some of the previous propositions. 

Substantial attention is devoted to analyzing the determinants of the 
equilibrium growth rate of the economy. This is determined by a stochas- 
tic differential equation, and both its deterministic and its stochastic 
components are investigated. The short-run covariation between the 
stochastic shocks to growth and other key macroeconomic variables are 
discussed, along the lines of the real business cycle literature. The effects 
of increased risk, arising from policy as well as from exogeneous sources, 
on both the mean growth rate and its variance are also considered. As a 
final application, we use the model to analyze the relationship between 
export instability and the rate of growth, a relationship that has under- 
gone substantial empirical investigation. The model is able to shed some 
light on the wide range of empirical results that have been obtained. 

It is important to emphasize that the implications of this type of mean- 
variance equilibrium model, in which risks are endogenously determined, 
can sometimes overturn those derived from more conventional models 
where the endogeneity of some aspects of the structure is ignored. To 
give one result, simple ad hoc stochastic models, in which the structural 
parameters are assumed to be independent of the stochastic structure, 
typically predict that an increase in the variance of the foreign price 
shocks will increase the variance of the nominal exchange rate. In the 
present model, the reverse may turn out to be true. An increase in the 
variance of foreign price shocks may bring about a sufficient readjust- 
ment of the equilibrium portfolio so as to mitigate the effects of foreign 
price shocks on the exchange rate, thereby reducing the variance of the 
latter. In effect, the structural changes induced by the change—the key 
element of the Lucas Critique—are the dominant influence. 
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Pee ac 
= a 





15.2 The Analytical Framework 


The model we consider is that of a small open economy, in that the econ- 
omy is a price taker in all its international trading activities. In contrast 
to the previous chapter, the economy is a monetary one. We begin by 
describing the stochastic environment, financial assets, and choices of 
consumers and the government. 


Prices and Asset Returns 


The domestic representative agent chooses at each instant of time the 
consumption of a single traded good and the allocation of his wealth 
between four assets. The assets include domestic money, M, and domes- 
tic government bonds, B, both of which are denominated in terms of 
domestic currency and are assumed to be internationally nontraded; 
tradable foreign bonds, B*, which are denominated in terms of foreign 
currency; and equity claims on capital, denominated in terms of domestic 
output and also assumed to be internationally traded. The reason for 
assuming that domestic bonds are nontraded is the following. If, instead, 
they were internationally traded, then because the domestic economy is 
small, the risk parity conditions between the foreign and domestic bonds 
would become exogenously determined by risk conditions and prefer- 
ences in the rest of world. Rather than impose such a condition arbitrarily 
or attempt to model the economy of the rest of the world, we assume 
that domestic bonds are nontraded, thereby determining the risk parity 
condition between the two assets endogenously in the market of the 
small open economy. 

There are three prices in the model: P, the domestic price of the traded 
good; Q, the foreign price level of the traded good; and E, the nominal 
exchange rate, measured in terms of domestic currency per unit of for- 
eign currency. With this convention an increase in E corresponds to a 
depreciation of the domestic currency. Q is assumed to be exogenous; P 
and E are to be endogenously determined. These prices evolve in accor- 
dance with the Brownian motion processes 


dP 

— = ndt + dp (15.1a) 
P 

d 

g and + da (15.1b) 


dE 
Ep edi + de (15.1c) 


elt: t m 
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where 7,,€ are the respective expected instantaneous rates of change. 
The terms dp, dq, and de are temporally independent, normally distrib- 
uted random variables with zero means and instantaneous variances 
o? dt,a? dt,o2 dt. Assuming free trade and a single traded good, the price 
level in the domestic economy must be related to that in the rest of the 
world by the purchasing power parity (PPP) relationship 


P = QE. (15.2) 
Taking the stochastic derivative of this relationship implies 


dP d dE dQdE 

— = cout + ag —. (15.3) 
PTO E QE 

Substituting for (15.1a)-(15.1c) into this relationship and retaining terms 
to order dt implies 


R=nHn+éet oy (15.4a} 
dp = dq + de (15.4b) 


where Ge dt is the instantaneous covariance between dq and de. 

Equation (15.4a) portrays an important difference from the conven- 
tional specification of inflation in a small open economy under condi- 
tions of PPP. Under these conditions it is standard to assert that the 
domestic inflation rate is the sum of the world inflation rate plus the rate 
of exchange depreciation of the domestic currency; see Chapter 12. In a 
stochastic world, such as that being studied here, account also must be 
taken of the covariance between the world inflation rate and the domes- 
tic exchange rate. As we will see in due course, the latter term tends to be 
negative, in which case the conventional PPP relationship would over- 
state the rate of domestic inflation. Equation (15.4b) describes the sto- 
chastic component of the PPP relationship. A positive random shock in 
the foreign price level or a stochastic depreciation of the domestic currency 
leads to a proportionate stochastic increase in the domestic price level. 

Domestic and foreign bonds are assumed to be short bonds, paying 
nonstochastic nominal interest rates i and i*, respectively, over the 
period dt. Using the Itô calculus, we find the real rates of return to 
domestic residents on their holdings of money, the domestic bond, and 
the foreign bond to be, respectively, 


dRy =rydt— dp; ty = —n +95, (15.5a) 
dRg = rgdt — dp; rp =i-x+a;, (15.5b) 
dRp = rpdt — dq; rp =i* —n +07. (15.5c) 
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Again, it will be observed that these rates of return differ from the corre- 
sponding standard deterministic quantities by two terms: first the sto- 
chastic component, and second the variances. Consider the rate of return 
on money. In general, this is defined by the quantity 


_ d(1/P) 
EE): 
Taking the second-order differential of the right-hand side of this expres- 
sion yields 


dP dP\? 
es Be} 


Under deterministic conditions, the second term is negligible, so that this 
expression is simply —dP/P, which, per unit of time, is simply —z. 
Under stochastic conditions, however, (dP/P)? = a; dt, in which case we 
obtain 


dRy =[—1 +o) ] dt — dp, 


which is (15.5a). The important point to observe is that because of the 
convexity of 1/P in P, the variance of the stochastic component of P 
contributes positively to the expected rate of return. The same proce- 
dures can be used to derive the returns on the bonds; the only point to 
note is the plausible assumption that the nominal interest rate over the 
period (t,¢ + dt) is nonstochastic. 

The production technology remains similar to that of Chapter 14. The 
flow of domestic output dY is produced from capital K by means of the 
stochastic constant returns technology 


dY = «K(dt + dy), (15.6) 


where a is the (constant) marginal physical product of capital and dy 
is a temporally independent, normally distributed stochastic process with 
mean zero and variance o; dt. The equity investment available to the 
agent is thus the real investment opportunity represented by this technol- 
ogy. Hence, in the absence of adjustment costs to investment, the real 
rate of return on capital (equity) is 


dY 
dRy = oR dt + dk = «dt + «dy. (15.5d) 


Consumer Optimization 


The representative consumer’s asset holdings are subject to the wealth 
constraint 
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See eee i 


where W denotes real wealth. In addition, he is assumed to consume out- 
put over the period (t,t + dt) at the nonstochastic rate C(t)dt generated 
by these asset holdings. 

The objective of the representative agent is to select his rate of con- 
sumption and his portfolio of assets to maximize the expected value of 
lifetime utility, 


eii i-@\y 
bs | (cer Ft) Jena 0<Osl;-os7 <1,  (158a) 
0 


subject to the wealth constraint (15.7) and the stochastic wealth accumu- 
lation equation, expressed in real terms as 


dW = W[nydRy + ngdRp + ngdRg + npdRp]— C(t)dt—dT (15.8b) 





where 
M/P 
ny = : - = share of protfolio held in money, 
B/P . , 
Na ag os share of portfolio held in domestic government bonds, 
K : ; ; 
ng = p~ share of portfolio held in terms of capital, 
EB*/P B* : l 
tp =~ / =— R share of portfolio held in foreign bonds, 
W W 
dT = taxes paid to the domestic government. 


The consumer's objective function reflects utility from the holding of 
real money balances, as well as from current consumption. As in Section 
14.5, the specification of the constant elasticity utility function is conve- 
nient, with the choice of @ measuring the relative importance of money. 
The comments we made in Section 9.8 with regard to introducing money 
into the utility function apply here as well and should be kept in mind in 
interpreting the present analysis. We should also note that government 
expenditure yields no utility, although this too can be introduced along 
the lines of Chapter 13. 

In the present analysis, taxes will be endogenously determined to sat- 
isfy the government budget constraint, specified in equation (15.12), and 
will therefore include a stochastic component reflecting the changing 
need for taxes. Because in a growing economy taxes and other real vari- 
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ables grow with the size of the economy, measured here by real wealth, 
we relate total taxes to wealth according to 


dT =W dt + Wav (15.9) 


where dv is a temporally independent, normally distributed random vari- 
able with zero mean and variance of dt. As we will see below, the param- 
eters t,dv must be set to ensure that the government’s budget constraint 
is met. It will also become evident presently that, in a steadily growing 
economy, the tax rate on the deterministic component of total wealth z is 
nondistortionary; it operates essentially as a lump-sum tax. This is not 
true, however, of the stochastic component, which will have real effects 
through the portfolio decision. 

Substituting for n; into (15.7), for ny into (15.8a), for (15.5a)—(15.5d) 
and (15.9) into (15.8b), the stochastic optimization problem can be ex- 
pressed as being to choose the consumption-wealth ratio C/W, and the 
portfolio shares n; to maximize (15.8a) subject to 


dW C 
w` [nuru + Agg + Nghe + Apr — wT J dt + dw, (15.10a) 


where for convenience, we denote the stochastic component of dW/W by 
dw = — (ny + ng)dp + ngady + npdq — dv. (15.10c) 


In performing this optimization, the representative agent takes the real 
rates of return, the tax rate t, and the relevant first and second moments 
of all stochastic processes (including those involving dv) as given. How- 
ever, these will all ultimately be determined in the stochastic equilibrium 
to be derived. 

The details of the optimization parallel those of the previous chapter, 
particularly Section 14.5, and can be solved by following an identical 
procedure to that presented in the Appendix to Chapter 14. The resulting 
optimality conditions can be expressed as 


Consumption 3 g B l (y — 1)a? (15.11a) 
u ‘ Se A ——— — Yv — —yvyiy — 4 
p m r a a ee 


(15.11b) 





I 


1 — 0\ (C/W 
Money balances: Ay = (* a / ) 


Equities and bonds: (rk — fg} dt = (1 — y)covidw,ady + dp) (15.11c) 
(rr — rg) dt = (1 — y)cov(dw, —dq + dp) (15.11d) 


480 


Chapter 15 


where 


pP = Nyty + Nplg + g'g + pre, 


d 2 
o2 = lim pl w) 
di>o dt 


= (ħu + ng) af + nga a? + ngoz + a? 





— 2(ny + ngng XOpy — 2(Nyg + Ng) NpOpg + 2y + Np) Op, 
+ 2ngNpkdy, — NKC py — Wp, 


The form of consumption-wealth ratio is analogous to that derived in 
Chapter 14, so that the comments we made previously continue to apply. 
The only change is in the parameter @, which represents the relative 
importance of consumption in utility. Equation (15.11b) determines the 
demand for real money balances. Because domestic bonds and money 
belong to the same risk class, (15.11b) is in effect the equality between 
the real rate of return on domestic money and the real rate of re- 
turn on bonds, the former including its utility return, measured by 
(1 — A/0)((C/W)/ny}. To see this, we may observe that the optimality 
condition determining the demand for money, analogous to (15.1 {c), 
(15.11), is 


(r + 5") a — ra) dt = (1 — y)cov(dw,dp — dp) = 0. (15.11b’) 


0 nu 


Noting from (15.5a), (15.5b) that rz — ry, = i, this equation immediately 
implies (15.11b). The implied demand for money obtained from this latter 
equation can be written as 


M (1-0\C 
Cana eae a 


which can be seen to be an interest-elastic cash-in-advance constraint. 

Equations (15.11c} and (15.11d) describe the differentia] real rates of 
return on the assets, in terms of their respective risk differentials, as mea- 
sured by the covariance with the overall market return. These relation- 
ships are analogous to (14.51b), (14.51c) (or more exactly their difference). 
Observe that if the investor is risk neutral (i.e., y > 1), all expected real 
rates of return would have to be equal. Solving equations (15.11b)- 
(15.11d), in conjunction with the normalized wealth constraint (15.10b), 
one can determine the agent’s portfolio demands ny, ng, ng,Mp. 


Government Policy 


Government policy is characterized by the choice of government expen- 
ditures, the printing of money and bonds, and the collection of taxes, all 
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of which must be specified subject to the government budget constraint. 
This is expressed in real terms as 


M B M B 
(7) $ a(p) =dG + (5) dRy + ( >) dR, — aT (15.12) 


where dG denotes the stochastic rate of real government expenditure. 
Like the analogous equation for the representative agent (15.8b), this can 
be derived from the basic nominal budget constraint, as in Merton 
(1971). 

Government expenditure policy is specified by the process 


dG = gaK dt + aK dz (15.13a) 


where dz is an intertemporally independent, normally distributed ran- 
dom variable with zero mean and variance ož dt. As in Section 14.5, 
government expenditure is specified to be a stochastic share of out- 
put. Although, on average, government spending is a fraction g of the 
economy's mean output, the stochastic term reflects the possibility that 
policymakers may not be able to set government expenditures with cer- 
tainty. For example, program needs may not be foreknown exactly, 
because real resources required to meet a policy objective are known 
only imperfectly. 

Having introduced money, we must introduce monetary policy, which 
we specify by the stochastic growth rule 


M 
M = ġdt + dx (15.13b) 
where ¢ is the mean monetary growth rate and dx is an independently 
distributed random variable with zero mean and variance a? dt. This 
equation reflects how monetary policy is chosen and encompasses a po- 
tentially rich set of policies. To be concrete, we shall assume that the 
monetary authority sets the growth rate, ø, directly. The stochastic com- 
ponent dx may reflect exogenous failures to meet this target. Alterna- 
tively, it may reflect stochastic adjustments in the money supply as the 
authorities respond to stochastic movements in intermediate targets, 
such as the exchange rate or the interest rate. 

Debt policy is formulated in terms of maintaining a chosen ratio of 
domestic government (nontraded) bonds to money, 
B 


peeks 15.13 
To ( c) 
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where / is a policy parameter set by the government. This specification 
can be thought of as being a stochastic version of a balanced growth 
equilibrium assumption that has a well-established tradition in the mon- 
etary growth literature; see, for example, Foley and Sidrauski (1971). In 
the present international context, the choice of 4 also reflects sterilization 
policy. 

There are several aspects, both practical and empirical, motivating the 
specification of debt policy by (15.13c). As we commented in Section 14.6, 
if we assume as we did in Chapter 14 (i) that debt is determined residu- 
ally so as to finance the government budget constraint, and (ii) that gov- 
ernment bonds are long bonds (perpetuities), then monetary policy turns 
out to be superneutral. If we want to assign a more central role to mone- 
tary policy, one or both of these assumptions must be modified. Suppose 
we were to continue to adopt what might seem the most natural assump- 
tion, namely that government bonds are determined residually by the 
need to finance the government budget. We would then find that the 
ratio of money to short government bonds would evolve stochastically 
over time as bonds were issued as necessary to meet the stochastic bor- 
rowing requirements of the government. This would mean that it would 
be impossible to have an equilibrium in which portfolio shares remain 
constant over time, as we assumed previously. On the contrary, they 
would have to change stochastically through time, and this leads to a 
substantial complication in the derivation of the portfolio equilibrium. 
In effect, it becomes impossible to represent the stochastic dynamics in 
terms of only one state variable, wealth, as we have been doing. Instead, 
we would need to include a second state variable, such as the stochastic 
ratio of bonds to money. This converts the optimization into a two-state 
variable problem, which in general becomes much more difficult, and fre- 
quently intractable to solve. 

Although the assumption that deficits are bond-financed is the preva- 
lent one in the analytical modeling of macroeconomic equilibria, it is not 
clear that it is necessarily the appropriate description of actual debt pol- 
icy. In fact, historically, there have been substantial swings in U.S. debt 
policy, and the specification (15.13c) provides a reasonable characteriza- 
tion of debt policy over substantial periods of time. For example, over 
the period 1967-1985, the ratio of publicly held debt to M3 in the 
United States averaged 0.24 with a standard deviation of only 0.055, 
while the ratio of maturities less than one year to M3 averaged 0.11 with 
a standard deviation of only 0.018. In this case, the constancy of bonds 
to money in the long run is also dictated by the fact that assuming differ- 
ential growth rates for B and M would imply that the asset with the 
smaller growth rate would ultimately become vanishingly small in the 
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portfolio of the representative investor. In any event, when the ratio of 
bonds to money is held fixed, it is more appropriate to refer to the com- 
mon growth rate of money and bonds (¢) and its stochastic component 
(dx) as being a more general characterization of government finance pol- 
icy, rather than a pure monetary policy. It is also the reason why the 
superneutrality of money no longer obtains in this case. 

Given the policy specification (15.13a)—(15.13c), both the mean and the 
stochastic components of taxes, dT, must be set to meet the government 
budget constraint (15.12). The treatment of taxes as the residual budget 
item is a consequence of the restrictions imposed on the specification of 
debt policy. 


Product Market Equilibrium and Balance of Payments 


Net exports of the physical commodity are determined as being the 
excess of domestic production over domestic uses, dY — dC — dK — dG. 
Balance of payments equilibrium in turn requires the transfer of new 
foreign bonds (in excess of interest on earlier issues) to finance the net 
exports of the domestic country. This is expressed in real terms by the 
relationship 


Bt B* 
dl —-)=TdY — dC — dK — dG --}dRp 15.14 
(5) L 1+(5) ae 


and is the stochastic analogue to equations (12.8) and (12.18). Rearranging 
(15.14) and using equations (15.5c), (15.6), and (15.13a) leads to the fol- 
lowing equation describing the real rate of accumulation of traded assets 
in the economy: 


e + dK = faku oy) eee eG -n+ of) a 


+ aK (dy — dz) — (3) (15.15) 





15.3 Macroeconomic Equilibrium 


The elements described in the previous section can now be combined 
to yield the overall equilibrium of the small open economy. Our solution 
procedures will parallel those of Section 14.5, although with stochastic 
prices and additional assets the equilibrium is more complicated to 
derive. The exogenous factors include (i) the specification of monetary 
policy æ, (ii) the mean rate of government expenditure g, (iii) debt policy 
4, (iv) the mean foreign inflation rate 4, and (v) the preference and 
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technology parameters y, f,a. There are three exogenous stochastic pro- 
cesses impinging on the economy. These include government expenditure 
shocks dz, productivity shocks dy, and foreign inflation shocks dg. These 
are assumed to be mutually uncorrelated. Other shocks could be in- 
cluded, but this set is characteristic of the more important exogenous 
stochastic influences on a small open economy. The stochastic rate of 
return on equities is defined in (15.5d)}, while the stochastic component 
of taxes dv and real wealth dw are determined endogenously. At least 
two of the three purely monetary shocks, dx, dp, and de, are endogenous, 
depending upon the specification of government financial policy. We 
shail assume that the monetary growth rate is targeted independently, in 
which case dx is exogenous, and dp and de reflect the endogenous sto- 
chastic adjustments in the exchange rate and price level. However, if in- 
stead government finance policy were to target the exchange rate, say, 
then dx would also adjust endogenously in response to the stochastic 
movements in the latter. From the solutions for the stochastic compo- 
nents, the endogenous variances and covariances can be determined and 
the overall mean-variance macroeconomic equilibrium obtained. 


The Price Level 


The optimality conditions imply that if assets have the same stochastic 
characteristics through time (i.e., the means and variance-covariance ma- 
trix of asset returns are stationary), they will lead to the same allocation 
of portfolio holdings. Such a recurring equilibrium will be characterized 
by constant portfolio shares through time. We shall therefore look for an 
equilibrium in which portfolio shares have this property, and verify that 
the equilibrium is consistent with this assumption. 

Assuming constant portfolio shares implies that (M/P)/(K + B*/Q) = 
ny/(nk + np} is constant over time. The price level can then be written as 


a ng + hp M 


Taking the stochastic differential of (15.16) (noting that portfolio shares 
are constant through time) leads to 











dP 

m ndt + dp 
_ 4M — d[(B*/Q) + K] ii; (a) eee + J 
© M  (B*/Q)4+K M J \ (B*/0)+K 


(15.17) 


i Cae + a 
(BY/Q)+K ) 
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Using (15.13b) and (15.15), and noting that the variances are of order dt, 
the right-hand side of this equation can be expressed as 


‘0 — (o faa —g)— : | +(1—o)[i* — y + a21) +w (a? + ož) 
K 


+ (1 — o o? — w(o,, — Oyz) + (L — af dt 


+ dx — aw(dy — dz) + (1 — œ) dq 


where for notational convenience we define w = ng/(ng + np) to be the 
share of capital in the traded portion of the consumer’s portfolio. 
Equating the deterministic and stochastic components of (15.17) implies 


r= ¢— (olaa TE] +(1—w)[i* — 4 + až) 


+x o? + 67) + (1 o 0 — ao(e,, — 6,2) 
(ie az (15.18a) 
dp = dx — awm(dy — dz) + (1 — w)dq. (15.18b) 


Equation (15.18a) specifies the expected rate of domestic inflation that is 
consistent with maintaining unchanging portfolio balance. It varies posi- 
tively with the expected rate of monetary growth and inversely with the 
expected rate of growth of traded assets. In addition, it increases with the 
variance of the growth of traded assets (through the last term on the 
right-hand side of [15.17]) and decreases with the covariance of the mon- 
etary growth rate and the growth of traded assets. The second equation 
determines the endogenous stochastic component of the domestic infla- 
tion rate in terms of the stochastic components of financial asset growth, 
the fiscal and productivity shocks, and the foreign inflation rate. The 
share of domestic capital in the traded portion of the portfolio œ is an 
important determinant of how these shocks affect domestic inflation. For 
example, the influence of foreign price disturbances increases with the 
share of foreign bonds in the portfolio of traded assets. 


Determination of Tax Adjustments 


To determine the tax adjustments, recall the government budget con- 
straint (15.12). Dividing both sides by W, we may rewrite this equation as 


"M MP  "® B/P 





d(M/P)  d(B/P) dG ~- dT 
a E E E | (15.12) 
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Substituting for government expenditure policy, (15.13a), monetary pol- 
icy, (15.13b), debt policy, (15.13c), tax collection, (15.9), and the price 
evolution, (15.1a), into (15.12’), while noting the stochastic derivatives of 
d(M/P), d(B/P), this equation becomes 


(ny + ng) — T — Opp + OG) dt + (ty + My) (dx — dp) 


= [xngg — T + nyl n + 05) + ngli— n + 03) ] dt — (ny + mg) dp. 
(15.12”) 


Equating the deterministic and stochastic parts of this equation leads to 
the two relationships 


t= angg — (My + npo + npi + (My + Ap), (15.19a) 
dv = ang dz — (Ny + Np) dx. (15.19b) 


These equations determine the endogenous adjustments in the mean and 
stochastic components of taxes necessary to finance the government bud- 
get. Observe that whereas t need be set only once to maintain equilib- 
rium, dv must adjust continuously to offset the stochastic shocks in mon- 
etary and fiscal policy as they occur. Equation (15.19a) asserts that an 
increase in government expenditure will ceteris paribus require a higher 
mean tax rate, as will higher interest payments. However, a higher mone- 
tary growth rate will generate higher inflation tax revenues, permitting 
a reduction in the mean rate of tax. A positive covariance between the 
monetary growth rate and the price level reduces the growth rates of the 
real stocks of money and bonds and thus requires a higher tax rate to 
finance the government’s expenditures. Equation (15.19b) has an analo- 
gous interpretation with respect to the stochastic components. 


Summary of Stochastic Adjustments 


The stochastic adjustments in the economy include (i) the PPP relation- 
ship, {15.4b); (ii) the definition of the stochastic component of wealth, 
(15.10c); (ii) the stochastic adjustment in the domestic price level, (15.18b); 
and (iv) the stochastic adjustment in taxes, (15.19b). Combining (ii) and 
(iv) leads to the following expression for the stochastic adjustment in real 
wealth dw: 


dw = aw(dy — dz) — (1 — w)dg, (15.20a) 
and the remaining stochastic expressions can be summarized as 

dp = dx — aw{dy — dz) + (1 — w)dq (15.20b) 
de = dx — aa(dy — dz) — œ dq (15.20c) 
dv = ang dz — (nų + Np) dx. (15.20d) 
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These four independent equations determine the stochastic adjustments 
in the four quantities dw, dp, de, and dv. Observe that these are functions 
of the portfolio shares, which have yet to be determined. 


Core Equilibrium Relationships 


Using equations (15.20a)-(15.20d), together with (15.5d), one can calcu- 
late the endogenous variances and covariances that appear in the opti- 
mality conditions (15.1la), (15.11c} and (15.t1d), and elsewhere. The 
calculations are straightforward, and here record we the key expressions 
only: 


o =a w l? + 07) + (1 — w)*a? (15.21a) 
cov(dw, ady + dp) 

= [o?w(1 — mo? — a? w?o7 — (1 — œ) oj] dt (15.21b) 
cov(dw, —dq + dp) = [—a?w*(o; + 07) + w(1 — w)aj] dt. (15.21c) 


The variance of the domestic real wealth is essentially a weighted average 

of the domestic and foreign sources of variances, the weights being the 

squares of the relative portfolio shares of the two traded assets. 
Substituting (15.216) into (15.11c), the latter may be written as 


rg — rs = (1 — iol — wo? — aw? o? — (1 — o) og]. (15,22a) 


This equation expresses the differential expected rate of return between 
domestic bonds and domestic capital. The right-hand side of (15.22a) 
thus represents the real risk premium on domestic capital over domestic 
bonds, with risk being “priced” at (1 — y). As long as 0 < œ < 1, this dif- 
ferential may be either positive or negative. 

The fact that there may be a positive risk premium on bonds over 
capital may appear to contradict studies that suggest that the real return 
on equities substantially exceeds that on bonds (see, ¢.g., Mehra and 
Prescott 1985). The apparent inconsistency can be reconciled by noting 
that the definition of rg includes the equilibrium variance of the inflation 
rate o;. If one were to ignore this term and define the expected real rate 
of return on bonds by the more conventional (but incorrect) expression 
ra = i — n, and assuming for example y = 0, then (15.22a) would imply 


re — Vp = 02 + aoa. (15.22a’) 
¥ 


In general, rg will exceed rọ and may do so by substantial margins 
if the variances 7,07 are sufficiently large. Substituting for rg and 
rz into (15.22a), this relationship may be expressed in the equivalent 
form 
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a —(i— 2) = (1 — y)[e? w(t — wo? — xwa — oll — w)? 2] + oè. 
(15.23a) 


Likewise, substituting (15.21c) into (15.11d) yields 
tp — tg = (1 — y [ew la; + 67) + w(1 owo], (15.22b) 


expressing the differential between the expected real rate of return on 
domestic and traded bonds. The right-hand side is the real risk premium 
on foreign bonds. Substituting for rẹ and rp from (15.5b) and (15.5c), this 
can be written as 


(i* — n) — (i — n) = (1 — y)[—27? w*(oF + 07) + oll — oa] + og — oè. 
(15.23b) 


Next, subtracting (15.23b) from (15.21a) yields the following solution for 
w: 
æ — (i* — n + až) a 


sep ee) roe iter 15.24 
K (1 — ya +o) aap +o l ) 





Equation (15.24) expresses the relative share of capital in the traded por- 
tion of the representative agent’s portfolio, It is seen to be independent of 
monetary policy. It thus obtains, whether the authority is targeting the 
monetary growth rate—as is being assumed here—is trageting the ex- 
change rate, or is following some other form of monetary policy. As 
written, the determinants of the optimal portfolio share have been de- 
composed into two components. The first involves the differential real 
rate of return on capital and traded bonds and represents the speculative 
behavior on the part of the representative agent. The second involves 
the relative variances of the two assets and thus represents the hedging 
behavior on the part of the agent. 

Having determined œw, we can now summarize the remainder of the 
equilibrium by the following sets of relationships. 


Consumption, Growth, and Portfolio Shares 


With portfolio shares remaining constant over time, all real components 
of wealth must grow at the same stochastic rate, that is, 


d(M/P) _ d(B/P) _ d(B*/Q) dK dW _ 
“Mie BP T BHO ~ Kw That ee (15.25) 


—B*/O K W 

Taking expectations of the accumulation equation (15.15), using (15.25) 
and the definition of œ, the mean real rate of growth is given by the 
expression 
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w=o (0 —g)- — ) + (1 — oli — y + 62). (15.26a) 
ny W 

The expected growth rate is thus seen to be a weighted average of the 
domestic sources of growth, that is, net domestic output less the amount 
used for private and public consumption, and the growth attributable to 
interest earnings from abroad, the weights being the relative portfolio 
shares, œ and (f — œw), respectively. 

Next, substituting for cĉ into the consumer optimality condition 
(15.1 1a), the equilibrium consumption-wealth ratio is 


C 0 


1 
p- wo! = PY 57) = YLePotoy + of) + wog 1) 
í 


(15.26b) 
where by combining (15.10a), (15.25) with the definition of return p, de- 


fined in (15.11), the latter can be expressed as 


C 
pout i (15.26c) 


The real part of the equilibrium is completed by recalling (15.11b), 


ME (=) ene (15.26d) 





0 i 


and the normalized wealth constraint (15.10b), which, recalling (15.13c), 
can be written as 


(Ong ae (15.26e) 
(62) 


Having determined the partial portfolio share œ, equations (15.26a)- 
(15.26e) can be viewed as determining the equilibrium solutions for the 
consumption-wealth ratio C/W, the total net rate of return p, the mean 
growth rate y, and the portfolio shares of money and capital ny, ñg, in 
terms of the domestic nominal interest rate i; debt policy 4, and other 
exogenous real parameters such as the exogenous real sources of risk, 
a, ,0;,9,; preference parameters 0, 8; the technology parameter «; and 
the target share of government expenditure g. 

The remaining portfolio shares np and ng are obtained by combining œw 
with ng, and from the debt policy specification (15.13c), respectively. Fur- 
thermore, having obtained this “core” set of relationships, and with rp, rg 
being exogenously given from (15.5c) and (15.5d) respectively, the real 
rates of return on domestic bonds and on money can be obtained from 
(15.22a) and (15.1 1b’), respectively. 


490 


Chapter 15 


Nominal Quantities 


Once the real part of the equilibrium is determined, the nominal quanti- 
ties can be derived from the following relationships: 


n= +e- og (15.27a) 
i=i* +e — o ~ yt w lo; + 07) + yol — who? (15.27b) 
n= — yli àg, a}, o2, og) + ož. (15.27c) 


Equation (15.27a) is the “risk-adjusted” PPP equation (15.4a). Assuming 
that the agent holds a positive stock of capital, the sum of the world 
inflation rate plus the expected rate of exchange depreciation overstates 
the expected rate of domestic inflation. Equation (15,.27b) is a “risk- 
adjusted” statement of nominal interest parity. This equation is obtained 
by substituting (15.27a) into (15.23b) and simplifying. It is clear that, 
in general, uncovered nominal interest parity, i = i* + e, does not hold, 
which is hardly surprising. More surprising is that, in the absence of do- 
mestic monetary risk (ož = 0) and if the utility function is logarithmic 
(y = 0), uncovered interest parity does obtain, even when agents are risk- 
averse, as they are assumed to be here. The fact that uncovered interest 
parity may hold even for risk-averse agents has been emphasized recently 
by Engel (1992), and our analysis provides a simple confirmation of that 
result. The third equation, (15.27c), describes the rate of inflation neces- 
sary to maintain portfolio balance (15.18a). It asserts that for portfolio 
balance to be maintained, the risk-adjusted rate of real monetary growth 
must equal the real equilibrium growth rate in the economy. Given the 
specification of monetary policy, these three equations jointly determine 
the equilibrium solutions for (i) the domestic rate of inflation z, (ii) the 
rate of exchange depreciation ¢, and (iii) the domestic nominal interest 
rate i. In particular, the stochastic process generating the equilibrium 
exchange rate can be expressed as 


dE 
== édt + dx — @[a(dy — dz) + dq], 


where © is determined from (15.24) and @ is the equilibrium obtained 
from (15.27a)--(15.27c). 


Determination of Initial Exchange Rate and Initial Wealth 


The attainment of a new equilibrium is associated with a one-time dis- 
crete jump in the initial exchange rate E(0). This is necessary to maintain 
portfolio balance in stock terms. From the definition of portfolio shares, 
we obtain 
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E(0) = (" $ "e)( Moe Bo ) ZR ( o T S 
Au + ng/ \QoKo + Bè oll + 2na \QoKo + B 
where Mo, Bo, Ko, B are the given initial stocks of assets, and Qe is the 


initial foreign price level. The corresponding endogenously determined 
initial value of wealth W(0) is 


_ Ko + (B5/Qo) 


W(0 
©) ng + Hp 


o 
= (Ko + (B5/00n( 2) (15.28b) 
K 
Economic viability of this equilibrium requires that E(0) > 0. Assuming 
that positive stocks of money, domestic bonds, and capital are always 
held, this condition will be met if and only if 0 < ny/w = ng + np < 1; 
that is, if the share of traded assets in the agent’s portfolio is positive. It is 
possible, however, for œ > 1. If this is the case, np < 0, and the country is 
a net debtor rather than a creditor (as we will tend to assume). 
Equilibrium also requires that the transversality condition 
lim E[W7%e-"'] = 0 be met. This is again equivalent to C/W > 0 and is 


t> 
thus automatically satisfied for the logarithmic utility function. It also 
ensures that all relevant intertemporal budget constraints are met. Fi- 
nally, we may observe that the equilibrium satisfies the assumption of 
constant portfolio shares and the C/W ratio. 


15.4 Equilibrium Properties 


We are now in a position to analyze the properties of the equilibrium. To 
do so, it is convenient to understand the structure of the equilibrium in 
more detail. First, the solution for the real quantities, determined by the 
system (15.26), are of the form 


CoG 


a wh i* — n, 2,9,07, 02,02 (15.29a) 
Y = phi i* — n, å,g, 07,02,02) (15.29b) 
ng = ngli, i* — n, À, 9,05, 07, 7) (15.29c) 
ny = nylii* — 1, A.9,02, 02, 02). (15.29d) 


In the case of the logarithmic utility function, which serves as a useful 
benchmark, these solutions simplify to the following: 


= Of (15.29a’) 
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= iOp ae 2 
y= of a =f es i +(1-—wo)[i y+ G5] 

= y(i i* — 1,2,9, 02,02) (15.29b’) 
fess Sa (15.29¢’) 
pe cae aL ee (15.29d’) 





i 


In either case, these are only partial solutions, in that they involve the 
equilibrium domestic nominal interest rate i, which has yet to be deter- 
mined. 

The nominal variables may be conveniently solved as follows. Equation 
(15.23a) may be combined with (15.27c} to yield the following expression 
for the equilibrium nominal interest rate: 


j=x+¢—wWlii* —n,4,9,07,02,02) — o? 


+ (1 — p(o} — a wi) (15.30) 


where the solution for a? is obtained by combining (15.21a) and (15.24). 
This equation, together with the expression for the growth rate contained 
in (15.29b), provides a complete reduced-form solution for the domestic 
nominal interest rate of the form 


i = W(d.i* — 9,4,9, 02,07,02, 02). (15.31) 


Once i is thus determined, the rest of the real equilibrium, summarized in 
(15.30), follows. Furthermore, given i, the expected rate of exchange de- 
preciation e and the domestic equilibrium rate of inflation z follow from 
(15.27b) and (15.27c), respectively. 

The key point to observe is that monetary policy, as reflected in the 
mean rate of monetary growth ¢ and its variance o?, impacts on the real 
part of the system only through the domestic nominal interest rate i. 
Monetary policy may be characterized as being partially superneutral. 
Any form of nominal monetary policy that delivers the same domestic 
nominal interest rate will, given the bond-to-money ratio À, yield the 
same equilibrium level of real activity in the domestic economy. The fact 
that nominal monetary policy is now able to have some real effects is due 
to the form of debt policy and to the fact that any nominal monetary 
growth is accompanied by a corresponding growth of government debt, 
in order for the money-debt ratio to remain constant. Debt policy, as 
reflected by a change in /, will also have an independent effect on the 
real equilibrium. 
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Changing the Domestic Interest Rate 


To understand the transmission of policy further, it is necessary to con- 
sider the impact of changes in the domestic nominal interest rate (which 
may result from a change in policy) on the equilibrium consumption- 
wealth ratio, growth rate, and portfolio shares. Differentiating the equi- 
librium set of relationships (15.26), the following expressions can be 
derived: 


AC/WY(C/W) (1 + Ayo 














Z E et S : 15.32: 
a njo — 700) ieee 
a I+ j WwW 
Mee ay Nia) (15.32b) 
Ci i[ny/o — ylw] 
Ong /Nx o E + Aly (Mq 3 yOo) 
ĉifi ng/o — yOw 
1+4 
Sei en (15.32c) 
ny /o@ — yOu 
aa ays e Mess 100) 
Gift nz/@ — yO 
l 
aaa un (15.32d) 
w n/a — yw 


where we assume that nz/w > yw, a condition that is clearly met 
for the logarithmic utility function. From (15.27c) and (15.5b) we see 
that dr,/di = 1 — dn/di = | + dyy/di > 0, so that the equilibrium real and 
nominal interest rates move together. 

The effects reported in (15.32) are seen to depend upon the elasticity of 
the utility function y. In the case of the logarithmic utility function, the 
consumption-wealth ratio remains unchanged. The higher interest rate 
reduces the demand for money and therefore domestic bonds (which are 
tied to money via debt policy 4), while the shares of foreign bonds and 
equities are correspondingly increased. The ratio of consumption to capi- 
tal is thus reduced, With output being proportional to the capital stock, 
the consumption-output ratio declines as well, thereby increasing the 
equilibrium real growth rate w. 

In the more general case, where the elasticity y # 0, these effects are 
compounded by the impact of the increase in i on the consumption- 
wealth ratio. In general, an increase in i will increase p, giving rise to the 
usual income and substitution effects in consumption. The latter will 
dominate if y > 0, thereby reducing the consumption-wealth ratio. In this 
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case, the decline in C/W will reduce the equilibrium share of money and 
domestic bonds even further. If the income effect prevails, the rise in the 
C/W ratio will tend to offset, although only partially, the direct effect of 
the increase in i, and the portfolio shares of money and domestic bonds 
will still decline. The portfolio shares of traded bonds and capital rise 
correspondingly, as does the equilibrium growth rate. 


Domestic Policy and Policy Risk 


We now analyze the effects of domestic monetary and government 
expenditure policies, and their associated risks, on the equilibrium. 


Domestic Monetary Policy 


We have already observed that monetary growth influences the real equi- 
librium only through the domestic nominal interest rate. Differentiating 
(15.30) with respect to the mean and variance of the monetary growth 
rate, while noting (15.27b), (15.27c), we find 





OL Ön æ 1 
(eg a ee ene: 15. 
öp 0b öp 14+ épféi ae (15.33a) 
Ji CG G a ði 
ôi 1 0. Ro õe Ww /0i E T 


fo Au 


= ĉo? ĉož + OW /ei 

A one-percentage-point increase in the rate of monetary growth wiil lead 
to equiproportionate increases in the domestic nominal interest rate, 
the rate of inflation, and the expected rate of exchange depreciation— 
although, in all cases these increases will be of a lesser amount than the 
monetary expansion itself. This is because the higher nominal interest 
rate also stimulates growth in the economy, thereby reducing the pres- 
sure on the nominal quantities. 

By contrast, an increase in domestic monetary uncertainty will reduce 
the domestic nominal interest rate, thereby reducing the equilibrium 
growth rate. The following intuitive explanation for this effect may be 
given. A higher variance in the monetary growth rate increases the vari- 
ance in the domestic price level, which ceteris paribus will raise the real 
rate of return on bonds (see [15.5b]). However, with the rate of return 
on domestic capital and the real risk premium on domestic bonds both 
unchanged by the increased variance of this nominal quantity, rg must be 
restored to its original level in order for the equilibrium asset pricing 
condition (15.22a) to continue to hold. This equilibration is accomplished 
by a combination of a higher domestic inflation rate and a lower domes- 
tic nominal interest rate. 
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Domestic Fiscal Policy 


Fiscal policy impacts on the real equilibrium both through the domestic 
interest rate and directly. Differentiating (15.30) with respect to g and 
noting (15.27b), (15.27c), we obtain 
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The immediate effect of an increase in the share of government expendi- 
ture g is to leave less output available for investment, thereby reducing 
the growth rate; that is, dw/ég < 0. With the nominal growth of the mon- 
ey supply fixed at ¢, the rate of inflation must increase in order to reduce 
the real monetary growth correspondingly and thereby maintain portfo- 
lio balance in accordance with (15.27c). The higher domestic inflation 
rate will in turn increase the rate of exchange depreciation and raise the 
domestic nominal interest rate. The latter, in turn, will tend to stimulate 
the real growth rate, partly but not completely offsetting the initial re- 
duction in the growth rate. 

In discussing the effect of a higher variance in domestic fiscal policy, 
we shall restrict our attention to the case of the logarithmic utility func- 
tion, when it has only an indirect effect on growth, through the nominal 
interest rate. Differentiating the equilibrium, we obtain 
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Intuitively, the partial effect of an increase in o; is to raise 07, thereby 
raising the real return on domestic bonds. It also raises the risk premium 
on these assets relative to both domestic capital and foreign bonds. In 
order for equilibrium to be maintained in the asset market, the rate of 
return on domestic bonds must rise, forcing up the domestic interest rate. 
The higher interest rate raises the rate of exchange depreciation, thereby 
increasing the domestic inflation rate but also inducing a higher equilib- 
rium growth rate. In the case of the more general utility function, these 
effects would also need to take into account the impact of the higher 
fiscal risk on the consumption-wealth ratio and its resulting impact on 
the equilibrium growth rate. 
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It is important to recall from (15.28a) that any of these policy changes 
(or other policy shocks) will be associated with a concurrent one-time 
discrete jump in the level of the exchange rate E(0). Consider an increase 
in the monetary growth rate. By raising the nominal interest rate it 
lowers the portfolio share of money and raises the share of domestic cap- 
ital, thereby increasing the ratio (ñg/nñm). Given that Mo, By, Ko, BX, and 
Qo are predetermined, this requires a one-time depreciation of the ex- 
change rate in order for portfolio balance to be maintained. Thereafter, 
the nominal exchange rate evolves continuously in accordance with the 
equilibrium stochastic process. Furthermore, the initial depreciation of 
the exchange rate has an adverse effect on the initial level of wealth W(0). 
An increase in the variance of the monetary growth rate has the exact 
opposite effect. By lowering i it lowers the ratio (n/n), inducing a dis- 
crete appreciation of the exchange rate, the effect of which is to increase 
the initial level of wealth. 

This, however, should not be interpreted as meaning that an increase 
in monetary risk is necessarily welfare-improving. Other consequences of 
the increased risk must be taken into account. Using a closed economy 
version of this model, Turnovsky (1993) has shown that optimal (welfare- 
maximizing) monetary policy can be characterized in terms of an optimal 
target nominal interest rate. To the extent that increasing the variance of 
the monetary growth rate may move the interest rate closer to its target, 
a higher variance will be welfare-improving. However, Turnovsky also 
argues that manipulating the variance of the monetary growth rate may 
be of limited effect in attaining this target, and that setting the mean 
growth rate is a more appropriate way of operating. 


Foreign Inflation and Inflation Risk 


Early discussions of flexible exchange rates focused on the extent to 
which such a regime insulates the domestic economy against foreign 
price disturbances.” Using a portfolio balance model, Turnovsky (1977) 
showed that a necessary and sufficient condition for a flexible exchange 
rate regime to provide perfect insulation against changes in the foreign 
inflation rate is that the rest of the world be “Fisherian,” in the sense that 
the foreign nominal interest rate fully adjusts to changes in the foreign 
inflation rate, that is, di*/dy = 1. If this condition holds, then de/dy = 
—1, and the higher inflation rate leads to an equivalent decrease in the 
rate of exchange depreciation of the domestic currency, thereby fully 
insulating the domestic economy from the foreign inflationary shock. 
This same condition was later shown to provide perfect insulation in 
a deterministic intertemporal utility maximizing model; see Turnovsky 
(1985). 
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Examining the solution for the real part of the system summarized by 
(15.29), it follows that the Fisherian condition di*/dy = 1 is also a neces- 
sary and sufficient condition to ensure perfect insulation against changes 
in the foreign mean inflation rate in the present stochastic setting. If this 
condition is met, then the increase in 7 is matched by an equal reduction 
in the rate of exchange depreciation ¢, leaving the domestic inflation rate 
and interest rate unchanged. 

By contrast, an increase in the variance of the foreign inflation rate o; 
will generate real effects on the domestic economy. In general, holding i* 
and y fixed, an increase in øf will increase the rate of return on foreign 
bonds. This leads to adjustments in the representative agent’s portfolio, 
leading to real effects in the economy. 


15.5 Foreign Exchange Risk Premium 


An important concept in international finance is the foreign exchange 
risk premium. The present stochastic general equilibrium model offers a 
convenient vehicle for examining its determinants. Although the litera- 
ture frequently distinguishes between real and nominal measures, we 
shall focus primarily on the former, which we consider to be of greater 
relevance. Adapting a measure used by Engel (1992) and others, we shall 
define the real risk premium over the period (t, T) by? 


= F(t, T) 
Q(t, T) = 1 — DET) 
where 
D(t, T) = Ei ENS p DI (15.36) 


E,[t/P(T)] 
E, is the conditional expectation formed at time t, and F(t, T) is the for- 
ward exchange rate at time t, for the future time T. If agents are risk 
neutral and markets efficient, then ®(t, T) = F(t, T), and the foreign ex- 
change risk premium Q(t, T) = 0. As defined, a positive real risk premi- 
um on the foreign exchange risk implies an expected value of the real 
exchange rate in excess of the forward rate so that Q > 0. 

We shall derive the expression for Q(t, T) under the assumption that 
covered interest parity (CIP) prevails. This condition, which is much less 
restrictive and receives much more empirical support than does uncov- 
ered interest parity, requires that the real rate of return on an investment 
in a foreign bond, with the exchange risk covered by a corresponding 
position in the forward exchange market, must equal the rate of return 
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on the domestic bond. Formally, this equality is described by the rela- 


tionship 
Ey explit(T — 1)] = expli(T — 1)]. 3) 


To determine E,[E(T)/P(T)], we consider the stochastic process followed 
by the real exchange rate E(t)/P(t). Taking the stochastic differential of 
this quantity, we obtain 


d(E(t)/P(Q)  dE(t)  d P(t) _ ea (F2) rs (Fey 
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Substituting the stochastic processes for P(t) and E(t) from (15.1a), (15.1c), 
and retaining terms to the order dt implies 


AEtVP)) o 2 E 
E@yPO [E — n — Oep + 06 ae + de — dp. 


The expected value of this expression is 


E{d(E(O/P(O)} _ 
o 70 CR ele 


which may be solved to yield 





E,LE(TY/P(T)] = LE(O/P()lexp[(e — T — Cep + op)(T — t)]. (15.38a) 
Similarly, 
E,{1/P(T)] = [1/P(t)]exp((—2 + o3)(T — ¢)], (15.38b) 


and, substituting (15.38a), (15.38b) into (15.36) and dividing leads to the 
expression 


M(t. T) = E(thexp[(e — ¢,,)(T — d)]. (15.39) 


Substituting for F(t, T) from (15.37) and ®(t, T) from (15.39) into Q(t, T) 
implies 


Q(t, T) = 1 — exp[(i-— i* — E€ + Gep) (T — 0]. 
Using (15.27b), and computing c., from (15.20b), (15.20c), we obtain 
Q(t, T) = 1 — exp[(1 — pw l} + 6?) — oll — w)o7)(T — 1] 
= | —exp[(rg — re) (T — 0]. (15.40) 


Thus, under conditions of CIP, the real risk premium as measured by 
Q(t, T) is an increasing function of the differential expected real return on 
foreign and domestic bonds. 
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Equation (15.40) expresses the real foreign exchange risk premium in 
terms of exogenous sources of risk, and it can be seen to be either posi- 
tive or negative, depending upon the relative magnitudes of the domestic 
and foreign sources of risk. It is immediately apparent that an increase in 
either of the domestic sources of risk, of, ož, lowers the risk premium on 
foreign bonds, as one would expect. The risk premium on foreign bonds 
declines with the expected rate of foreign inflation if 1 > œ > 1/2, that is, 
if the domestic economy holds more traded capital than traded bonds. 
Because, from (15.24), œ is a function of i* — n, it is independent of any 
change in y that is accompanied by an equal change in the foreign inter- 
est rate. An increase in foreign price risk oå directly raises the risk pre- 
mium on foreign bonds. It also induces a shift in the traded portion of 
investors’ portfolios in their favor, thereby serving to reduce the equilib- 
rium risk premium. The net effect depends upon œ, and under the rea- 
sonable condition 1 > œ > 1/2, the risk premium will rise. 

Analogously, one can show that the more frequently studied, but less 
relevant, nominal risk premium is given by 


O(t, T) = 1 — exp[—o2(T — 0]. (15.40’) 


Comparing this expression with (15.40) we see that the nominal risk 
premium depends upon the variance of the nominal stochastic shock, 
whereas the real risk premium depends upon the variances of the real 
disturbances. 

Under what conditions is the real risk premium zero? One simple con- 
dition in which this will be so is if « = i* — 4 + yoZ, in which case the 
speculative and hedging components in (15.24) are precisely offsetting, 
so that w = 0 and the domestic investors hold no equities. In this case, 
the equilibrium stochastic processes describing the real returns on the 
income-earning assets can be readily shown to be 


dR, = (i* — n + 02)dt — (dx + dq) (15.41a) 
dRp =(i* — + yoz)dt + ady (15.41b) 
dR, = (i* — n + o2)dt — dq. (15.410) 


Note that although domestic and foreign bonds have the same expected 
real rates of return, their stochastic components are not identical. How- 
ever, the two assets are perfect substitutes, because their market risks (1.e., 
their systematic risks as measured by their respective beta coefficients), Pg 
and fr, are the same. To see this, recall that in general the market risk 
for asset i having a stochastic component in its rate of return du; is 
defined as f; = cov(dw, du;)/var(dw), where in the present context dw is 
given by (15.20a). Assuming w = 0, we see that ož = oj, implying that 
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By = Pr = 1. Capital has a lower expected return, and fkg = 0. But the 
lower risk is insufficient to compensate for the lower return, and the asset 
is not held in the equilibrium portfolio of domestic investors. 

An alternative condition yielding a zero foreign exchange risk premi- 
um is 


a — (i* — n + o og o; 
ee {= 9 ie a Teo eo =a RE Z: (15.42) 
O -— yla o +a) ao +o a'lo; + oi)+ o; 











In this case, the equilibrium stochastic processes characterizing the rates 
of return are 


dR = (i* — y + c} )dt — [dx — aw*(dy — dz) + (1 — w*)dq],  (15.41a') 
E E (15.41b’) 


and (15.41c). Again the two bonds are perfect substitutes, having equal 
rates of return and equal beta coefficients: fg = fr = 1. The expected rate 
of return on capital is lower, but given the risk on capital, as measured 
by By = «°w*o?/aZ, is now sufficient to induce domestic investors to hold 
this asset. The difference between the returns on capital and on bonds is 
accounted for by the presence of fiscal risk. If ož = 0, (15.42) becomes 
a = i* — n + oj and all three assets have identical expected returns and 
beta coefficients equal to unity. 

To understand further these conditions for zero foreign exchange risk 
premium, it is useful to consider the optimality condition (15.11d), in 
conjunction with (15.4b), and to observe that the foreign exchange risk 
premium will be zero if and only if cov(dw, de) = 0, that is, if and only 
if domestic wealth is uncorrelated with the nominal exchange rate. Re- 
calling the solutions for dw and de reported in (15.20a) and (15.20c), we 
see that if œ = 0, stochastic movements in domestic wealth depend only 
upon foreign price shocks, and those of the exchange rate depend only 
upon domestic monetary shocks. By assumption, these two stochastic 
processes are uncorrelated. By contrast, when œ = 0, stochastic move- 
ments in dy generate a negative correlation between de and dw, whereas 
foreign price shocks generate a positive correlation. However, if the con- 
dition (15.42) is met, these two effects are exactly offsetting, thereby again 
ensuring that de and dw remain uncorrelated. 

The issue of when the foreign exchange risk premium is zero has 
received some attention in the recent international finance literature. 
Domowitz and Hakkio (1985) and Hodrick and Srivastava (1986) con- 
sider models in which the risk premium is zero and where there is no 
government spending, expenditure shares are constant, and monetary 
and real shocks are independent. Engel (1992) reports a zero risk pre- 
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mium for a model in which spending shares are constant, the share of 
output devoted to government is constant, and monetary shocks are in- 
dependent of endowment shocks, in the absence of production. Explicit 
comparisons between these models is not easy, because they are based on 
different assumptions. For example, in the present model, because dz is 
not proportional to dy, government expenditure cannot be a constant 
share of output. The role of foreign price shocks is also important here, 
but is excluded from some of the other models. 





15.6 Risk and the Equilibrium Growth Rate 


Constancy of equilibrium portfolio shares implies that the equilibrium 
rates of growth of all real assets are equal. Recalling (15.25) and (15.26a), 
this common stochastic rate of growth is 


> = fo (za — g) — - s) +(1 — w)(i* —4 + oa dt 
+ [aw(dy — dz) — (1 — w)dq]. (15.43) 


As noted, the mean growth rate comprises two components. The first, 
wal — g) — (1/ny)(C/W)], is associated with the growth of domestic 
output; the second, (1 — w)[i* — y + a7], is the growth generated by for- 
eign income earnings. In general, the equilibrium we are considering is 
one in which capital is steadily accumulating or decumulating, though at 
a sufficiently slow rate to be sustainable in the sense of being consistent 
with the intertemporal budget constraint facing the economy. 

This section discusses four aspects of the equilibrium growth rate 
in further detail. These include (i) short-run stochastic components of 
growth, (ii) further comments on the determinants of the mean growth 
rate, (iii) variance of the growth rate, (iv) the relationship between export 
instability and growth. 


Short-Run Stochastic Behavior of Growth 


We discussed in Section 14.8 how the recent business cycle literature 
focuses on the covariation of contemporaneous stochastic movements 
of various key macroeconomic variables. Although that literature was 
originally formulated in terms of a closed economy, it has increasingly 
focused on international correlations and covariances. Among the vari- 
ables that have received particular attention are those pertaining to 
growth and the accumulation of assets; we shall restrict our observations 
to these aspects. 
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Consider the stochastic component of the real growth rate: dw = 
xw(dy — dz) — (1 — w)dgq. It is evident that this responds positively to 
productivity shocks and negatively to fiscal shocks. Its response to for- 
eign price shocks is also negative as long as the nation is a creditor, but 
is positive otherwise. These stochastic responses are summarized by the 
covariance expressions 


cov(dw,dy) = awa; dt; cov(dw,dz) = — awe? dt; 
cov(dw, dq) = «(1 — w)a; dt. (15.44) 


The magnitudes of these responses depend upon the relative proportion 
of traded bonds in the economy’s portfolio of traded assets. The smaller 
the fraction of traded bonds (i.e. the closer w is to 1), the more sensitive 
are the fluctuations in growth to the domestic shocks and the less sensi- 
tive they are to the foreign shocks. The fact that government expenditure 
is negatively correlated with growth (investment) is consistent with re- 
sults from the real business literature investigating this aspect. 

One issue that has received a good deal of attention is the correlation 
between domestic savings and investment. This phenomenon was origi- 
nally investigated empirically by Feldstein and Horioka (1980), who 
argued that the high correlation they obtained between the savings-to- 
GDP ratio and the investment-to-GDP ratio was inconsistent with the 
assumption of perfect capital markets. An immediate consequence of the 
fixed portfolio shares equilibrium is that the real growth rate of capital 
dK/K and the real savings rate dW/W are perfectly correlated, at least in 
the present model. This is more or less consistent with the empirical find- 
ings of Feldstein and Horioka, and it provides an example of how, in an 
environment of ongoing growth, their results are in fact compatible with 
a high degree of capital mobility. 

The relationship between the current account and the rate of domestic 
investment has been investigated analytically by Stockman and Svensson 
(1987) and empirically by Glick and Rogoff (1995), who found an almost 
unambiguous negative relationship between these two variables. The 
precise definition is of some importance, and the choice is not an un- 
ambiguous one. One natural definition is the quantity dB*/Q, which nets 
out the capital gains or losses associated with changes in the foreign 
price level. From (15.14), the stochastic component of this expression, 
denoted by dN, is given by 


dN = (1 — w)K[a(dy — dz) + dq]. 


Taking this in conjunction with the stochastic component of (15.43) (and 
denoting the stochastic component of dK by dK) implies 


cov(dN,dK) = (1 — w)K?[ae(o2 + o2) — (1 — w)o2 Jat. (15.45) 
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To the extent that the sources of stochastic disturbances are of domestic 
origin, the current account surplus and the rate of capital accumulation 
will be positively correlated if the country is a creditor nation, and will be 
negatively correlated otherwise. The two quantities will be unambiguously 
negatively correlated if the shocks are in the form of foreign price distur- 
bances. 

Finally, considering (15.20c) in conjunction with (15.43), we find that 
the covariance between the nominal exchange rate and the rate of growth 
is 


cov(de, dw) = [—0? w?(a; + a2) + oll — œc; ] dt. (15.46) 


Thus an appreciation of the domestic currency resulting from either an 
increase in domestic output or a decline in government expenditure will 
be accompanied by a higher growth rate. If the source of the apprecia- 
tion is a foreign price increase, then whether this is accompanied by a 
lower or a higher growth rate depends upon whether the country is a net 
creditor or a net debtor. Recalling (15.22b), we see that 


sgn{cov(de,dw)} = sgn(rp — rg). 


That is, the covariance between the nominal exchange rate and the 
growth rate is positive if and only if the real foreign exchange rate pre- 
mium is positive. 


Mean Growth Rate 


We have already considered this to some extent in the course of dis- 
cussing the impact of domestic monetary and fiscal policy on the macro- 
economic equilibrium. In Section 15.4 we showed that an increase in the 
mean monetary growth rate raises the real growth rate, whereas an in- 
crease in its variance has an adverse effect. Fiscal policy tends to have the 
opposite effect. An increase in the target share of output claimed by the 
government lowers the growth rate, while an increase in its variance will 
be growth-enhancing, at least for the logarithmic utility function. The 
key channel by which these influences operate is through the nominal 
interest rate, a consequence of the specified form of debt policy. 

The effects of an increase in the variance of the productivity shock ož, 
or of the foreign price shock o7, are more complicated to determine be- 
cause each has a portfolio adjustment effect as well as an impact through 
the nominal interest rate and consumption. Higher production risk will 
induce a shift away from capital toward traded bonds; that is, œ will 
decline. Whether this is in itself growth-enhancing depends upon whether 
or not this portfolio switch is toward the higher-yielding asset. Moreover, 
although the higher productivity variance will impact on the share of 
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output claimed by consumption, through the nominal interest rate, the 
net impact is not an unambiguous one. Many of the same comments 
apply to the effects of a higher variance in foreign prices, až. In fact, the 
impact of an increase in oj on the portfolio adjustment is even less clear. 
This is because it raises both the mean return on the foreign asset and its 
associated risk, with the net effect on the portfolio depending upon both 
its preexisting composition and the agent’s degree of risk aversion. 


Variance of the Equilibrium Growth Rate 


The variance of the equilibrium growth rate is given by the expression 
(15.21a) 


a, =x w*(a; + 07) + (1 — o) o. 


The behavior of this expression is of interest, not only in its own right 
but also insofar as it impacts on the equilibrium consumption-wealth ra- 
tio and the equilibrium growth rate itself. With the portfolio share being 
independent of both c? and gż, it is immediate that the variance of the 
growth path (i) ts independent of the variance of the monetary growth 
rate; and (ii) increases directly with the variance of fiscal policy. The lat- 
ter effect has an adverse impact on the welfare of a risk-averse agent and 
offsets any welfare gains resulting from any higher mean growth rate it 
may generate. 

Increases in the remaining variances o;,¢7 involve two effects. First, 
for given portfolio shares w,(1 — œ) they will both directly increase the 
variance of the growth rate. Second, an increase in either will involve a 
portfolio adjustment. To see the net effects most clearly, we focus on the 
logarithmic utility function, and obtain 





doz ot” 
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(15.47b) 


The interesting aspect of these expressions is that an increase in either of 
these variances may quite plausibly reduce the variance of the growth 
path. Paradoxically, increased exogenous risk may be stabilizing. This 
occurs if the portfolio adjustment in favor of the more stable asset more 
than offsets the direct destabilizing effect of the increased exogenous risk. 
In the case of the productivity shock, for example, this arises if of = 0, 
when traded bonds become a riskless asset. 
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Export Instability and Growth 


A widely discussed issue among development economists concerns the 
effects of export instability on investment and growth. Several authors 
have studied correlations between measures of export instability and 
growth, with a variety of conflicting results. For example, Kenen and 
Voidodas (1972) find the investment-GNP ratio to be negatively corre- 
lated with export instability. By contrast, Yotopoulos and Nugent (1976) 
find a positive correlation. Other studies, focusing on the growth of GNP 
and export instability, also obtain conflicting results. Voidodas (1974) 
and Ozler and Harngan (1988) find a negative correlation between insta- 
bility and growth rates of GNP. By contrast, Yotopoulos and Nugent 
(1976) obtain a positive correlation, and Kenen and Voidodas find no 
correlation. The type of model we have been discussing is able to recon- 
cile these findings. 

To eliminate problems of dimensionality, we normalize net exports, 
dX = dY — dC — dK — dG, by the growing stock of capital. Also, for ex- 
positional simplicity, we shall assume a logarithmic utility function, so that* 








ae =(1-—o) faa g) uy (i*— n + oi) fat 
K Nk 
+ (1 — w)[a(dy — dz) + dq]. (15.48a) 


The variance of this measure of net exports is therefore 


dX ; 2 2 2 2 2 
E|) =(1~ of [alos + 02) + of dt, (15.48b) 


and the issue of the effect of export instability on growth thus centers 
around the relationship between (15.48a) and the deterministic compo- 
nent of the growth rate in (15.43). In the present framework, export insta- 
bility is endogenous and will reflect the exogenous sources of risk, až, ož, 
and o7. We therefore consider each in turn. 

An increase in fiscal instability oZ has no effect on œ and will therefore 
raise export instability by the amount (1 — œa’. With œ unchanged 
and a logarithmic utility function, its only effect on the mean growth rate 
is through the portfolio share ng. An increase in the fiscal variance has 
been shown to raise the nominal interest rate, which, from (15.32c), will 
raise ng. The consumption-capital ratio therefore falls, so that expected 
growth will therefore rise. Export instability arising from domestic fiscal 
variability will therefore be positively correlated with growth. 

An increase in domestic production instability is more complicated. 
It will raise export instability on two counts. In addition to having a 
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direct effect, analogous to the fiscal variability just discussed, it will also 
cause the previously considered portfolio shift toward bonds (1 — œ in- 
creases), and this will introduce additional instability into exports. To see 
what happens to the mean growth rate, consider the simplest case, where 


a? = 0; = g = 0, when for the logarithmic utility function, the determin- 


istic component of (15.43) reduces to 


[x-i] Op 


> > i 
XO; ng + Rp 





It is immediate that an increase in øj, by inducing a shift away from 
capital, will reduce the first component. Under these same assumptions, 
it will also lower ¢, and hence i, thereby lowering ng + np, raising 
consumption, and lowering growth further. In this case, higher export 
instability resulting from higher variability in domestic production will 
therefore be negatively correlated with growth; see also Brock (1991). If 
g > 0 and the other sources of risk are present, the results become 
ambiguous. ; 

Finally, an increase in o7, although generally similar to až, is less clear- 
cut. It will raise export instability, both directly and by lowering w. The 
latter will tend to reduce growth, but this is offset by a positive effect, 
resulting from the higher real rate of return on foreign securities. Thus 
export instability, resulting from variability in the foreign inflation rate, 
may be either positively or negatively correlated with growth. 

In summary, the model is consistent with all patterns of correlation 
between export instability and growth. The critical element is the origin 
of the shocks impinging on the economy. 


15.7 Some Further Extensions 


The previous three sections have applied the model to various issues in 
international macroeconomics and finance. We conclude by touching 
upon two further issues to which it is relevant and could be applied. 


Welfare Analysis 


This aspect was discussed in Chapter 14 in conjunction with the analysis 
of optimal tax policy. The same kind of analysis can be pursued with 
the present model, although the implications will be somewhat different 
because of the different specification of debt policy. In Section 14.5 we 
showed how the criterion function could be expressed in terms of the 
initial capital stock; see (14.67). By an identical analysis, one can show 
that the optimized level of utility is of the form 
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X(WO) = my ACW Woy 


where W(0) is given by (15.28b) The important point is that monetary 
policy impacts on welfare through the consumption-wealth ratio C/W 
and the portfolio shares ng, yp, and ny, in each case doing so through the 
nominal interest rate i. Thus optimal monetary policy is equivalent to 
choosing the optimal target nominal interest rate, and, in general, there 
are an infinite number of ways that this may be accomplished. The choice 
involves the following trade-offs. A higher nominal interest rate leads to 
more growth and more future consumption, which is welfare-improving. 
At the same time it reduces real money balances and generates a larger 
initial reduction of wealth, and these effects are welfare-deteriorating. 
Turnovsky (1993) discusses the optimal choice of interest rate in the con- 
text of a closed economy, but the same ideas can be developed in the 
present model as well. With debt policy fixed parametrically by the 
choice of 4, this will influence the choice of the optimal interest rate 
target. One can choose an optimal debt policy in conjunction with the 
interest rate, and, not surprisingly, it is to set 4 = 0. In this case, the 
corresponding tax rate, which is being set residually here, is essentially 
the same as the optimal tax rate derived in Chapters 13 and 14. 


International Tax Issues 


A second issue for which the present model is extremely important 
concerns the analysis of taxation in an international context. This is an 
issue that is beginning to attract significant attention among public fi- 
nance economists; see, for example, Frenkel, Razin, and Sadka (1991). 
Most of the literature is based on complete certainty, and the arbitrage 
conditions that characterize efficient capital markets severely constrain 
the choice of taxation. The introduction of risk adds flexibility, as well as 
realism, to the analysis. 

The issue can be seen as follows. Consider the present model in the 
absence of uncertainty. In order for there to be an interior equilibrium, 
the rate of return on domestic capital would have to equal the exoge- 
nously given rate of return on world capital; that is, « = i* — y. In the 
present analysis, that is not the case. As equation (15.24) makes clear, 
agents will adjust their portfolios so as to equate the risk-adjusted rates 
of return, given their attitudes to risk taking. 

The same applies in the presence of taxes. Suppose that the agent 
is taxed at the rate t, on his holdings of capital and at the rate Tr On 
his foreign bond holdings. In a riskless world an interior equilibrium will 
imply «(1 — t,) = (i* — n)(1 —t,). With the before-tax rates of return 
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being fixed, it is clear that the authority cannot set the two tax rates 
independently if an interior equilibrium is to be always maintained. 

In a world economy it is even more complicated. Now consider an- 
other agent facing similar investment opportunities under perfect world 
capital markets but domiciled in another tax jurisdiction, typically an- 
other country. Suppose he is taxed at the corresponding rates tf, tf. His 
arbitrage opportunities will require «(1 — tf) = (i* — 4)(1 — tř} for an 
interior solution to prevail. These two sets of arbitrage conditions to- 
gether thus imply the following stringent constraint involving the four 
tax rates in order for an interior equilibrium in the world capital markets 
to obtain: 


E — tA — tf) = [0 — t,)Al — tf]. 


A significant literature has developed analyzing the international viabil- 
ity of alternative tax regimes, most notably the residence-based principle 
and the source-based principle; see, for example, Giovannini (1990), Sinn 
(1990), and Frenkel, Razin, and Sadka (1991). 

However, as Slemrod (1988) has suggested, the stringent arbitrage 
conditions characterizing the viability of alternative taxation regimes are 
essentially an artifact of the absence of risk and of the corner solutions 
this yields with respect to portfolio decisions. This can be seen immedi- 
ately from (15.24), which in the presence of capital income taxes (and 
assuming that these tax revenues are rebated) is modified to: 
all — T) — (i* — y + o2)(1 — ty) (1 — t) 


°* (1 — Mer ot + (1 ao) © oP no + (1 tpo 

An analogous condition can be derived for the foreign-based agent, and 
again there are no constraints on how the tax rates may be set. Each 
agent will choose his individual portfolio in response to the risks, his 
own degree of risk aversion, and the tax rates he faces. Equilibrium in the 
world capital markets will be brought about through adjustments in the 
before-tax yields on the traded world assets to ensure that all capital is 
willingly held. 


This completes our overview of the methods of macroeconomic dy- 
namics, at least from the perspective of this book. Much has changed 
over the past two decades. That is how it should be, and hopefully this 
process will continue. At this time, the methods of stochastic calculus 
that we have been expositing in the last two chapters present a promising 
avenue for future research. Although they have been around for a consid- 
erable period of time, they have never been widely applied in economics. 
We have merely tried to introduce the methods and to illustrate their 
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applicability to a limited range of issues, using examples for which closed- 
form solutions are easy to obtain. As we have tried to emphasize, the 
structures of the problems for which this is possible are limited. Inevita- 
bly, as these methods are applied to increasingly complex and realistic 
situations, numerical solutions will become necessary. But, with in- 
creased computing capabilities, richer and more relevant models will 
surely become solvable and help provide insight into better macro- 
economic policy-making. That is the ultimate objective. 


|. Branson and Henderson (1985) review the literature and discuss asset demands in a 
three-asset partial equilibrium stochastic model. 

2. This issue was discussed at some length in the 1970s using the portfolio balance frame- 
work; see, e.g., Floyd (1978), Laidler (1977), Turnovsky (1977). In this discussion, the 
distinction was drawn between once-and-for-all increases in the foreign price level and 
increases in the steady foreign rate of inflation. Our discussion considers only the latter. 

3. See also Stockman (1978), Frankel (1979), and Sibert (1989) for discussion of the risk 
premium. 

4. Equation (15.48a) can be derived as follows. Dividing (15.14) by K, net exports can be 
written as 


dX (B* d(B* (1 — d(B* 
(_ (BYOȚAB*O) ap ABQ) ap 
K K | B*/O B*/Q 

Now combining (15.25), (15.26a), and the definition of dR, from (15.5c), and recalling that 


for the logarithmic utility function, C/W = 0f, immediately leads to the expression in the 
text. 
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